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SPACES
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Abstract. The purpose of this paper is to investigate properties and results
of the almost Hurewicz property in bitopological spaces. We characterize this
property using (i, j)- regular open sets and almost continuous surjective maps.

1. Introduction

In topology, covering properties have been studied by many authors such as
K. Menger [16], W. Hurewicz [5, 6], F. Rothberger [20]. In 1925, W. Hurewicz
introduced the concept of Hurewicz property. A space X is defined to be Hurewicz
if for each sequence (Un : n ∈ N) of open covers of X, there exists a sequence
(Vn : n ∈ N) such that for each n ∈ N, Vn is a finite subset of Un and for each
x ∈ X, x ∈

⋃
{V : V ∈ Vn} for all but finitely many n.

In 1996, Scheepers [22] introduced the theory of selection principles by using
selection hypothesis to the different types of open covers. The selection principles
have many applications in daily life and mainly in game theory. In recent years,
many generalizations and weaker forms of Hurewicz space like almost Hurewicz
space, weak Hurewicz space have been come into the picture and studied [10, 21,
24,25].
In the last few years, covering properties related to selective versions of sep-

arability and selection principle in function spaces are studied in bitopological
spaces [8, 11—14, 17, 18]. The concepts of almost Menger property, alomst Roth-
berger property and almost γ-sets in bitopological sense, have been introduced
in [13,19]. In 2013, Y. K. Song et al. [24] demonstrated almost Hurewicz property
in detail. Recently, in [4], Eysen et al. studied weaker forms of Menger property
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in bitopological spaces and also considered almost Hurewicz property in bitopo-
logical spaces. In the present paper, we are concerned to study several properties
and results of the almost Hurewicz spaces in bitopological context. Section 2 con-
tains some basic definitions and results. In Section 3, almost Hurewicz property in
bitopological spaces is defined, and it is shown that if (i, j)-almost Hurewicz space
X is (i, j)-regular, then each topological space (X, Ti) where i = 1, 2 is Hurewicz.
Some characterizations with necessary and suffi cient conditions for (i, j)-almost
Hurewicz spaces are substantiated.

2. Preliminaries

Definition 2.1. [24] A topological space X is called almost Hurewicz if for each
sequence (Un : n ∈ N) of open covers of X there is a sequence (Vn : n ∈ N) such
that for each n ∈ N, Vn is a finite subset of Un and for each x ∈ X, x ∈

⋃
{Cl(V ) :

V ∈ Vn} for all but finitely many n.
Definition 2.2. [23] Let (X, T1, T2) be a bitopological space. Then it is called (i, j)-
regular where i, j = 1, 2 and i 6= j if for each x ∈ X and each Ti-closed set F of
X with x /∈ F , there exists a Ti-open set U containing x and a Tj-open set W
containing F such that U ∩W = ∅.
Theorem 2.3. [23] Let (X, T1, T2) be a bitopological space. Then X is (i, j)-regular
if and only if for each x ∈ X and each Ti-open set U containing x, there exists Ti-
open set W such that x ∈W ⊆ ClTj (W ) ⊆ U .
Definition 2.4. [9,23] Let (X, T1, T2) be a bitopological space and A ⊆ X. Then A
is said to be (i, j)-regular open (or (i, j)-regular closed) where i, j = 1, 2 and i 6= j,
if A = intTiClTj (A) (or A = ClTiintTj (A)). The set A is pairwise regular open (or
pairwise regular closed) if it is both (i, j)-regular open and (j, i)-regular open (or
(i, j)-regular closed and (j, i)-regular closed).

Definition 2.5. [15] A map f : (X, T1, T2) −→ (Y, T ′1 , T ′2 ) is said to be (i, j)-almost
continuous if f−1(U) is Ti-open set in X for every (i, j)-regular open set U in Y .
Moreover, f is p-almost continuous if it is (1, 2)- and (2, 1)-almost continuous.

