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Highlights 

• The paper focuses on defining a new metric space, namely extended 𝐺𝑏-metric space. 

• The notion of generalized Geraghty type Θ-berinde contraction mapping is proposed. 

• Eventually an application is presented to emphasize the main result. 

Article Info 

 

Abstract 

Through this work, we analyze the structure of extended Gb-metric spaces and show a 

fundamental lemma for sequence convergence within the same metric. We also propose the new 

notion of generalized geraghty type Θ-berinde contraction mappings and demonstrate several 

fixed point theorems for these mappings in the sense of extended Gb-metric spaces. Eventually, 

the existence result for solutions of a Fredholm integral equation is furnished to show the efficacy 

of the technique developed. 
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1. INTRODUCTION 

 

Over the past few centuries, fixed point theory has been one of the increasingly significant fields of research 

in nonlinear functional analysis. Mustafa and Sims [1] initiated the idea of G-metric spaces, which is 

subsequently studied and proposed to acquire various types of fixed point theorems, see [2-7]. Based on 

the ideas of G-metric spaces (GMS) and b-metric spaces, Aghajani et al. examined the conception of Gb-

metric spaces (GbMS). Furthermore, in the sense of Gp-metric spaces, Zand and Nezhad [8] presented 

several fixed-point theorems related to GMS and partial metric spaces. Currently, some Geraghty kind 

contraction theorems have been explored in different metric spaces, see [9-12]. 

 

In this article, we reveal the new sort of contraction in the context of extended Gb-metric spaces (EGbMS), 

namely generalized geraghty type Θ-berinde contraction (GGTΘB contraction). We also provide an 

application for proving an existence result for a fredholm integral equation to illustrate the effectiveness of 

the research being done. 

 

2. PRELIMINARIES 

 

Bakhtin [13] brought the idea of b-metric space in 1989 and then it was utilized broadly by Czerwik [14] 

and the rest.

http://dergipark.gov.tr/gujs
https://orcid.org/0000-0001-7233-4876
https://orcid.org/0000-0002-2426-0574
https://orcid.org/0000-0002-8889-3768
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Definition 2.1. Let Ϻ is a non-empty set and ȿ ≥ 1 be a real  number. A function 𝑑𝑏̃: Ϻ × Ϻ → [0, ∞) is a 

b-metric on Ϻ if for all ϼ̃, ҝ̃, ѵ̃ ϵ Ϻ, it fulfills:  

(1) 𝑑𝑏̃(ϼ̃, ҝ̃) = 0 if and only if ϼ̃ = ҝ̃;  

(2) 𝑑𝑏̃(ϼ̃, ҝ̃) = 𝑑𝑏̃(ҝ,̃  ϼ̃);  

(3) 𝑑𝑏̃(ϼ̃, ҝ̃) ≤ ȿ[𝑑𝑏̃(ϼ̃, ѵ̃) + 𝑑𝑏̃(ѵ̃, ҝ̃)].  

The pair (Ϻ, 𝑑𝑏̃) is named a b-metric space. 

To the other side, there is a metric called p-metric space, was introduced by Parvaneh [15]. 

Definition 2.2. Let Ϻ is a nonempty set. A function 𝑑𝑝̃ : Ϻ × Ϻ → [0, ∞) is a p-metric if there exists a 

strictly increasing continuous function (abbreviated SIC function hereafter) Ω̃ : [0, ∞) → [0, ∞) with ᵵ ≤ 

Ω̃(ᵵ) for ᵵ ϵ [0, ∞) such that for all ϼ̃, ҝ̃, ѵ̃ ϵ Ϻ, it fulfills: 

(1) 𝑑𝑝̃(ϼ̃, ҝ̃) = 0 if and only if ϼ̃ = ҝ̃;  

(2) 𝑑𝑝̃(ϼ̃, ҝ̃) = 𝑑𝑝̃(ҝ,̃ ϼ̃);   

(3) 𝑑𝑝̃(ϼ̃, ҝ̃) ≤ Ω̃[𝑑𝑝̃(ϼ̃, ѵ̃) + 𝑑𝑝̃(ѵ̃, ҝ̃)]. 

The pair (Ϻ, 𝑑𝑝̃) is named a p-metric space, or an extended b-metric space. 

 

In the year 2006, Zead Mustafa et al. [16] implemented the definition of G-metric space. 

 

Definition 2.3. Let Ϻ is a non-empty set and G: Ϻ × Ϻ × Ϻ → [0, ∞) fulfills: 

 

   (G1)   G(ϼ̃, ҝ̃, ѵ̃) = 0 if ϼ̃ = ҝ̃ = ѵ̃;  

   (G2)   G(ϼ̃, ϼ̃, ҝ̃) > 0 for all ϼ̃, ҝ̃ ϵ Ϻ with ϼ̃ ≠ ҝ̃; 

   (G3)   G(ϼ̃, ϼ̃, ҝ̃) ≤ G(ϼ̃, ҝ̃, ѵ̃) for all ϼ̃, ҝ̃, ѵ̃ ϵ Ϻ with ҝ̃ ≠ ѵ̃; 

   (G4)   G(ϼ̃, ҝ̃, ѵ̃) = G(ϼ̃, ѵ̃, ҝ̃) = G(ѵ̃, ҝ̃, ϼ̃) = . . . , [symmetry in all three variables]  

   (G5)   G(ϼ̃, ҝ̃, ѵ̃) ≤  G(ϼ̃, ã, ã) + G(ã, ҝ̃, ѵ̃) for all ϼ̃, ҝ̃, ѵ̃, ã ϵ Ϻ. 

Then the pair (Ϻ, G) is called a GMS. 
 
The framework of GbMS is described below as a generality of GMS and b-metric space.  

