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Abstract: This paper addresses the problem of estimating the population mean of the study variable in two

occasions successive sampling. Based on the available information from the first and second occasions, class
of estimators produced under two situations, i) when the information on a positively correlated auxiliary
variable with the study variable is available on both the occasions and ii) when the information on the
auxiliary variable which is negatively correlated with the study variable is available on both the occasions.
Properties of the suggested class of estimators have been studied and compared with the sample mean
estimator with no matching from the previous occasion and traditional successive sampling linear estimator.
The study is supported by an optimal replacement policy. Empirical study also has been illustrated to show
the performance of the recommended estimators theoretically.
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1. Introduction

In most surveys, the interest is on the current average despite looking at it from one occasion
to the next occasion and all occasions. In successive (rotation) sampling, it is common to use the
entire information gathered on the previous occasions to improve the precision of the estimator on
the current occasion. The main objective of the sampling on two successive occasions is to estimate
the population parameters viz. population total, mean, ratio, product, etc. for the most recent
occasion as well as changes in the parameters from one occasion to the next occasion, see Okafor
and Arnab [6]. Jessen [4] was the first who pioneered the procedure of utilizing the information
obtained on the first occasion in improving the estimates of the current occasion. Patterson [7]
extended the work of Jessen from two occasions to more. Further, Eckler [2], Rao and Graham [§],
Singh et al. [10], Feng and Zou [3], Biradar and Singh [1], Singh and Vishwakarma [12], Singh and
Vishwakarma [13], Singh and Pal [15] among others have suggested several estimators by using
the auxiliary information for estimating the population mean on the current occasion successive
(rotation) sampling.
In this paper, we extend a procedure of utilizing the information of the auxiliary variable readily
available on both the equations under two different situations, by suggesting the estimator of the
population mean Y of the study variable y:
Situation I: When the auxiliary variable z; is positively correlated with the study variable y.
Situation II: Readily available auxiliary variable 2z is negatively correlated with the study vari-
able y.

* Corresponding author. E-mail address:vishwantrasharma07@gmail.com

39



Sharma and Kumar: Improved Estimators
40 ISTATISTIK: Journal of the Turkish Statistical Association 13(2), pp. 39-51, (© 2021 Istatistik

Keeping in view the situation I and II, we have suggested two estimators and studied the properties
of the suggested estimators. The behaviour of the suggested estimator is explained through empir-
ical study. We found that the proposed study is more efficient than the other considered estimators
when there is close association between auxiliary and study variables.

2. Notations used and the proposed estimator

Consider a finite population U = (Uy, U, ...,Uy) of N distinct identifiable units. Let the variable
under study on the first (second) occasion be denoted by x(y) respectively. It is assumed that the
information on the auxiliary variable z; and z, are known and have positive and negative correlation
with x and y respectively readily available on both the occasions. A simple random sample (without
replacement) of n units is taken on the first occasion from population U. A random sub-sample of
m(=nA) units is retained (matched) for use on the second occasion. Now, at the current occasion,
we again withdraw a simple random sample (without replacement) of size u =n —m = nu units
from the remaining (N — n) units of the population so that the sample size on second occasion is
also n. A and p are the fractions of matched and fresh samples respectively at the second (current)
occasion such that (A + p =1). We shall use the following notations:

e X.Y,Z,, 7, : The population means of variables x,v, 2, and 2, respectively.

® SuysSyz>Syzys Sz Sezy ¢ The population covariance between variables in suffixes.