Definition 2.6. [4] Let (X, T1, T2) be a bitopological space. Then X is said to be
d-compact if it is both T1-compact and T2-compact.
Definition 2.7. [2] Let (X, T1, T2) and (Y, T ′1 , T ′2 ) be the bitopological spaces. Then
a mapping f : (X, T1, T2) −→ (Y, T ′1 , T ′2 ) is said to be i-continuous (i-closed) if the
induced mappings f : (X, Ti) −→ (Y, T ′i ) are continuous (closed).
Definition 2.8. [4] A mapping f : (X, T1, T2) −→ (Y, T ′1 , T ′2 ) is said to be d-
continuous (d-closed) if it is 1-continuous and 2-continuous.

Definition 2.9. [1] Let (X, T1, T2) and (Y, T ′1 , T ′2 ) be the bitopological spaces. Then
a d-continuous, d-closed mapping f : X → Y is called perfect if ∀ y ∈ Y , the set
f−1(y) is d-compact in X.
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Definition 2.10. [7] A mapping f : (X, T1, T2) −→ (Y, T ′1 , T ′2 ) is said to be (i, j)-
preopen if f(U) ⊂ intT ′i ClT ′j (f(U)) for each Ti-open subset U of X.

Proposition 2.11. [4] A mapping f : (X, T1, T2) −→ (Y, T ′1 , T ′2 ) is (i, j)-preopen
if and only if f−1(ClT ′i (U)) ⊂ ClTi(f

−1(V )) for each T ′j -open subset V of Y .

Definition 2.12. [19] Let (X, T1, T2) be a bitopological space. Then it is called
(i, j)-almost Menger if for each sequence (Un : n ∈ N) of Ti- open covers of X,
there exists a sequence (Vn : n ∈ N) such that for each n ∈ N, Vn is a finite subset
of Un and X =

⋃
n∈N(

⋃
V ∈Vn ClTj (V )).

3. (i, j)-almost Hurewicz property

Definition 3.1. Let (X, T1, T2) be a bitopological space. Then X is said to be (i, j)-
almost Hurewicz if for each sequence (Un : n ∈ N) of Ti- open covers of X, there
exists a sequence (Vn : n ∈ N) such that for each n ∈ N, Vn is a finite subset of Un
and for each x ∈ X, x ∈

⋃
{ClTj (V ) : V ∈ Vn} for all but finitely many n.

Obviously, every (i, j)-almost Hurewicz space is (i, j)-almost Menger. Note that
if (X, T1) is almost Hurewicz space and T2 is a topology on X such that T1 ≥ T2,
that is, T2 is coarser than T1, then the bitopological space (X, T1, T2) is (1, 2)-almost
Hurewicz.

Lemma 3.2. If (X, T1) is a Hurewicz space, then the bitopological space (X, T1, T2)
is (1, 2)-almost Hurewicz.

The converse of above lemma need not be true in general as shown in next
example.

Example 3.3. Let X = R2 with T1 = Rl × Rl, where Rl be a lower limit topology
on R and T2 be usual topology on X. Then (X, T1, T2) is (1, 2)-almost Hurewicz.
But (X, T1) is not Hurewicz.
Now in the following theorem we conclude that the converse of Lemma 3.2 is

true if X is (i, j)-regular.

Theorem 3.4. Let (X, T1, T2) be a bitopological space. If X is (i, j)-almost Hurewicz
and (i, j)-regular, then (X, Ti) is a Hurewicz space.
Proof. Let i = 1 and j = 2. Let (Un : n ∈ N) be a sequence of T1- open covers of
X. Since X is an (1, 2)-regular space, therefore for each n ∈ N there exists a T1-
open coverWn such that ClT2(Wn) is a refinement of Un. Also as X is (1, 2)-almost
Hurewicz, there exists a sequence (W ′

n : n ∈ N) such that for each n ∈ N, W
′

n is
a finite subset of Wn and for each x ∈ X, x ∈

⋃
{ClT2(W ) : W ∈ W

′

n} for all but
finitely many n. Thus, for any n ∈ N and W ′ ∈ W ′

n, choose UW ′ ∈ Un such that
ClT2(W

′
) ⊆ UW ′ . Now let Vn = {UW ′ :W

′ ∈ W ′

n}; then (Vn : n ∈ N) is a sequence
such that for each n ∈ N, Vn is a finite subset of Un and for each x ∈ X, x ∈

⋃
Vn

for all but finitely many n. Hence, (X, Ti) is Hurewicz space. Other case for i = 2
and j = 1 follows similarly. �
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In the next theorem, we formulate a necessary and suffi cient condition for X to
be an (i, j)-almost Hurewicz space using (i, j)-regular open sets.