 

Definition 2.3. [17] Let Ϻ is a non-empty set and ȿ ≥ 1 be a real number. Assume that 

Gb : Ϻ × Ϻ × Ϻ → [0, ∞) fulfills: 

   (Gb1)   Gb(ϼ̃, ҝ̃, ѵ̃) = 0 if ϼ̃ = ҝ̃ = ѵ̃;  

   (Gb2)   Gb(ϼ̃, ϼ̃, ҝ̃) > 0 for all ϼ̃, ҝ̃ ϵ Ϻ with ϼ̃ ≠ ҝ̃; 

   (Gb3)   Gb(ϼ̃, ϼ̃, ҝ̃) ≤ Gb(ϼ̃, ҝ̃, ѵ̃) for all ϼ̃, ҝ̃, ѵ̃ ϵ Ϻ with ҝ̃ ≠ ѵ̃; 

   (Gb4)   Gb(ϼ̃, ҝ̃, ѵ̃) = Gb(ϼ̃, ѵ̃, ҝ̃) = Gb(ѵ̃, ҝ̃, ϼ̃) = . . . , [symmetry in all three variables]  

   (Gb5)   Gb(ϼ̃, ҝ̃, ѵ̃) ≤ ȿ[Gb(ϼ̃, ã, ã) + Gb(ã, ҝ̃, ѵ̃)] for all ϼ̃, ҝ̃, ѵ̃, ã ϵ Ϻ. 

Then the pair (Ϻ, Gb) is called a GbMS. 
 

Jleli and Samet [18] have implemented a new form of contraction called Θ-contraction, that is relied on the 

subsequent class of supplementary functions 

Θ := {θ | θ : (0, ∞) → (1, ∞) fulfills (Θ1) − (Θ4)} 

 

where 

(Θ1) θ is non-decreasing; 

(Θ2) For every sequence {𝑠𝑛} ⊂ (0, ∞), lim
𝑛→∞

𝜃(𝑠𝑛) = 1 ⇔  lim
𝑛→∞

𝑠𝑛 =  0+;  

(Θ3) There exists 𝑞 𝜖 (0,1) and 𝑙 𝜖 (0, ∞] such that lim
𝑠→0+

𝜃(𝑠)− 1

𝑠𝑞  = 𝑙; 

(Θ4) θ is continuous. 
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Many authors used this idea to yield fixed-point theorems; see, for instance, [19-22]. 

Definition 2.5. [23] Let Ψ represent the functions ψ : [0, ∞) → [0, ∞) so that ψ is continuous and ψ(ᵵ) = 0 

⇔ ᵵ = 0. 

 

Definition 2.6. [23] Let Φ signify the functions φ : [0, ∞) → [0, ∞) so that φ is non-decreasing, continuous 

and φ(ᵵ) = 0 ⇔ ᵵ = 0. 

 

In [24], the specific class of functions were implemented by Zead Mustafa et al. as follows. 

 

Definition 2.7. Let (M, 𝑟̃) be an extended rectangular b-metric space with nontrivial function Ω̃ (i.e., 

Ω̃(ᵵ) ≠ ᵵ) and 𝐹Ω̃ represents the class of all functions դ : [0, ∞) → [0, Ω̃−1(1)). 

 

3. MAIN RESULTS 

 

We commence this section, by presenting our first and significant definition. 

 

Definition 3.1. Let Ϻ is a non-empty set and Ω̃ : [0, ∞) → [0, ∞) be a SIC function  with  ᵵ ≤ Ω̃(ᵵ)  for  all  

ᵵ >  0  and  Ω̃(0)  =  0. We say that a function Gb̃ : Ϻ × Ϻ × Ϻ → [0, ∞) is called an EGbM if it fulfills: 

   (Gb̃1)   Gb̃(ϼ̃, ҝ̃, ѵ̃) = 0 if ϼ̃ = ҝ̃ = ѵ̃; 

   (Gb̃2)   Gb̃(ϼ̃, ϼ̃, ҝ̃) > 0 for all ϼ̃, ҝ̃ ϵ Ϻ with ϼ̃ ≠ ҝ̃ 

   (Gb̃3)   Gb̃(ϼ̃, ϼ̃, ҝ̃) ≤ Gb̃(ϼ̃, ҝ̃, ѵ̃) for all ϼ̃, ҝ̃, ѵ̃ ϵ Ϻ with ҝ̃ ≠ ѵ̃; 

   (Gb̃4)   Gb̃(ϼ̃, ҝ̃, ѵ̃) = Gb̃(ϼ̃, ѵ̃, ҝ̃) = Gb̃(ѵ̃, ҝ̃, ϼ̃) = . . . , [symmetry in all three variables]  

   (Gb̃5)   Gb̃(ϼ̃, ҝ̃, ѵ̃) ≤ Ω̃[Gb̃(ϼ̃, ã, ã) + Gb̃(ã, ҝ̃, ѵ̃)] for all for all ϼ̃, ҝ̃, ѵ̃, ã ϵ Ϻ. 

 

Then (Ϻ,Gb̃) is called an extended Gb-metric space or simply EGbMS. 

 

Remark 3.2. Notice that each EGbMS is a GbMS with Ω̃(ᵵ) = ȿᵵ, ȿ ≥ 1. 

 

Example 3.3. Let (Ϻ,Gb) be a GbMS and ξ : [0, ∞) → [0, ∞) be a SIC function so that ᵵ ≤ ξ(ᵵ) and ξ(0) = 

0. Let Gb̃(ϼ̃, ҝ̃, ѵ̃) = ξ(Gb(ϼ̃, ҝ̃, ѵ̃)). Obviously, for all ã ϵ Ϻ and for three distinct points ϼ̃, ҝ̃, ѵ̃ ϵ Ϻ  that 

vary from  ã, we acquire 

 

Gb̃ (ϼ̃, ҝ̃, ѵ̃)  =  ξ (Gb(ϼ̃, ҝ̃, ѵ̃)) 

                                            ≤  ξ (ȿGb(ϼ̃, ã, ã) + ȿGb(ã, ҝ̃, ѵ̃)) 

                                                    ≤  ξ (ȿξ(Gb(ϼ̃, ã, ã)) + ȿξ(Gb(ã, ҝ̃, ѵ̃))) 

                                             =  Ω̃(ȿGb̃(ϼ̃, ã, ã) + ȿGb̃(ã, ҝ̃, ѵ̃)). 

Therefore (Ϻ, Gb̃) is an EGbMS with Ω̃(ᵵ) = ξ(ȿᵵ). 
 

Example  3.4.  Let Gb̃(ϼ̃, ҝ̃, ѵ̃)  =  tanh(Gb(ϼ̃, ҝ̃, ѵ̃)), where  Gb is a Gb-metric  space  defined  by 

Gb(ϼ̃, ҝ̃, ѵ̃) = 
1

9
 (|ϼ̃ - ҝ̃| + |ҝ̃ - ѵ̃| + |ϼ̃ - ѵ̃|)2 with Ϻ = ℝ and ȿ = 2. We will now show that Gb̃ is an EGbMS 

with Ω̃(ᵵ) = 2 tanh (20ᵵ). 
  