® Duys Pyzys Pyzys Puzys Puzy - Lhe population correlation coefficients between variables in suffixes.

e 52,587,582 ,52 : The population variances of x,y, z; and z, respectively.
For obtaining the expression of bias and mean squared error of the proposed estimator, we assume
that

Yo=Y (14 e0u)Ym =Y (1 +eom), Tm=X(14e1m),2n =X (1+e1), 210 = Z1(1 +e1y),

Zoy = 22(1 + €2u)7 Z1in = Zl(l + eQn)a Zon = 22(1 + egn’)a byzlu — SyQZI(u) ) bya:(m) — SSszﬂ’

521(u) z(m)

Syzl(u) = Syzl(u)(]. + €3u), Sgl(u) = Sgl(u)(l —+ €4u), sym(m) = Syz(m)<]- =+ egm), Si(m) = Sﬁ(m)(l + €4m)
such that

E(60u61u) = (% - %)pyzlcyczla E(60u62u) = (% - %)pyzgcyczgaE(GOueﬁz) = *(%)plecyczp
E(eouey,) = _(%)prCyCZUE(QOmehn) = (i - %)pyxcycxv E(egmein) = (% - %)pyxoycxv
E(eOmelu) = *(%)pyzlcycsz(eOmQZu) = *(%)pyzgcyczgaE(QOmeﬁz) = (% - %)pyzlcyczla

E(e()mezn’) = (% - %)pyZQCyCZQaE(‘meeZn) = (% - %)C§7E(elmelu) = _(%)pxn C.C.,,
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E(elm€2u) = _(%)pxzzcmCZQaE(elnelu) = _(%)pmzlo"cczlyE(elnemz) = _(%)pIZQCZI)CZQ)
E(elneQn) = (% - %)pzzlcxczlaE(elnegn’) = (% )pngc CZQ’E(€1UG2U) = (i - ),021220 0227
E(elu€2n) - _(%)CZQN (eluegn’) - ( )02227 (62n62n’) - (% - %)pzlzgczl 0227

_ (N—w) pgia2 _ (N—u) poos3 — (N=w) poio
E(elue3u) = WN=2) Zuo11’ E(elu€4u) — w(N=2) Zpooz’ E(€2ue3u) T w(N—-2) Zug11’

_ (N—w) poo3 _ (N—m) poio _ (N—m) _p210
Elesuean) = u(N—2) Zpgoz’ E(eimesm) = m(N-2) Xﬂllo’E(€1"63m> T n(N-2) Xp110?

— (N—m) psno — (N—-n) 300
B(eimean) = m(N—-2) X200’ Elewneam) = n(N—-2) Xpa00’

:quT:E((xi_X)p(yi_i/)q(zi_z)r)7 (paQa ) 0 1 2. 02 SQ/X2 02 §/Y27
C2 =82 /72,C2 = §2 | Z2.

We assume that information on the auxiliary character is readily available on both occasions
under two different situations, one can define the estimator when

Situation I: Estimation of the population mean Y of the study variable y when the
auxiliary variable ¢z,’ is positively correlated with the study variable.
In a situation, when the regression of Y on X is a straight line that does not pass through the origin
then regression estimators are used. Replacing regression estimator in place of a sample mean and
using in exponential-type estimators of Singh and Pal [15]. We have suggested two independent
estimators for estimating the population mean Y of the study variable y on the second occasion.
One is based on the sample of size u(=nu) drawn afresh on the second occasion defined by

Zy — u
T, tlreguemp<21+zl> (2.1)
1 lu

where tirequ = [Uu + byzl(u)(zl — Z14)] and by, () is the sample regression coefficient of y and z;
based on the sample size u.
Second estimator is based on the sample of size m(=n\) common for both the occasions is defined

by _
Ty — T Zy — Z1n
T’m =t regmEL. — — exr = 2.2
res p<xn+x’m> p<Zl+Zln> ( )
where t,cgm = [Um + byz(m)(Tn Z,,)] and byx(m) is the sample regression coefficient of y and x based

on the matched sample of size m.

The estimator T, may be used to estimate the population mean on each occasion, while the
estimator T, is suitable to estimate the change over occasions. To device suitable estimation
procedures for both the problems simultaneously, a convex linear combination of T, and T, is
considered as a final estimator of the population mean Y and is given by

T =¢T, +(1—¢)T, (2.3)

where ¢(0 < ¢ <1) is an unknown scalar to be defined such that the mean squared error (MSE) of
T is minimum.