Theorem 3.5. Let (X, T1, T2) be a bitopological space. Then X is (i, j)-almost
Hurewicz if and only if for each sequence (Un : n ∈ N) of covers of X by (i, j)-
regular open sets, there exists a sequence (Vn : n ∈ N) such that for each n ∈ N, Vn
is a finite subset of Un and for each x ∈ X, x ∈

⋃
{ClTj (V ) : V ∈ Vn} for all but

finitely many n.

Proof. For the case i = 1 and j = 2, necessary part is obvious.
Conversely, assume that (Un : n ∈ N) is a sequence of T1-open covers of X.

For each n ∈ N, define Wn = {intT1ClT2(U) : U ∈ Un}. Then (Wn : n ∈ N) is
a sequence of covers of X by (1, 2)-regular open sets. Therefore, by hypothesis,
there exists a sequence (W ′

n : n ∈ N) such that for each n ∈ N, W
′

n is a finite
subset of Wn and for each x ∈ X, x ∈

⋃
{ClT2(W

′
) :W

′ ∈ W ′

n} for all but finitely
many n. Now for each n ∈ N and W

′ ∈ W ′

n, there exists UW ′ ∈ Un such that
W

′
= intT1ClT2(UW ′ ). Since ClT2(UW ′ ) is a (2, 1)-regular closed set, therefore

ClT2(W
′
) = ClT2(UW ′ ). Put Vn = {UW ′ : W

′ ∈ W ′

n}. For each n ∈ N, Vn is a
finite subset of Un and for each x ∈ X, x ∈

⋃
{ClT2(V ) : V ∈ Vn} for all but finitely

many n. Other case for i = 2 and j = 1 follows similarly. �

Theorem 3.6. Let (X, T1, T2) and (Y, T
′

1 , T
′

2 ) be two bitopological spaces. Let X
be an (i, j)-almost Hurewicz space. If f : X −→ Y is a p-almost continuous onto
map, then Y is (i, j)-almost Hurewicz.

Proof. Let i = 1 and j = 2. Let (Un : n ∈ N) be a sequence of covers of Y by
(1, 2)-regular open sets. For each n ∈ N, put Wn = {f−1(U) : U ∈ Un}. Then
(Wn : n ∈ N) is a sequence of T1-open covers of X. Also as X is (1, 2)-almost
Hurewicz, there exists a sequence (W ′

n : n ∈ N) such that for each n ∈ N, W
′

n

is a finite subset of Wn and for each x ∈ X, x ∈
⋃
{ClT2(W

′
) : W

′ ∈ W ′

n}
for all but finitely many n. For any W

′ ∈ W ′

n, choose UW ′ ∈ Un such that
W

′
= f−1(UW ′ ). For each n ∈ N, put Vn = {UW ′ :W

′ ∈ W ′

n}. Then (Vn : n ∈ N)
is a sequence such that for any n ∈ N, Vn is a finite subset of Un and for each y ∈ Y ,
y ∈

⋃
{ClT ′2 (UW′ ) :W

′ ∈ W ′

n} for all but finitely many n.
Let y = f(x) ∈ Y . Then there exist n ∈ N and UW ′ ∈ Vn such that x ∈

ClT2(f
−1(UW ′ )). Since Y \ClT ′2 (UW ′ ) is (2, 1)-regular open and f is (2, 1)-almost

continuous, so f−1(ClT ′2 (UW
′ )) is T2-closed and ClT2(f−1(UW ′ )) ⊆ f−1(ClT ′2 (UW ′ )).