Evidently, conditions  (Gb̃1)-( Gb̃4)  of  Definition  3.1  are  satisfied. For  every  ϼ̃, ҝ̃, ѵ̃ ϵ Ϻ, the following 

holds: 

 

Gb̃(ϼ̃, ҝ̃, ѵ̃)   =   tanh (Gb(ϼ̃, ҝ̃, ѵ̃)) 

                                              ≤   tanh (2[Gb(ϼ̃, ã, ã) + Gb(ã, ҝ̃, ѵ̃)]) 

                                           =   
2 tanh (Gb(ϼ̃,ã,ã) + Gb(ã,ҝ̃,ѵ ̃))

1 +tanh 2(Gb(ϼ̃,ã,ã) + Gb(ã,ҝ̃,ѵ̃))
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≤ 

 

                                               ≤    2 tanh (Gb(ϼ̃, ã, ã)) + Gb(ã, ҝ̃, ѵ̃)) 

                                                                          ≤    2 tanh (20 tanh (Gb(ϼ̃, ã, ã) + 20 tanh (Gb(ã, ҝ̃, ѵ̃)) 

                                                         =    2 tanh(20 Gb̃(ϼ̃, ã, ã) + 20 Gb̃(ã, ҝ̃, ѵ̃)). 

Hence condition (Gb̃5) of Definition 3.1 is satisfied. Therefore  Gb̃  is an EGbM on Ϻ. 

 

Proposition 3.5.  Let (Ϻ, Gb̃) be an EGbMS then for each ϼ̃, ҝ̃, ѵ̃ ϵ Ϻ, we have 

1)  If Gb̃(ϼ̃, ҝ̃, ѵ̃) = 0, then ϼ̃ = ҝ̃ = ѵ̃; 

2)  Gb̃(ϼ̃, ҝ̃, ҝ̃) ≤ Ω̃(2Gb̃(ҝ̃, ϼ̃, ϼ̃)). 

Proof.  

1)  Let  ϼ̃ ≠ ҝ̃ ≠ ѵ̃, then  0  =  Gb̃(ϼ̃, ҝ̃, ѵ̃)  ≥ Gb̃(ϼ̃, ϼ̃, ҝ̃)  >  0, which  is  impossible. Further, 

0 = Gb̃(ϼ̃, ҝ̃, ѵ̃) ≥ Gb̃(ҝ̃, ҝ̃, ѵ̃) > 0, when ϼ̃ = ҝ̃  and ҝ̃ ≠ ѵ̃. 

 

2)                                               Gb̃(ϼ̃, ҝ̃, ҝ̃)  =   Gb̃(ҝ̃, ϼ̃, ҝ̃) 

                   ≤   Ω̃[Gb̃(ҝ̃, ϼ̃, ϼ̃) + Gb̃(ϼ̃, ϼ̃, ҝ̃)] 

                                                                      =  Ω̃[Gb̃(ҝ̃, ϼ̃, ϼ̃) + Gb̃(ҝ̃, ϼ̃, ϼ̃)] =   Ω̃(2Gb̃(ҝ̃, ϼ̃, ϼ̃)). 

 

Definition 3.6. Let (Ϻ,Gb̃) be  an  EGbMS. Let {a𝑛} be a sequence in Ϻ. Then one can assert that 

1) {a𝑛} is Gb̃-Cauchy, if lim
𝑛,𝑚,𝑙 →∞

Gb̃(a𝑛, a𝑚 , a𝑙) = 0. 

2)  {a𝑛} is Gb̃-convergent, if lim
𝑛,𝑚 →∞

Gb̃(a𝑛, a𝑚, 𝑎) = 0. 

 
We are now presenting the following propositions. 
 

Proposition 3.7. Let (Ϻ,Gb̃) be an EGbMS. The preceding are then equivalent: 

(i) The sequence {a𝑛} is Gb̃-Cauchy: 

(ii) For every 𝜖 > 0, ∃ 𝑛0 ∈ ℕ such that Gb̃(a𝑛, a𝑚, a𝑚) < 𝜖, ∀𝑚, 𝑛 ≥ 𝑛0. 

Proof. (i) ⇒ (ii). In (1) of Definition 3.6, we put l = m. 

(ii) ⇒ (i) Let 𝜖 > 0 and choose Ω̃(2𝜖1) =  
𝜖

4
. By (ii), ∃ 𝑛0 ∈ ℕ such that Gb̃(a𝑛, a𝑚, a𝑚) < 𝜖1, for all 

𝑚, 𝑛 ≥ 𝑛0. Thus 

Gb̃(a𝑛, a𝑚, a𝑙)           Ω̃[Gb̃(a𝑛, a𝑚, a𝑚) + Gb̃(a𝑚, a𝑚, a𝑙)] 

                                                               < Ω̃(2𝜖1)  =  
𝜖

4
  < ϵ,   ∀𝑚, 𝑛, 𝑙 ≥ 𝑛0. 

Proposition 3.8. Let (Ϻ,Gb̃) be an EGbMS. The preceding are then equivalent: 

(i) {a𝑛}is Gb̃-convergent to a; 

(ii) Gb̃(a𝑛, a𝑛, 𝑎) → 0 as 𝑛 → +∞; 

(iii) Gb̃(a𝑛, 𝑎, 𝑎) → 0 as 𝑛 → +∞. 

 

Proof.  (i)  ⇒ (ii) when 𝑚 =  𝑛.    

(ii) ⇒ (iii). Let 𝜖 > 0 and choose Ω̃(2𝜖1) = 
𝜖

4
. By (ii), ∃ 𝑛0 ∈ ℕ such that Gb̃(a𝑛, a𝑛,𝑎) < 𝜖 1, for all 

𝑛 ≥ 𝑛0. Then by (2) of Proposition 3.5, we have 

 

                                        Gb̃(a𝑛,𝑎, 𝑎) ≤   Ω̃[2Gb̃(a𝑛, a𝑛, 𝑎)] 

                                                                <   Ω̃(2𝜖1)  =   
𝜖

4
  < 𝜖,∀𝑚, 𝑛, 𝑙 ≥ 𝑛0. 

