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Theory of elliptic equations and undergone considerable progress that has created the 

concept of the topological character and eventually has created interesting connection 

with the analysis and Hilbert Space. Connection of Hilbert space and Topological space 

has been a matter of curiosity for many. Although there is no much work done on this 

topic, the answer to this question is Hilbert space is a part of the Topological space only 

when there is a need of functional analysis. In other words topology is induced to the 

Hilbert space but in real they are not a part of each other. In algebra concept, topology 

is involved in the Hilbert spaces to support the idea of metric space. Topological space 

consists of abstract sets of points that includes specific collection open sets of subsets 

that need to satisfy the axioms. Hausdorff space is one of the types of topological space 

.Lot of properties are satisfied by the Hausdorff  space which are not satisfied by other 

way. Unlike the Hilbert space, the topological space is not highly complicated and forms 

the basis of the functional analysis. Two things, a topological space and one special type 

of vector are present at once in the Hilbert space. Thus, in Hilbert space more topological 

structure is given by the topological space while the special type of vector would help in 

giving some algebraic space.  

 

1. Introduction 

For the number system, the Hilbert space can use only the associative Division rings. Inner product space is 

Hilbert space and primarily is a concept of linear algebra. It holds the abstract algebraic approach where the 

bounded linear operator approach can be observed. Concept of the Hilbert space emerged from the notion of the 

Euclidean space. It includes the concept of calculus from the two-dimensional space to spaces with both finite 

and infinite number of dimensions. 

 Considering the definition of Topological space in mathematical term, it is generalization of notion of an 

object present in three-dimension space. This work focus on identifying the common properties of Hilbert space 

and Topological space. This work also includes the definition and analysis of Hausdroff space and how it is 

related to Topological space [1-12].  
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2. Preliminaries 

2.1. Hilbert space 

Let E be a complex vector space. A mapping 〈. , . 〉: 𝐸 × 𝐸 → ℂ is called an inner product in E if for any 𝑥, 𝑦, 𝑧 ∈

𝐸 and 𝛼, 𝛽 ∈ ℂ the following conditions are satisfied: 

 

(a)    〈𝑥, 𝑦〉 = 〈𝑦, 𝑥〉 (the bar denotes the complex conjugate) 

(b)    〈𝛼𝑥 + 𝛽𝑦, 𝑧〉 = 𝛼〈𝑥, 𝑧〉 + 𝛽〈𝑦, 𝑧〉; 

(c)    〈𝑥, 𝑥〉 ≥ 0; 

(d)    〈𝑥, 𝑥〉 = 0 implies  𝑥 = 0. 

 

 A vector space with an inner product is called an inner product space. A complete inner product space is called 

a Hilbert Space. 

2.2. Topological space 

A topology on a set 𝑋 is a collection 𝜏 of subsets of 𝑋 having the following properties:  

 

a) Empty set ∅ and 𝑋 are in  𝜏. 

b) The union of elements of any sub collection of 𝜏  is in  𝜏. 

c) The intersection of the elements of any finite sub collection of  𝜏  is in 𝜏. 

 

 𝑋 is a topological space with topology 𝜏.  

 A topological space 𝑋 is said to satisfy the Hausdorff separation property or simply Hausdorff  space ,if for 

all distinct points 𝑥, 𝑦 ∈ 𝑋 there exist disjoint open sets 𝑈 𝑎𝑛𝑑 𝑉 such that 𝑥 ∈ 𝑈 𝑎𝑛𝑑 𝑦 ∈ 𝑉. Such open sets are 

said to separate 𝑥 𝑎𝑛𝑑 𝑦. 

 In mathematical concept, Hausdorff space is one of the types of topological space. Lot of properties are 

satisfied by the Hausdorff space which are not by topological space. 

Hilbert space is isomorphic to the space i.e. L^2.Structure of the Hilbert space are having higher structure than 

the topological spaces. 

3. Theorem 

Hilbert space is topological and vectors are part of Hilbert space. 

 Two things, a topological space and one special type of vector are present at once in the Hilbert space. Thus, 

in Hilbert space more topological structure is given by the topological space while the special type of vector 

would help in giving some algebraic space. A vector space is defined as a bunch of vectors that could be 

multiplied or added by scalars. Operations of them are highly compatible where scalar multiplication obeys the 

distributive law and the vector addition follows the associative law. Therefore, Hilbert space is a vector space 

that does have an inner product. Inner product space of the vector is operation in various ways. 