Thus, y ∈ ClT ′2 (UW ′ ) so y ∈
⋃
{ClT ′2 (UW′ ) : W

′ ∈ W ′

n} for all but finitely many
n. Other case for i = 2 and j = 1 follows similarly. �

Recall that an open cover U of a topological space X is said be an ω-cover if
for each finite subset F of X, there exists U ∈ U such that F ⊆ U and X is not a
member of U .
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Theorem 3.7. Let (X, T1, T2) be a bitopological space. For any k ∈ N, (Xk, T k1 , T k2 )
is (1, 2)-almost Hurewicz if and only if for each sequence (Un : n ∈ N) of T1- ω -
covers of X, there exists a sequence (Vn : n ∈ N) such that for each n ∈ N, Vn is a
finite subset of Un and for every finite subset F of X, F k ⊆

⋃
{(ClT2(V ))k : V ∈ Vn}

for all but finitely many n.

Proof. Let (Un : n ∈ N) be a sequence of T1- ω -covers of X. Let {Nm : m ∈ N} be
a partition of N such that Nm is infinite for each n ∈ N. For anym ∈ N and i ∈ Nm,
put Umi = {Um : U ∈ Ui} then (Umi : i ∈ Nm) is a sequence of T m1 -open covers of
Xm. By hypothesis, there exists a sequence (Vmj : j ∈ Nm) such that for each j ∈
Nm, Vmj is a finite subset of Umj and for each x ∈ Xm, x ∈

⋃
{ClT m2 (V ) : V ∈ V

m
j }

for all but finitely many i. For every V ∈ Vmj wherem ∈ N, j ∈ Nm, choose UV ∈ Uj
such that V = UmV . Thus, (Vn : n ∈ N) with Vj = {UV : V ∈ Vmj } is a sequence
such that for each n ∈ N, Vn is a finite subset of Un. Now let F = {x1, x2, . . . , xk}
be a finite subset of X. Since for each x ∈ Xk, x ∈

⋃
ClT k2 (V

k
j ) for all but finitely

many j. Therefore, x′ = (x1, x2, . . . , xk) ∈
⋃
ClT k2 (V

k
j ). So F

k ⊆
⋃
ClT k2 (V

k
j )

for all but finitely many j. Since ClT k2 (V ) = ClT k2 (U
k
V ) = (ClT2(UV ))

k for some
UV ∈ Vj , then F k ⊆

⋃
{(ClT2(UV ))k : UV ∈ Vj} for all but finitely many j.

Conversely, assume that (Un : n ∈ N) is a sequence of T k1 -open covers of Xk,
where k is fixed number and Un = {Unm : m ∈ In} for each n. Suppose F
be any finite subset of X. So, F k is a finite subset of Xk. Therefore, for each
n ∈ N, there exists a finite subset IFn ⊆ In such that F k ⊆

⋃
m∈IFn

Unm. So there

exists a T1-open set VF such that F ⊆ VF and F k ⊆ V kF ⊆
⋃
m∈IFn

Unm. Hence,
Vn = {VF : F is finite subset of X} is a T1- ω-open cover of X. By hypothesis,
there exists a sequence (Wn : n ∈ N) such that for each n ∈ N, Wn is a finite
subset of Un and for any finite subset T of X, T k ⊆

⋃
{(ClT2(W ))k : W ∈ Wn}

for all but finitely many n. Now for each n ∈ N let Wn = {VFj : j ∈ Jn} where
Jn is a finite index set. Further, assume that Kn = {Unm : m ∈ Hn} where
Hn = {m ∈ In : m ∈ IFjn , j ∈ Jn} then Kn is a finite subset of Un and for each
x = (x1, x2, . . . , xk) ∈ Xk, x ∈

⋃
{ClT k2 (Unm) : m ∈ Hn} for all but finitely many

n. �

Theorem 3.8. Let (X, T1, T2) be a bitopological space and A ⊆ X. If the subspace
(A, T1A , T2A) is (i, j)-almost Hurewicz, then for every sequence of covers (Un : n ∈
N) of A by Ti-open sets in X, there exists a sequence (Vn : n ∈ N) such that for
each n ∈ N, Vn is a finite subset of Un and A ⊆

⋃
n

⋃
{ClTj (V ) : V ∈ Vn}.