(iii) ⇒ (i). Let 𝜖 > 0 and choose Ω̃(2𝜖1)  =  
𝜖

4
 . By (iii), we get  Gb̃(a𝑛,𝑎, 𝑎) < 𝜖1, for all 𝑛 ≥ 𝑛0, 

where 𝑛0 ∈ ℕ. 
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≤ 
Gb̃(a𝑛,a𝑚, 𝑎)               Ω̃[Gb̃(a𝑛,𝑎, 𝑎) + Gb̃(𝑎, a𝑚, 𝑎)] 

                                                                                  <    Ω̃(2𝜖1) =  
𝜖

4
  < 𝜖, ∀ 𝑚, 𝑛 ≥ 𝑛0. 

Definition  3.9.  We say that (Ϻ, Gb̃) is Gb̃-complete if every Gb̃-Cauchy sequence is Gb̃-convergent. 

Definition 3.10. Let (Ϻ, Gb̃) be an EGbMS with nontrivial function Ω. A mapping T : Ϻ → Ϻ is called a 

GGTΘB contraction on Ϻ, if there exists  դ ϵ 𝐹Ω̃, θ ϵ Θ, 𝛿 ϵ Δ,  φ ϵ Φ,  ψ ϵ Ψ and L ≥ 0 such that for all ϼ̃, 

ҝ̃, ѵ̃ ϵ Ϻ, it satisfies 

θ(Ω(Gb̃(Tϼ̃,Tҝ̃,Tѵ̃))) ≤ δ(φ(M̃(ϼ̃, ҝ̃, ѵ̃)))θ(M̃(ϼ̃, ҝ̃, ѵ̃))η(Gb̃(ϼ̃,ҝ̃,ѵ̃)) + L Ñ(ϼ̃, ҝ̃, ѵ̃) − ψ(M̃(ϼ̃, ҝ̃, ѵ̃))      (1) 

where 

M̃(ϼ̃, ҝ̃, ѵ̃) = max{ Gb̃(ϼ̃, ҝ̃, ѵ̃), Gb̃(ϼ̃, Tϼ̃, Tϼ̃), Gb̃(ҝ̃, Tҝ̃, Tҝ̃), Gb̃(ѵ̃, Tѵ̃, Tѵ̃)} 

and 

Ñ(ϼ̃, ҝ̃, ѵ̃) = min Gb̃(ϼ̃, Tҝ̃, Tҝ̃), Gb̃(ҝ̃, Tѵ̃, Tѵ̃), Gb̃(ѵ̃, Tϼ̃, Tϼ̃)}. 

 

Theorem 3.11.  Let (Ϻ, ≼ , Gb̃) be a complete ordered EGbMS and T : Ϻ → Ϻ is a GGTΘB contraction. 

If T is an increasing mapping (I.M) with respect to ≼ such that there exists a comparable element 𝑎0 ϵ Ϻ 

with 𝑎0 ≼ T𝑎0 , then T has a fixed point in Ϻ. 

Proof. Let 𝑎0 𝜖 Ϻ be arbitrary and 𝑎𝑛  =  𝑇𝑛𝑎0 . Beyond lack of generality, we presume now that 𝑎𝑛 ≠

 𝑎𝑛+1, ∀ 𝑛 ∈ ℕ. Since 𝑎0  ≼ 𝑇𝑎0  and T is an I.M, we attain by induction that 

𝑎0  ≼ 𝑇𝑎0 ≼ 𝑇2𝑎0  ≼ . . . 𝑇𝑛𝑎0 ≼ . . .. 

We will now attempt to prove that lim
𝑛 →∞

Gb̃(𝑎𝑛 , 𝑎𝑛+1, 𝑎𝑛+1 ) = 0. As of 𝑎𝑛 ≼ 𝑎𝑛+1, for every 𝑛 ∈ ℕ. By 

inequality (1), we have 

                     θ(Gb̃(𝑎𝑛 , 𝑎𝑛+1 , 𝑎𝑛+1 ))  =  θ(Gb̃(T𝑎𝑛−1 , T𝑎𝑛 , T𝑎𝑛 )) 

 ≤ θ(Ω̃
2

(Gb̃(T𝑎𝑛−1 , T𝑎𝑛 , T𝑎𝑛 ))) 

                                                    ≤  δ(φ(M̃(𝑎𝑛−1 , 𝑎𝑛 , 𝑎𝑛 )))θ(M̃(𝑎𝑛−1 , 𝑎𝑛 , 𝑎𝑛 ))η(Gb̃(𝑎𝑛−1 ,𝑎𝑛 ,𝑎𝑛 ))  

                                                      + L Ñ(𝑎𝑛−1 , 𝑎𝑛 , 𝑎𝑛 ) − ψ(M̃(𝑎𝑛−1 , 𝑎𝑛 , 𝑎𝑛 ))                            (2) 

where 

M̃(𝑎𝑛−1 , 𝑎𝑛 , 𝑎𝑛 ) = 

max{ Gb̃(𝑎𝑛−1 , 𝑎𝑛 , 𝑎𝑛 ), Gb̃(𝑎𝑛−1 , T𝑎𝑛−1 , T𝑎𝑛−1 ), Gb̃(𝑎𝑛 , T𝑎𝑛 , T𝑎𝑛 ), Gb̃(𝑎𝑛 , T𝑎𝑛 , T𝑎𝑛 )}  

and 

Ñ(𝑎𝑛−1 , 𝑎𝑛 , 𝑎𝑛 )   = min{Gb̃(𝑎𝑛−1 , T𝑎𝑛 , T𝑎𝑛 ), Gb̃(𝑎𝑛 , T𝑎𝑛 , T𝑎𝑛 ), Gb̃(𝑎𝑛 , T𝑎𝑛 , T𝑎𝑛 )} = 0.  