Remark 1 : For estimating the mean on each occasion the estimator T, is suitable, which implies



Sharma and Kumar: Improved Estimators
42 ISTATISTIK: Journal of the Turkish Statistical Association 13(2), pp. 39-51, (© 2021 Istatistik

that for ¢ close to 1 while for estimating the change from one occasion to next occasion, the estima-
tor T}, is more suitable so that the value of ¢ might be close to 0. For asserting both the problems
simultaneously, the optimum (minimized) choice of ¢ is required.

3. Bias and Mean Square Error of T
S_ince T, and T,, are biased estimators of Y, therefore the estimator 7" is also a biased estimator
of Y. For bias, express the estimator T, and 7,, in terms of e/s, we have

T, ={Y(1+eo) —bys, (u)Zlelu}eﬂzp[_Zlu (1 + e;) 1} (3.1)

Tm = Y{(l + 60771) + kyw(eln —€1m + €1n€3m — €1n€am — €1mE3m + elme4m)}
-1 -1
€in — €1m €in + €1im —€2p €an
—_— 14+ — 14+ — 2

Expanding the right-hand side of equation (4) and (5) in terms of e’s and neglecting the terms
having power greater than two, we get

— 1 1 3 1
Tu = Y |:]- + €ou — (2> €1u — <2) €ou€lu + (8) e?u - k;yzl (elu - <2> e?u — €1uC4y + 6111,63u:|
_ _ 1 1 3 1
(T, -Y)=2Y {em - <2> €1 — <2> €oubru + <8> €1, — kys (€14 — (2> €}, — €1u€an + 61u€3u:|

(3.3)

_ 1 3 1
Tm = Y |:1 + €om — (2) (eln —€1m — 62n) + (8) €§n + <2) (eOmeln — €omCim—

1 1
60m62n> - <4> (efn - G?m + €1n€an — elnLe?n) + <8> (efn + G?m - 2€1nelm)

1 1
+kyx{€1n —€1m + (2> (efn + e%m) - <2> (61n62n + €1n€im — elme2n+

617161171) + €1n€3m — €1n€am — €1mE3m + 61m64m}:|

o 1 3 1
(Trn - Y) ~Y |:60m - <2> (eln — €im — egn) + (8> egn + <2> (eOMeM — €omCim — eOmeZn)_
1 1
<4> (e%n - e%m + C1non — elme2n) + (8) (e?n + E%m—

1 1
2€1n€1m) + kya:(eln —€1m + <2> (e%n + eim) - <2> (eln62n + €1n€im

—€1m€an + elnelm) + €1n€3m — €1n€am — €1mE3m + elm€4m):| (34)

c c
where, k., = py., C—Zyl and Ky, = pya -

Taking expectation on both sides of equation (6) and (7), one can obtain the bias of T, and T}, to
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the first degree of approximation as

/1 1 3 1 1 1
B(T,)=Y [(u - N) [(8) + kyz1:| Cél - <2 (u - N)PyZ1CyCZ1 — Ky,

N —u ) [u - u” (3.5)

Ho11 Hoo2

— 3 1 1 1 1 1 1 1
ons {3 (O e i
C(TN(L 1N\, (N-n) [(1Y(pl0  pel2)
0|~ () () v (o) (o~ o)

DEE)

H110 Ho11

For MSE, squaring both side of equation (6) and (7), and neglecting terms of e’s having power
greater than two, we have

_ _ 1 ?
(Tu — Y)2 = Y2 |:60u — <2> €1y — kyzlelu] (37)

_ _ 1 2
(T, —Y)*=Y? [eOm + <2> (e1n — €1m — €2n) — kyu (€10 — elm)] (3.8)

Taking expectations to both sides of equation (10) and (11) we get the MSE of T, and T, respec-
tively, as

_. /1 1 1
MSE(Tu) =Y <u - N> [Cy2 + Cz21 { <4> + ]{3521 + kyZ1 } - (1 + 2ky21):0y21 09021} (3'9)

_ 1 1 1
MSE(T,,)=Y" E N CZ+ 1 C2+k2,C2 = pyaCyCr + Ky O — Qkyzpyzcycx}
( - > { ) < >02 + szcﬁ + Py Cy Oy — kwaf = Py CyCy — 2kympyzcycw}}