Proof. Let i = 1 and j = 2. Now suppose (Un : n ∈ N) be a sequence of covers of
A by T1-open sets in X. Define U∗n = {A ∩ U : U ∈ Un}. Thus, (U∗n : n ∈ N) is a
sequence of T1A-open covers of A. Therefore, by hypothesis, there exists a sequence
(V∗n : n ∈ N) such that for each n ∈ N, V∗n is a finite subset of U∗n and for each
a ∈ A, a ∈

⋃
{ClT2A (V ) : V ∈ V

∗
n} for all but finitely many n. Note that for each

n ∈ N and each V ∈ V∗n, there is a set UV ∈ Un such that V = A ∩ UV . Therefore,
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for each n ∈ N, Vn = {UV : V ∈ V∗n} is a finite subset of Un and for each V ∈ V∗n,
ClT2A (V ) ⊆ ClT2(UV ). Hence, A ⊆

⋃
n

⋃
{ClT2(UV ) : UV ∈ Vn}. Other case for

i = 2 and j = 1 follows similarly. �

Theorem 3.9. Let (X, T1, T2) be a bitopological space and A ⊆ X be Tj-open.
Suppose that for every sequence of covers (Un : n ∈ N) of A by Ti-open sets in X,
there exists a sequence (Vn : n ∈ N) such that for each n ∈ N, Vn is a finite subset
of Un and A ⊆

⋃
{ClTj (V ) : V ∈ Vn} for all but finitely many n. Then the subspace

(A, T1A , T2A) is (i, j)-almost Hurewicz.

Proof. Let i = 1, j = 2. Let (Un : n ∈ N) be a sequence of covers of A by T1A-open
sets in A. For each n ∈ N and U ∈ Un, there exists VU ∈ T1 such that U = A∩ VU .
Therefore, (Vn : n ∈ N) is a sequence of covers of A by T1-open sets in X, where
Vn = {VU : U ∈ Un} . By hypothesis, there is a sequence (V

′

n : n ∈ N) such
that for each n ∈ N, V ′n is a finite subset of Vn and A ⊆

⋃
{ClT2(VU ) : VU ∈ V

′

n}
for all but finitely n. Now for each n ∈ N, put U ′

n = {A ∩ VU : VU ∈ V
′

n}.
Then U ′

n is a finite subset of Un. Note that for each n ∈ N and each U ∈ U ′

n,
ClT2A (U) = ClT2A (VU ∩ A) = ClT2(VU ∩ A) ∩ A ⊆ ClT2(VU ) ∩ A. Also, since A is
T2-open, therefore ClT2(VU )∩A ⊆ ClT2(VU ∩A). Thus, ClT2A (U) = ClT2(VU )∩A.
Hence, A ⊆

⋃
{ClT2A (U) : U ∈ U

′

n} for all but finitely many n. Other case for i = 2
and j = 1 follows similarly. �

Theorem 3.10. Let (X, T1, T2) be an (i, j)-almost Hurewicz space and A be Ti-
closed, Tj- open subset of X. Then A is also (i, j)-almost Hurewicz space.

Proof. Let i = 1 and j = 2. Suppose (Un : n ∈ N) be a sequence of covers of A by
T1-open sets in X. Now for each n ∈ N, Vn = Un ∪{X\A} is a T1-open cover of X.
Therefore, by hypothesis, there is a sequence (V ′n : n ∈ N) such that for each n ∈ N,
V ′n is a finite subset of Vn and for each x ∈ X, x ∈

⋃
{ClT2(V ) : V ∈ V

′

n} for all but
finitely many n. Now for every n ∈ N, choose U ′

n = {V ∈ V
′

n : V 6= (X\A)}. Then
U ′

n is a finite subset of Un. Also note that A is T2-open with A ⊆
⋃
{ClT2(V ) :

V ∈ U ′

n} for all but finitely many n. Hence, by Theorem 3.9, A is (1, 2)-almost
Hurewicz. Other case for i = 2 and j = 1 follows similarly. �

Theorem 3.11. Let (X, T1, T2) and (Y, T
′

1 , T
′

2 ) be bitopological spaces such that f :
X −→ Y is (j, i)-preopen and perfect map. If (Y, T ′

1 , T
′

2 ) is (i, j)-almost Hurewicz,
then (X, T1, T2) is also (i, j)-almost Hurewicz.