If max { Gb̃(𝑎𝑛−1 , 𝑎𝑛 , 𝑎𝑛 ), Gb̃(𝑎𝑛 , 𝑎𝑛+1 , 𝑎𝑛+1 )} =  Gb̃(𝑎𝑛 , 𝑎𝑛+1 , 𝑎𝑛+1 ). Then by Equation (2), we 

acquire 

  θ(Gb̃(𝑎𝑛 , 𝑎𝑛+1 , 𝑎𝑛+1 )) ≤  δ(φ(Gb̃(𝑎𝑛 , 𝑎𝑛+1 , 𝑎𝑛+1 )))θ(Gb̃(𝑎𝑛 , 𝑎𝑛+1 , 𝑎𝑛+1 ))η(Gb̃(𝑎𝑛−1 ,𝑎𝑛 ,𝑎𝑛 ))  

             −  ψ (Gb̃(𝑎𝑛 , 𝑎𝑛+1 , 𝑎𝑛+1 ))                                   
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    <  θ (Gb̃(𝑎𝑛 , 𝑎𝑛+1 , 𝑎𝑛+1 ))
Ω̃

−1
(1)

−  ψ (Gb̃(𝑎𝑛 , 𝑎𝑛+1 , 𝑎𝑛+1 ))                          (3) 

                                             <  θ (Gb̃(𝑎𝑛 , 𝑎𝑛+1 , 𝑎𝑛+1 )), 

which is a contradiction. Hence, max{ Gb̃(𝑎𝑛−1, 𝑎𝑛, 𝑎𝑛), Gb̃(𝑎𝑛, 𝑎𝑛+1, 𝑎𝑛+1)} =  Gb̃(𝑎𝑛−1, 𝑎𝑛, 𝑎𝑛). Again 

from the conditions of φ and ψ, and from inequality (2), we find that 

  θ(Gb̃(𝑎𝑛 , 𝑎𝑛+1 , 𝑎𝑛+1 )) ≤  θ(Gb̃(𝑎𝑛−1, 𝑎𝑛, 𝑎𝑛))η(Gb̃(𝑎𝑛−1,𝑎𝑛,𝑎𝑛))   −   ψ (Gb̃(𝑎𝑛−1, 𝑎𝑛, 𝑎𝑛)) 

                                          ≤  θ (Gb̃(𝑎𝑛−2, 𝑎𝑛−1, 𝑎𝑛−1))
η(Gb̃(𝑎𝑛−1,𝑎𝑛,𝑎𝑛)) η(Gb̃(𝑎𝑛−2,𝑎𝑛−1,𝑎𝑛−1))

   

                                                     ⋮ 

                                          ≤  θ (Gb̃(𝑎0, 𝑎1, 𝑎1))
 ∏ η(Gb̃(𝑎𝑖−1,𝑎𝑖,𝑎𝑖))n

i=1
. 

We get by definition of դ that դ(ᵵ) < Ω̃−1
(1) ≤ 1, ∀ ᵵ ϵ [0, ∞). Hence 

lim
n→∞

∏ դ (Gb̃(𝑎𝑖−1, 𝑎𝑖, 𝑎𝑖)) = 0
n

i=1
 

  which yields  

lim
𝑛 →∞

θ(Gb̃(𝑎𝑛 , 𝑎𝑛+1 , 𝑎𝑛+1 )) = 1  i. e., lim
𝑛 →∞

Gb̃(𝑎𝑛 , 𝑎𝑛+1 , 𝑎𝑛+1 ) = 0.          
 

(4) 

Now, we will demonstrate that 𝑎𝑛  ≠  𝑎𝑚  for 𝑛 ≠ 𝑚. Suppose that 𝑎𝑛  = 𝑎𝑚  for some 𝑛 >  𝑚, thus 
we have 𝑎𝑛+1  = T𝑎𝑛  = T𝑎𝑚 = 𝑎𝑚+1 .  By proceeding with this procedure, we observe that 𝑎𝑛+𝑘   = 
𝑎𝑚+𝑘 for all 𝑘 ∈ ℕ. Then from inequality (1), we obtain 

        θ(Gb̃(𝑎𝑚 , 𝑎𝑚+1 , 𝑎𝑚+1 ))  =  θ(Gb̃(𝑎𝑛 , 𝑎𝑛+1 , 𝑎𝑛+1 )) 

                                                           ≤  θ(Ω̃
2

(Gb̃(𝑎𝑛 , 𝑎𝑛+1 , 𝑎𝑛+1 ))) 

                                                     ≤   δ(φ(M̃(𝑎𝑛−1, 𝑎𝑛, 𝑎𝑛)))θ(M̃(𝑎𝑛−1, 𝑎𝑛, 𝑎𝑛))η(Gb̃(𝑎𝑛−1,𝑎𝑛,𝑎𝑛))  

                +  L Ñ(𝑎𝑛−1 , 𝑎𝑛 , 𝑎𝑛 ) −   ψ(Gb̃(𝑎𝑛−1, 𝑎𝑛, 𝑎𝑛))                                   (5) 

                                                   <  (θ(max{Gb̃(𝑎𝑛−1, 𝑎𝑛, 𝑎𝑛), Gb̃(𝑎𝑛 , 𝑎𝑛+1 , 𝑎𝑛+1 )})) η(Gb̃(𝑎𝑛−1,𝑎𝑛,𝑎𝑛)). 

If max{ Gb̃(𝑎𝑛−1, 𝑎𝑛, 𝑎𝑛), Gb̃(𝑎𝑛 , 𝑎𝑛+1 , 𝑎𝑛+1 )} =  Gb̃(𝑎𝑛 , 𝑎𝑛+1 , 𝑎𝑛+1 ). Then  

  θ(Gb̃(𝑎𝑚 , 𝑎𝑚+1 , 𝑎𝑚+1 ))    ≤  θ(Gb̃(𝑎𝑛 , 𝑎𝑛+1 , 𝑎𝑛+1 ))η(Gb̃(𝑎𝑛−1,𝑎𝑛,𝑎𝑛)) - ψ (Gb̃(an, an+1, an+1))           

                                                   <  θ (Gb̃(𝑎𝑛 , 𝑎𝑛+1 , 𝑎𝑛+1 )) 

which is impossible. If max{ Gb̃(𝑎𝑛−1, 𝑎𝑛, 𝑎𝑛), Gb̃(𝑎𝑛 , 𝑎𝑛+1 , 𝑎𝑛+1 )} =  Gb̃(𝑎𝑛−1, 𝑎𝑛, 𝑎𝑛), then the 

inequality above implies that  

    θ(Gb̃(𝑎𝑚 , 𝑎𝑚+1 , 𝑎𝑚+1 ))    ≤   θ(Gb̃(𝑎𝑛−1, 𝑎𝑛, 𝑎𝑛)) 

   ≤ θ(M̃(𝑎𝑛−2, 𝑎𝑛−1, 𝑎𝑛−1))η(Gb̃(𝑎𝑛−2,𝑎𝑛−1,𝑎𝑛−1)) 

                                                ≤  θ(max{ Gb̃(𝑎𝑛−2, 𝑎𝑛−1, 𝑎𝑛−1), Gb̃(𝑎𝑛−1, 𝑎𝑛, 𝑎𝑛)})                               (6) 

                                                       ⋮ 
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                                                  <  𝜃(Gb̃(𝑎𝑚 , 𝑎𝑚+1 , 𝑎𝑚+1 )), 

a contradiction. Hence 𝑎𝑛  ≠  𝑎𝑚  for 𝑛 ≠ 𝑚. 