 

∎ Lets prove the above theorem –  

          Consider 𝑈, 𝑉 𝑎𝑛𝑑 𝑊 are the vectors. Their vector space operation could be  

          (𝑈 + 𝑉, 𝑊) = (𝑈, 𝑊) + (𝑉, 𝑊). 

 

 Now considering the scalars, conjugate symmetric could be presented as (𝑥, 𝑦) = (𝑦, 𝑥), the complex 

conjugation is indicated by the bar above. We have already defined inner product and this can be used to specify 

the notion of size of the vector 𝑋 and define  ‖𝑋‖2 = 〈𝑋, 𝑋〉 and this can be operated with the help of the 

Pythagorean theorem. 
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 Considering the vector size, for defining the convergence a bunch of  𝑥𝑛 vectors converge to a specific point 

that is 𝑝 (𝑠𝑎𝑦) only if  ‖𝑥𝑛 − 𝑝‖.  The result will decrease to 0. This indicates that topology can be done with 

respect to the vectors. This indicates that the algebraic tool here come from the inner product and it is related to 

limits of sequences and continuous functions. Eventually indicates that topological space is a part of the 

topological space only when there is a need of functional analysis. 

 Ideally, a quadratic constraint helps in defining the curve of the Hilbert space which could be gamma systems. 

Γ-Hilbert space was first introduced by D.K. Bhattacharya along with T.E. Aman in 2003.However, the theory goes 

like very group denoted by Γ Having a left invariant metric d i.e. (Γ,𝑑) is regarded as a bounded geometry. This 

confirms that it satisfies of getting embedded into a Hilbert space. Γ-Hilbert space is uniformly embedded into the 

Hilbert space.  

4. Result 

From the above theory it can be concluded that the vector space is complete and is a part of the Hilbert space. 

Both the topological structure and the algebraic structure are highly compatible. A Hilbert space is a vector space 

that has an inner product space which is complete 𝑛𝑡ℎ topology and which is induced by the inner product. Hilbert 

spaces are denoted as 𝑅𝑛  𝑜𝑟 𝐶𝑛 . 

 Now we see the Relationship between various types of abstract spaces in Figure 1. 

 
Figure 1. Relationship between various types of abstract spaces. 
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5. Discussion 

Hilbert space is ideally denoted as H which is a complex or real inner product space. Also which is  a complete 

metric space  in consideration to the distance that is induced by the inner product function. Complex vector space 

is one of the properties of Hilbert space. Again three main properties of Hilbert space include, 

 In its first argument the inner product is linear i.e. 

 

                        〈𝛼𝑥 + 𝛽𝑦, 𝑧〉 = 𝛼〈𝑥, 𝑧〉 + 𝛽〈𝑦, 𝑧〉 

 

 Conjugate symmetry can be seen for the inner product i.e. 

 

                                  〈𝑥, 𝑦〉 = 〈𝑦, 𝑥〉 

 

 For an element, its inner product is positive definite which is, 

 

                         
 

 For sequencing in the Hilbert space (𝐻) , Cauchy criterion form is used that would lead to the completeness 

of Hilbert space while the special type of vector would help in giving some algebraic space. 

 A vector space operation is highly compatible where scalar multiplication obeys the distributive law and the 

vector addition follows associative law. 

 Topological space or linear topological space is a form of basic structure that comes under the functional 

analysis. It is a form of vector space which have a notion of continuity that allows a notion uniform convergence. 

Topological structure is a form of a commutative group that are responsible for operation of two group elements 

which does not depend each other. This group is also known as Abelian group. Uniform convergence, 

completeness and uniform continuity are the features of the topological vector space. Completeness helps in 

doing the real analysis as it is the fundamental property of the real numbers. 

 Ideally, there should be no gaps in the space and thus helps in completing the sequence. 

 Γ-Hilbert space is composed with a metric d which is left-invariant and has bounded geometry, the embedding 

in the Hilbert space would be highly uniform. This indicates that its property is independent and its coarse 

assembly could define Γ as an isomorphic. 

6. Conclusions 

It can be said that concept of the Hilbert space emerged from the notion of the Euclidean space. It includes the 

concept of calculus from two-dimensional spaces to spaces with both finite and infinite number of dimensions. 

The Hilbert space occurs frequently and naturally bit is without having an angle. Topological space is a 

generalization of notion of an object present in three-dimensional space. There is a huge scope for further work 

in this topic and we will extend our work. 
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