Proof. Let i = 1 and j = 2. Now assume that (Un : n ∈ N) be a sequence of T1-
open covers of X. Then for each y ∈ Y and n ∈ N, there exists a finite subfamily
Uny of Un such that f−1(y) ⊆

⋃
Uny . Put Uny =

⋃
Uny . Note that for each

n ∈ N, Vny = Y \f(X\Uny ) is a T
′

1 - open neighbourhood of y. Therefore, take
Vn = {Vny : y ∈ Y }. Thus, (Vn : n ∈ N) is a sequence of T

′

1 - open covers of
Y . Therefore, there exists a sequence (V ′n : n ∈ N) such that for each n ∈ N,
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V ′n is a finite subset of Vn and for each y ∈ Y , y ∈
⋃
{ClT ′2 (V ) : V ∈ V

′

n} for
all but finitely many n. Now for each n ∈ N, choose V ′n = {Vnyi : i ≤ n′}.
Corresponding to each V ′n, choose U

′

n = {Unyi : i ≤ n′} = {
⋃
Unyi : i ≤ n′}.

Therefore, U ′

n is a finite subset of Un. As f is (2, 1)-preopen, therefore for each
x ∈ X, x ∈ f−1(

⋃
{ClT ′2 (Vnyi ) : i ≤ n′}) for all but finitely many n. Since

f−1(
⋃
{ClT ′2 (Vnyi ) : i ≤ n′}) ⊆

⋃
{ClT2(f−1(Vnyi )) : i ≤ n′} ⊆

⋃
{ClT2(Unyi ) : i ≤

n′} =
⋃
{ClT2(U) : U ∈ U

′

n}, then x ∈
⋃
{ClT2(U) : U ∈ U

′

n} for all but finitely
many n. Hence, X is (1, 2)-almost Hurewicz. Other case for i = 2 and j = 1 follows
similarly. �

Theorem 3.12. Let (X, T1, T2) and (Y, T
′

1 , T
′

2 ) be bitopological spaces such that X
is (i, j)-almost Hurewicz and Y is d-compact. Then X × Y is also (i, j)-almost
Hurewicz.

Proof. Let i = 1 and j = 2. The projection map pX : X × Y −→ X is perfect as Y
is d-compact. Further since pX is d-open, therefore it is also (2, 1)-preopen. Using
Theorem 3.11, X × Y is (1, 2)- almost Hurewicz. Other case for i = 2 and j = 1
follows similarly. �
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[4] Eysen, A., Özçağ, S., Weaker forms of the Menger property in bitopological spaces, Quaest.

Math., 41(7) (2018), 877− 888.
[5] Hurewicz, W., Über die verallgemeinerung des Borelschen Theorems, Math. Z., 24 (1925),

401− 425.
[6] Hurewicz, W., Über Folgen Stetiger Funktionen, Fund. Math., 9 (1927), 193− 204.
[7] Jelíc, M., Feebly p-continuous mappings, V International meeting on topology in Italy (Ital-

ian) (Lecce,1990/Otranto, 1990); Rend. Circ. Mat. Palermo, 24 (2) (1990), 387− 395.
[8] Khan, M.D., Sabah, A., Selection principles and covering properties in bitopological spaces,

Applied General Topology, 21(1) (2020), 159− 169.
[9] Khedr, F.H., Alshibani, A.M., On pairwise super continuous mappings in bitopological spaces,

Int. J. Math. Math. Sci., 14(4) (1991), 715− 722.
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[17] Özçağ, S., Bornologies and bitopological function spaces, Filomat 27(7) (2013), 1345− 1349.
[18] Özçağ, S., Selective bitopological version of separability, Topology and its Applications, 201

(2016), 403− 413.
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