The following step is to affirm that {𝑎𝑛 } is Gb̃-Cauchy sequence. Conversely, claim that there is an ϵ > 0 

where we can consider two subsequences {𝑎𝑚𝑖
}and {𝑎𝑛𝑖

}of {𝑎𝑛}, so that 𝑛𝑖 is the least factor where 

                                                      𝑛𝑖 >  𝑚𝑖 > i and Gb̃(𝑎𝑚𝑖
, 𝑎𝑛𝑖

, 𝑎𝑛𝑖
)  ≥  ϵ.                                     (7) 

This implies  

                                                   Gb̃(𝑎𝑚𝑖
, 𝑎𝑛𝑖−2, 𝑎𝑛𝑖−2), Gb̃(𝑎𝑚𝑖

, 𝑎𝑛𝑖−1, 𝑎𝑛𝑖−1)  < ϵ.                          (8) 

From (7) and (Gb̃5), we get 

                                                     ϵ ≤ Gb̃(𝑎𝑚𝑖
, 𝑎𝑛𝑖

, 𝑎𝑛𝑖
) 

                                                        ≤ Ω̃[Gb̃(𝑎𝑚𝑖
, 𝑎𝑛𝑖−1, 𝑎𝑛𝑖−1) +  Gb̃(𝑎𝑛𝑖−1, 𝑎𝑛𝑖

, 𝑎𝑛𝑖
)]. 

Taking upper limit i → ∞ and applying Equation (4), the latter inequality becomes 

                                                        Ω̃
−1

(ϵ) ≤  lim sup
i→∞

Gb̃(𝑎𝑚𝑖
, 𝑎𝑛𝑖−1, 𝑎𝑛𝑖−1).                              (9) 

Consider 

θ (Ω̃
2

(Gb̃(𝑎𝑚𝑖
, 𝑎𝑛𝑖−1, 𝑎𝑛𝑖−1))) ≤   δ(φ(M̃(𝑎𝑚𝑖−1, 𝑎𝑛𝑖−2, 𝑎𝑛𝑖−2)))  

                                                                  θ(M̃(𝑎𝑚𝑖−1, 𝑎𝑛𝑖−2, 𝑎𝑛𝑖−2))
η(Gb̃

̃ (𝑎𝑚𝑖−1 , 𝑎𝑛𝑖−2 ,𝑎𝑛𝑖−2))
 + 

                                                          L Ñ(𝑎𝑚𝑖−1, 𝑎𝑛𝑖−2, 𝑎𝑛𝑖−2) - ψ(M̃(𝑎𝑚𝑖−1,  𝑎𝑛𝑖−2,  𝑎𝑛𝑖−2)) 

where 

 M̃(𝑎𝑚𝑖−1, 𝑎𝑛𝑖−2, 𝑎𝑛𝑖−2)) = 

max{ Gb̃(𝑎𝑚𝑖−1, 𝑎𝑛𝑖−2, 𝑎𝑛𝑖−2), Gb̃(𝑎𝑚𝑖−1, 𝑎𝑚𝑖
, 𝑎𝑚𝑖

), Gb̃( 𝑎𝑛𝑖−2, 𝑎𝑛𝑖−1, 𝑎𝑛𝑖−1), Gb̃(𝑎𝑛𝑖−2, 𝑎𝑛𝑖−2, 𝑎𝑛𝑖−1)} 

≤  max{ Ω̃[Gb̃(𝑎𝑚𝑖−1, 𝑎𝑚𝑖
, 𝑎𝑚𝑖

)

+  Gb̃(𝑎𝑚𝑖
, 𝑎𝑛𝑖−2, 𝑎𝑛𝑖−2)], Gb̃(𝑎𝑚𝑖−1, 𝑎𝑚𝑖

, 𝑎𝑚𝑖
), Gb̃(𝑎𝑛𝑖−2, 𝑎𝑛𝑖−1,  𝑎𝑛𝑖−1), Gb̃(, 𝑎𝑛𝑖−2, 𝑎𝑛𝑖−1, 𝑎𝑛𝑖−1)} 

and 

Ñ(𝑎𝑚𝑖−1, 𝑎𝑛𝑖−2, 𝑎𝑛𝑖−2) = min{Gb̃(𝑎𝑚𝑖−1, 𝑎𝑛𝑖−1, 𝑎𝑛𝑖−1), Gb̃(𝑎𝑛𝑖−2, 𝑎𝑛𝑖−1,  𝑎𝑛𝑖−1), Gb̃(, 𝑎𝑛𝑖−2, 𝑎𝑚𝑖
, 𝑎𝑚𝑖

)}. 