(3.10)

The covariance between the two estimators T, and 7,, to the first degree of approximation is
obtained as follows:

Cov(T,,T,,) = E[(T, - Y)(T,, - Y)]
= YQE [(€0u - (1/2)€1u - kyzl elu) (eOm - (1/2)(61n —€C1m — 6211) + kym(eln - elm))]
- YzE [eOueO'm - (1/2)60'melu - kyzleOmelu + (1/2) (eOUeln - (1/2)61u€1n - kyzlelueln - €Ouelm+

(1/2)6111,61771 + kyzleluelm — €o0ufan + (1/2)61u62n + kyzlelue?n) + kyw (60u61n - (1/2)6111,6171_
kyzl €1n€1u — €oulim + (1/2)eluelm + kyzl eluelm)]

—(Y?/N)[Cy = pyz CyCiy + (1/A)CE, = ks, 4, Cy oy + (1/2)k 2, C2 (3.11)

Assumption 1. Considering the stability nature of the variables, the coefficient of variation of
x,vy, 21, 22 are assumed to be approximately equal (C, = C, = C,, = C,,), see Murthy [5], Reddy [9],
Singh and Ruiz-Espejo [11]. Under Assumption 1, we state the following theorems without proof.
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THEOREM 1.

The bias of the proposed estimator ‘T’ to the first degree of approximation is

given by
PROOF.
B(T)=¢B(T.) + (1 - ¢)B(T:) (3.12)
where
— 1 1 3 Py N —u Hoi2  Hoo3
BT)=Y|[-—= )=+ )C?—p,. = — 3.13
() {(u N) (8+ 2 > v~ 1<U<N_2)Zl) <M011 M002>} ( )
and
— 3 1 1 1 1 1 1 1
B(T,)=Y —J{—-—= — - —— - -—= 2
=y [{(5) )+ ()G =5 )= (G ) 5
(7 (1_1)}+N—n{ 1 <M2w Jm) _ (1>
8 nom n(N —2)X n ) \ Mo Hoi1 m
H210  H300 ] (3.14)
Hiio  H200
THEOREM 2. The MSE of ‘T’ to the first degree of approximation is obtained by
PROOF.
MSE(T)=¢’MSE(T,) + (1—¢)>)MSE(T,,) +2¢(1 — $)Cov(T,, T,,), (3.15)
where
1 1N\[5 , .
1/5 1 1/5
MSE(T,) = [m <4 +P;2/m> +- (py21 + P5x> N <4 - qu)] S, (3.17)
and S 05
—_2y|2 _Pyn 2
Cov(T,,T,,) = N [4 5 p?m] (3.18)

4. Minimum mean squared error of the estimator ‘T’
Since MSE(T) in equation (18) is a function of unknown constant ¢, therefore, it can be mini-
mized with respect to ¢ and equating it to zero, we get the optimum value of ¢ as

[MSE(T,,) — Cov(T,,T,,)]
[MSE(T,)+ MSE(T,,) —2Cov(T,,T,,)]

Dopt = (4.1)

By substituting the value of optimum ‘¢’ from equation (22) in equation (18) we will have the
minimum MSE of ‘T” as

[IMSE(T,)MSE(T,,) — (Cov(T,,T))?%
[MSE(T,)+ MSE(T,,) —2Cov(T,,T,,)]

min.MSE(T) = (4.2)

Substituting the values of M SE(T,), MSE(T,,) and Cov(T,,T,,) in equations (22) and (23), we
will have the value of ¢,,, and min.MSE(T), respectively.
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For simplification, further we use the following notations,

d1 = Nay —nas, 6o = Nay — Nag — nas — Nay, §3 =n?ai — nNasay — n*agar,
01 = N2y +n?(agar — ag2),05 = N2ayay — N2asay — nN oo,

oy = (5/4) = 02 = Py — Prpsis = P — (Pyzy /2), s = (5/4) = p2.

Qs = p§z17 a7 = (5/4) = pyzy 08 = (5/4) — (py=, /2) — Pf,zl-

Now, we have the reduced form of ¢,,; and min. MSE(T) from equation (22) and (23) as

[pN oy — p(1 — p) (Nas + no)]

. 43
Port = (R — (1= o) o T nacry — Nag) (43)
and
52 M2(53+M54+(55
- _ Y
min.MSE(T) = (nN) 125, 1 0y + Noa (4.4)

5. Optimum replacement policy

For obtaining the optimum value of p (fraction of a sample to be taken afresh at the second
occasion) so that the population mean Y may be estimated with maximum precision, we minimize
MSE of T in equation (25) by differentiating it with respect to ‘u’ and hence we get the optimum
value of ‘i’ as

/1,2)\1+/1/A2+A3:O (51)

where )\1 = (5263 — (51(54), )\2 = <2N044(53 — 25155), )\3 = (NC¥454 - (52(55).
Solving equation (26) for ‘u’, we get

— o /A2 — AN N,
2\,

fi= (5.2)
The value of fi exists, if A3 > 4\ \3. For any combinations of correlations (py., py., ) that satisfy the
condition of solution, two values of i are possible. If both the two values fi are admissible, then the
lowest one is best. Substituting the admissible values of i, say puo, from equation (27) into (25),
we get the optimum value of the mean squared error of ‘T’, which is given by

(5.3)

S? 2
min,MSE(T)Opt _ < y > [ 1503 + 1004 + d5

m ,u%(sl +M052 +NO[4
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6. Efficiency comparison
The percent relative efficiencies of the estimators T with respect to (i) Yn, when there is no
matching, (ii) usual successive sampling estimator, Y = 9y, + (1 — )3 /> When no auxiliary infor-
mation is used at any occasion, where [y, = 4, + b} (%, — T,,)] have been obtained for different
choices of py., py., and p,.,. Since ¥, and Y are unbiased estimators of the population mean Y,
the variance of ¢,, and the minimum variance of Y [as given in Sukhatme et al.[13]] are given by
V()= L5 (6.1)

n

vin=[(5) {1+ amma -2 ©2)

From (27), (28), (29), and (30) the percent relative efficiencies of the estimators “T” with respect
to Y, are given by
V()

E, = PRE(T, ) =
1= PRE(T §n) min.MSE(T).,,

x 100

N(1— f)(p5é1 + prod2 + Now)
= x 100 6.3
1503 + 1004 + 05 (6:3)

V(Y)
min. MSE(T) opt

N[{l—F\/(l—p?ﬂ)}—2f](M351+N()52+N044) A
= x 100 6.
2(u3ds + pods + ds) (64)
For N =2000, n =200 and various choices of correlations (p,., p,-,) and using the formulae from
equations (27), (31) and (32) we have computed the optimum values of po and percent relative

efficiencies £ and F,. The findings are displayed in Table 1.

E,=PRE(T,Y) = x 100

TABLE 1. Optimum values po and percent relative efficiency of T with respect to g, and v,

Dy 0.2 0.3 0.4 0.5

Pyz1 | Ho Ey E, Ho E, E, Ho E, E, o E, £,

0.6 | 0.72 101.46 100.32 | 0.75 102.23 99.61 | 0.80 103.91 - 0.90 103.91 -

0.7 |1 0.656 112.20 110.94 | 0.67 113.18 110.28 | 0.71 114.49 109.18 | 0.78 115.92 107.30
0.8 | 0.58 128.32 126.88 | 0.59 129.57 126.25 | 0.62 131.31 125.22 | 0.67 133.45 123.52
0.9 | 048 155.06 153.31 | 0.50 156.70 152.69 | 0.52 159.05 151.67 | 0.55 162.10 150.03

Py 0.6 0.7 0.8 0.9

Pyz, | Mo E, E, Ho E, E, Ho E, E, Ho Ey E,

0.6 | 1.13 102.77 91.35 | 2.16 - - -1.33 178.14 138.56 | 0.07 154.09 105.80
0.7 1091 116.70 103.74 | 1.25 112.55 - * - - -0.27 184.80 126.89
0.8 10.75 135.61 120.54 | 0.9 135.96 114.37 | 1.59 119.04 - -1.54 281.87 193.53
0.9 [0.60 165.71 147.30 | 0.70 169.04 142.19 | 0.94 166.72 129.67 | * - -

Note : * denotes o does not exist and — implies very low efficiency.