Taking upper limit i → ∞ in the latter two equations, we get 

                                                  lim sup
                                                                      i→∞

M̃(𝑎𝑚𝑖−1, 𝑎𝑛𝑖−2, 𝑎𝑛𝑖−2) ≤  Ω̃(ϵ)                     (10) 

and 

                                    lim sup
i→∞

Ñ(𝑎𝑚𝑖−1, 𝑎𝑛𝑖−2,  𝑎𝑛𝑖−2) = 0.                               (11) 
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Thus, we have 

                                1 <  θ(Ω̃ (ϵ)) =  θ(Ω̃
2

(Ω̃
−1

(ϵ)) 

  ≤  θ(Ω̃
2

(lim sup
i→∞

Gb̃(𝑎𝑚𝑖
, 𝑎𝑛𝑖−1, 𝑎𝑛𝑖−1))) 

                                                           ≤ θ(lim sup
i→∞

M̃(𝑎𝑚𝑖−1, 𝑎𝑛𝑖−2,  𝑎𝑛𝑖−2))
η(Gb̃(𝑎𝑚𝑖−1,𝑎𝑛𝑖−2, 𝑎𝑛𝑖−2 ))

 

                                                     < θ(Ω̃ (ϵ)) Ω̃
−1

(1) ≤  θ(Ω̃ (ϵ)), 

which is wrong. Appropriately {𝑎𝑛} is a 𝐺𝑏̃-Cauchy sequence in X. The sequence {𝑎𝑛} is therefore 𝐺𝑏̃-

converges to some 𝑎 𝜖 Ϻ i.e., lim
𝑛,𝑚 →∞

Gb̃(𝑎𝑛 , 𝑎𝑚 , 𝑎) = 0. Now, we demonstrate that 𝑎 is a fixed point of 

T. Assume that 𝑇𝑎 ≠ 𝑎. So it follows that 𝑎𝑛  differs from both 𝑇𝑎 and 𝑎 for sufficiently large 𝑛 and 

𝑎𝑛 ≼ 𝑎. Therefore, 

  θ(Gb̃(𝑎𝑛+1 , T𝑎, T𝑎)) ≤  δ(φ(M̃(𝑎𝑛 , 𝑎, 𝑎)))θ(M̃(an, 𝑎, 𝑎))η(Gb̃(𝑎𝑛 ,𝑎,𝑎)) − ψ (M̃(𝑎𝑛 , 𝑎, 𝑎))   

                                            ≤  θ (M̃(𝑎𝑛 , 𝑎, 𝑎))
η(Gb̃(𝑎𝑛 ,𝑎,𝑎))

                                                                  

                          =  θ(max{ Gb̃(𝑎𝑛 , 𝑎, 𝑎), Gb̃(𝑎𝑛 , T𝑎𝑛 , T𝑎𝑛 ), Gb̃(a, Ta, Ta), Gb̃(a, Ta, Ta)})η(Gb̃(𝑎𝑛 ,𝑎,𝑎)). 

Thus 

 θ(Gb̃(𝑎, T𝑎, T𝑎))  ≤  lim inf
𝑛→∞

 θ(Gb̃(𝑎𝑛+1 , T𝑎, T𝑎))  ≤  θ(Gb̃(lim inf
𝑛→∞

𝑎𝑛+1 , T𝑎, T𝑎))   

≤ θ(lim sup (
𝑛→∞

max{ Gb̃(𝑎𝑛 , 𝑎, 𝑎), Gb̃(𝑎𝑛 , T𝑎𝑛 , Tan), Gb̃(𝑎, T𝑎, T𝑎), Gb̃(𝑎, T𝑎, T𝑎)}))
lim 𝑠𝑢𝑝 

𝑛→∞
 η(Gb̃(𝑎𝑛 ,𝑎,𝑎))

  

   ≤  θ(Gb̃(𝑎, T𝑎, T𝑎))
 lim 𝑠𝑢𝑝 

𝑛→∞
 η(Gb̃(𝑎𝑛 ,𝑎,𝑎))

 

   <  θ(Gb̃(𝑎, T𝑎, T𝑎)) Ω̃
−1

(1) ≤  θ(Gb̃(𝑎, T𝑎, T𝑎)), a contradiction. Therefore ‘𝑎’ is a fixed point of T .                                                       

     

By selecting 0 < ƞ(Gb̃(ϼ̃, ҝ̃, ѵ̃)) =  𝑟 <  Ω̃−1(1)  in Theorem 3.11, the corollary we acquire is as follows:   

Corollary 3.12. Theorem 3.11 remains true, if we supplant the supposition, by the following (Apart from 

maintaining the other hypotheses) 

θ(Ω̃2(Gb̃(Tϼ̃,Tҝ̃,Tѵ̃))) ≤ δ(φ(M̃(ϼ̃, ҝ̃, ѵ̃)))θ(M̃(ϼ̃, ҝ̃, ѵ̃))r+ L Ñ(ϼ̃, ҝ̃, ѵ̃) − ψ(M̃(ϼ̃, ҝ̃, ѵ̃))         (12) 

for some θ ϵ Θ, 𝛿 ϵ Δ, φ ϵ Φ, ψ ϵ Ψ, L ≥ 0 and for all comparable elements ϼ̃, ҝ̃, ѵ̃ ϵ Ϻ. 

Taking L = 0 in Corollary 3.12, we have a corollary below. 

Corollary 3.13. Theorem 3.11 remains true, if we supplant the supposition, by the following (Apart from 

maintaining the other hypotheses) 

θ(Ω̃2(Gb̃(Tϼ̃,Tҝ̃,Tѵ̃))) ≤ δ(φ(M̃(ϼ̃, ҝ̃, ѵ̃)))θ(M̃(ϼ̃, ҝ̃, ѵ̃))r − ψ(M̃(ϼ̃, ҝ̃, ѵ̃))                                          (13) 

for some θ ϵ Θ, δ ϵ Δ, φ ϵ Φ, ψ ϵ Ψ and for all comparable elements ϼ̃, ҝ̃, ѵ̃ ϵ Ϻ. 

Further by putting φ(ᵵ) = ᵵ  in Corollary 3.13, we have the preceeding corollary as a result of Theorem 3.11. 

Corollary 3.14.  Let (Ϻ, ≼, Gb̃) be a complete ordered EGbMS and T : Ϻ → Ϻ be an I.M with respect to 

≼ such that there exists a comparable element ϼ̃0 ϵ X with ϼ̃0 ≼ Tϼ̃0. Suppose that 
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                          θ(Ω̃2(Gb̃(Tϼ̃,Tҝ̃,Tѵ̃))) ≤ δ(M̃(ϼ̃, ҝ̃, ѵ̃))θ(M̃(ϼ̃, ҝ̃, ѵ̃))r − ψ(M̃(ϼ̃, ҝ̃, ѵ̃))                           (14) 

for some θ ϵ Θ, δ ϵ Δ, ψ ϵ Ψ and for all comparable elements ϼ̃, ҝ̃, ѵ̃ ϵ Ϻ, where 

M̃(ϼ̃, ҝ̃, ѵ̃) = max{ Gb̃(ϼ̃, ҝ̃, ѵ̃), Gb̃(ϼ̃, Tϼ̃, Tϼ̃), Gb̃(ҝ̃, Tҝ̃, Tҝ̃), Gb̃(ѵ̃, Tѵ̃, Tѵ̃)}. 