It is envisaged from Table 1 that the proposed estimator ‘T is more efficient than the estimators
U and Y for different levels of correlation between the variables (y and x) and (y and z;). The
following point have been noted from the Table 1 as
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1. For moderate to high correlation between y and zi, efficiency increases with respect to ¥, and
Y.

2. When the correlation between y and x is very high i.e, p,, = 0.9 corresponding to the different
levels of correlation between y and z i.e, (pyz, =0.6t00.9), the proposed estimator ‘I’ performs
efficiently among 7, and Y respectively.

3. With different levels of correlation between y and z; i.e, (p,., = 0.6 t00.9) and for different
correlation between y and x i.e, (p,, =0.2t00.9), the PRE of the proposed estimator T increases
except the case when p,, =0.7and 0.8 and p,., = 0.6 t0 0.9 where the PRE of the proposed estima-
tor first decreases then increases because the value of p first increases then decreases respectively.

Situation II : Estimation of the population mean Y of the study variable ‘y’ when
the auxiliary variable 2, is negatively correlated with the study variable ‘y’.

This section deals with case II of our problem, where the correlation between study variable ‘y’
and the auxiliary variable z, is negative. In this case, for estimating the population mean Y at
the current (second) occasion with negatively correlated auxiliary variable z, at the first (second)
occasion, we suggest the following estimators as

Zs
- u b zo(u Z — R2u 6.5
by 2= ) e 22 (65
where b,., (u) is the sample regression coefficient of y and z, based on the sample size u.
_ _ _ :fn - :Em 2277, - ZQ
= b~ 2 e (22 e 22222 (6.6

where b, () is the sample regression coefficient of y and x based on the matched sample of size m.
Consider the linear combination of 7' and T}, we define the following estimator as

T"=¢'T,+(1-¢")T, (6.7)

where ¢* is any suitably chosen scalar.
Using the result from section ‘2’, one can obtain the bias and mean square error of 7' and T,
respectively, results of which are mentioned in the form of theorems.

THEOREM 3. The bias of the proposed estimator T™ to the first degree of approximation is

PROOF.
B(T*)=¢"B(T;)+ (1 —¢")B(T},) (6.8)
where
v (l_1 M_% _ 11 &
B(Tu)_YKu N)[ 2 8 Pz u N) 2
N—u Hoos Mom)]
k.. = — 6.9
yQ(U(N—2 2) Hoo2  Mo11 ( )
and
C? 1 1 7\ 1 1
_ Z2 - o R 2
7|(3) G- w)emoea— () G-w) - ((B)a-w)er o
1 1 1 1 1 1
+(2) n‘m)PwCC +<4 <n‘N>f’meczz+
1 —-n

ol

{ (Mzw M3oo> <N B N—m> }]
v Hi10  H200 n m
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— Cy — Cy
where kyw = pymay kyzg = Pyzq TZQ

THEOREM 4. To the first degree of approzimation, the MSE of ‘T*’ is given by

PROOF.

MSE(T*)=¢"*MSE(T!) + (1 — ¢*)>MSE(T?) + 2¢(1 — ¢)Cov(T:,T) (6.11)

urTm

where,

1
= [+ CL (/) + Ry = pyzy) + (1= 26,2,)9,2,C o] (6.12)

[

(1
MSE(T:)=Y?*( = -
=Y

MSE(T?) ¥

T

(
( >C2+k5x(}§ pynyCx—i-kywcz—Qkyxpyxcycx}—i-
e
1

> k;wcfc + Py CyCr + py2, €y Cy — kywcf: + 2k 0y Cy Cy
(6.13)

and

Cov(T;,Ty,) = = (V2 /N)(Cy + pyzy CyCuy = Ky Py, Cy Coy + (1/4)CZ, = (1/2)py2,C2,) - (6.14)

u m

THEOREM 5. Considering Assumption 1, the bias of the proposed estimator ‘I’ reduces to

oo B(T") = ¢ B(T:) + (1- 6) B(T) (6.15)
where

o =7 e (=) G2} - G-n) ()] e
and

=y {(G-v) (% 5) -G (@5 ) e e
ol g (-2 (- )}

THEOREM 6. Under Assumption 1, the MSE of T* to the first degree of approrimation reduces
to

PROOF.
MSE(T*)=¢"*MSE(T:) + (1 —¢*)*MSE(T}) +2¢(1 — ¢)Cov (T, T)
(6.18)
where,
MSE(T]) = (1/u—1/N)[(5/4) = p2.,)52, (6.19)
MSE(T,,) = [(1/m)(5/4 = py.) + (1/n) (P + Pyzy) — (1/N)(5/4+ py2, IS, (6.20)
and

Cov(Ty, T,,) = —(Sy/N)((5/4) + (1/2)pyz, — py,) (6.21)
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7. Minimum mean squared error of the estimator 7T
For minimum MSE of T*, we partially differentiate equation (46) with respect to the unknown
constant ¢* and equating it to zero, we get the optimum value of ¢* as
o = [MSE(T;,) — Cou(T;,T;)]
ot IMSE(T:)+ MSE(Tz) — 2Cov(T:, Tr))

u’ m

_ [mmNas — p(1 - p)(Nay + nay)] (7.1)
[WNay — (1= p)(uNay + npas — Navy)]

from equation (50) in equation (46) we get the minimized MSE of T as

Putting the value of ¢

*
opt

[MSE(T*YMSE(T?) — Cov(T*,T)?

Ul m

min.MSE(T*) =

[MSE(T})+ MSE(Ty) —2Cov(T;,Tx)]
C(SENT #205+ udy + 0 (72)
nN ) | u28) + udy + Nagy '

where
/_ / / /_ / / / /_ 2 /2 / / 2 ’ !
0, =na, — Nag, 0, =Nay + Na, —na; — Naoy, 6, =n’ag —nNay,o, —n’a,a,,

/

2 / ’ 2 / / /2 / ’ /
04 = N oo +n*(aya; — ag’) + nNoy(aq + a, — ay),

0s = N2y, — N2aya, —nNa,ar,
ar=(5/4) = pas 0y = Pyzy + e O3 = Py + Pyzy /2, 0y = (5/4) — py.,

I

as=p2,,, ar=(5/4)+ pyyog = (5/4) + (py=, /2) — 2.,

8. Optimum replacement policy in case of negative correlation between study and
auxiliary variables.

In this section, we will obtain the optimum value of y (fraction of sample to be drawn afresh at
the second occasion) so that the population mean Y may be estimated with maximum precision.
Differentiating the min.MSE(7T™) given by equation (52) with respect to u and equating to zero we
get ) !’ ! ! / s ! / )

112(0,05 = 0,04) + p(2Nay05 — 26,05) + (Naydy — 0,05) = 0
12X 4 pdy + Ay =0 (8.1)

VA

where X} = 0,05 — 0,0, Ay = 2Ny 8y — 20,05, Xy = Novyd, — 8,05
Solving equation (52) for u, we get

2\,

gl

The value of i exists, if (A2 —4A;\;) > 0. For any combinations of correlations (pyq, py-,)) that
satisfy the solution, two values of i are possible. Substituting the admissible values of fi, say po,
from equation (53) into (51), we get the optimum value of mean squared error of 7%, which is given
by

(8.3)

52 2 ! ! !
min.MSE(T")op = ( Y > ((M053+M054+55)

nN ) (136, + pods + Nay)
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TABLE 2. Optimum values po and percent relative efficiency of T with respect to %, and Y.

Py 0.8 0.9

Pyzy | Mo EY By | mo | EY E;
-0.70 | 0.086 | 131.14 | 102.00 | * - -
-0.72| 0.606 | 132.27|102.88 | * - -
-0.74 | 0.431 | 131.20 | 102.04 | 2.161 | 97.40 | 60.77
-0.76 | 0.909 | 128.97 | 100.31 | 1.626 | 130.71 | 81.55
-0.78 | 0.221 | 126.15 | 98.12 | 3.690 | 68.37 | 46.94
-0.80 | 0.156 | 123.06 | 95.72 | 2.041 | 140.28 | 96.32
-0.82] 0.109 | 119.89 | 93.25 | 1.281 | 170.62 | 117.15
-0.84 | 0.073 | 116.73 | 90.79 | 0.834 | 180.53 | 125.32
-0.86 | 0.047 | 113.63 | 88.38 | 0.551 | 184.95 | 126.98
-0.88 | 0.027 | 110.64 | 86.05 | 0.365 | 182.54 | 125.33
-0.90 | 0.012 | 107.77 | 83.82 | 0.241 | 177.82| 122.09
-0.92] 0.002 | 105.01 | 81.67 | 0.155 | 172.10| 118.16
-0.94 1-0.005 | 102.38 | 79.63 |0.097 | 166.06 | 114.01
-0.96 | -0.010 | 99.87 | 77.68 | 0.056 | 160.05 | 109.89
-0.98 1-0.014 | 97.48 | 75.81 | 0.029 | 154.25 | 105.91
Note: * denotes g does not exist and — implies very low efficiency.

9. Efficiency comparison
The percent relative efficiencies of the estimators T with respect to (i) ¥,, when there is no

matching, (ii) usual successive sampling estimator, Y = 9y, + (1 — )3 /> when no auxiliary infor-
mation is used at any occasion, where [y, = ¥, + bz”;(j:n — Z,,)] have been obtained for different
choices of py,, py., and p,.,. Since ¥, and Y are unbiased estimators of the population mean Y,
the variance of ¢, and the minimum variance of Y [as given in Sukhatme et al.[16]] are given by
equation (29) and (30) in section 6.

From (29), (30) and (54), the percent relative efficiencies of the estimators 7 with respect to g,
and Y are given by

_ V(¥n)
E; = PRE(T",5,) = — 100
! (7" 9n) min. MSE(T*)op .
11505 + 11004 + 05
E; = PRE(T",Y) = Vi) x 100

min. MSE(T*)pt

N[{14 /(1= p2,)} = 2f] (101 + pody + Navy) 00 o
230, + ol + 03) g 02

For N =2000,n =200, and various choices of correlations(py,, p,.,)and using the formulae from
equations (53), (55) and (56) we have computed the optimum values of po and percent relative
efficiencies £} and Ej. The findings are displayed in Table 2.

It is noticed from Table 2 that for p,, =0.8 and p,., = —0.70t0 — 0.94, the performance of the
proposed estimator T* is efficient than 7, while T* is efficient than Y for different values of p,.,
from —0.70to —0.76. For p,, = 0.8 and p,., = —0.72, the efficiency of the proposed estimator T
over ¥, is maximum, after that the efficiency decreases with increase in the value of pys,.

Further, it is noticed that for p,, = 0.9, the efficiency of T over y,, and Y behaves in the following
manner
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e Efficiency increases with the increase in the value of p,., i.e p,., = —0.80 to —0.84,
e Efficiency is maximum when p,., = —0.86, and
e Efficiency decreases with the increase in the value of p,., i.e. p,., = —0.86 to —0.98.

10. Conclusions

This article deals with the problem of estimating the population mean of the study variable on
current (second) occasion in two-occasion successive sampling under two situations i) when the
auxiliary variable is positively correlated with the study variable and ii) when the auxiliary variable
is negatively correlated with the study variable. Properties of the suggested estimators have been
discussed and the conditions where the suggested estimators are optimum are also obtained. It is
found that the suggested estimator in both cases has shown efficient results when there is high
correlation between study and auxiliary variables. From the empirical results, it can be concluded
that the proposed estimator is more rewarding in the estimation of the population mean of the
study variable at the current occasion in two occasion successive sampling. Finally, our recommen-
dation is to use the proposed estimator by the survey practitioners in practice.
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