Then T has a fixed point in Ϻ. 

Another version of Corollary 3.14 is the Corollary we mention below. 

Corollary 3.15.  Let (Ϻ, ≼, Gb̃) be a complete ordered EGbMS and T : Ϻ → Ϻ is an an I.M with respect 

to ≼ such that there exists a comparable element ϼ̃0 ϵ Ϻ with ϼ̃0 ≼ Tϼ̃0. Suppose that 

                          θ(Ω̃2(Gb̃(Tϼ̃,Tҝ̃,Tѵ̃))) ≤  θ(M̃(ϼ̃, ҝ̃, ѵ̃))r − ψ(M̃(ϼ̃, ҝ̃, ѵ̃))                                               (15) 

for some θ ϵ Θ, ψ ϵ Ψ and for all comparable elements ϼ̃, ҝ̃, ѵ̃ ϵ Ϻ, where 

M̃(ϼ̃, ҝ̃, ѵ̃) = max{ Gb̃(ϼ̃, ҝ̃, ѵ̃), Gb̃(ϼ̃, Tϼ̃, Tϼ̃), Gb̃(ҝ̃, Tҝ̃, Tҝ̃), Gb̃(ѵ̃, Tѵ̃, Tѵ̃)}. Then T has a fixed point in 

Ϻ.  

4. EXISTENCE THEOREM FOR SOLUTIONS OF A FREDHOLM INTEGRAL EQUATION 

 

Let Ϻ  = C([0, 1], ℝ) the set of all continuous real valued functions defined on [0, 1]. We perform partial 

order for Ϻ ≼given by ϼ̃ ≼ ҝ̃ ⇔ ϼ̃(ᵵ) ≤ ҝ̃(ᵵ), ∀ ᵵ ϵ [0, 1]. The metric G is defined as 

𝐺(ϼ̃, ҝ̃, ѵ̃) =  
1

3
 sup
𝑡𝜖[0,1]

(|ϼ̃(ᵵ) −  ҝ̃(ᵵ)| +  |ҝ̃(ᵵ) − ѵ̃(ᵵ)| +  |ϼ̃(ᵵ) −  ѵ̃(ᵵ)|). 

Let 𝜉 ∶ [0, ∞) →  [0, ∞) be SIC function with ᵵ ≤  ξ(ᵵ) and Gb̃(ϼ̃, ҝ̃, ѵ̃) =  𝜉 (
3

2
𝐺(ϼ̃, ҝ̃, ѵ̃)). Consider the 

fredholm integral equations 

                                           ϼ̃(ᵵ) =  𝑓(ᵵ) + ∫ 𝜏(ᵵ, ȿ, ϼ̃(ȿ))𝑑ȿ,   ᵵ, ȿ ϵ [0,1],
1

0
                                                 (16) 

where a(t) is an unknown solution, τ (ᵵ, ȿ, ϼ̃(ȿ)) is called a smooth function. Presume that the conditions 

below hold: 

(i) The mapping T : C[0, 1] → C[0, 1] defined by Tϼ̃(ᵵ) =  f(ᵵ) +  ∫ τ(ᵵ, ȿ, ϼ̃(ȿ))dȿ 
1

0
is a continuous 

mapping and τ : [0, 1] × [0, 1] × ℝ → ℝ. 

(ii)  𝜃 : [0, ∞) → [1, ∞) with θ(ᵵ) < ᵵ, ∀ ᵵ > 0.  

(iii) If ϼ̃ ≼ ҝ̃ then τ(ᵵ, ȿ, ϼ̃(ȿ)) ≤ τ(ᵵ, ȿ, ҝ̃(ȿ)), ∀ ᵵ, ȿ ϵ [0, 1]. 

(iv) For all ϼ̃, ҝ̃, ѵ̃ ϵ Ϻ and for all ᵵ ϵ [0, 1] 

𝜉(2) +  𝜉2(𝜉 (∫ |𝜏(ᵵ, ȿ, ϼ̃(ȿ)) −  𝜏(ᵵ, ȿ, ҝ̃(ȿ))|𝑑ȿ
1

0
)) ≤ 1 + [𝜃(|ϼ̃(ȿ) −  ҝ̃(ȿ)|)]𝑟.  

Under assertions (i)-(iv), the Equation (16) has a solution in Ϻ, where Ϻ = C([0,1], ℝ). Consider 

2 +  𝜉2 (𝜉(𝑇ϼ̃(ᵵ) −  𝑇ҝ̃(ᵵ)))  ≤   𝜉(2) + 𝜉2(𝜉 (∫|𝜏(ᵵ, ȿ, ϼ̃(ȿ)) −  𝜏(ᵵ, ȿ, ҝ̃(ȿ))|𝑑ȿ

1

0

)) 

                                                    ≤  1 + [𝜃(|ϼ̃(ȿ) −  ҝ̃(ȿ)|)]𝑟 = 1 + (𝜃( 
3

2
𝐺(ϼ̃, ҝ̃, ҝ̃))𝑟 

      ≤  1 + (𝜃(𝜉( 
3

2
𝐺(ϼ̃, ҝ̃, ҝ̃)))𝑟 



817  Sumaiya Tasneem Z, Kalpana GOPALAN, Thabet ABDELJAWAD/ GU J Sci, 34(3): 808-819 (2021) 

 

                                                   =   1 +  𝜃 (Gb̃(ϼ̃, ҝ̃, ҝ̃))
𝑟

 ≤  1 +   (𝜃(M̃(ϼ̃, ҝ̃, ҝ̃)))
𝑟

  

where M̃(ϼ̃, ҝ̃, ҝ̃) = max{ Gb̃(ϼ̃, ҝ̃, ҝ̃), Gb̃(ϼ̃, Tϼ̃, Tϼ̃), Gb̃(ҝ̃, Tҝ̃, Tҝ̃), Gb̃(ҝ̃, Tҝ̃, Tҝ̃)}. Thus  

      2 +  𝜉2 (𝜉(𝑇ϼ̃(ᵵ) −  𝑇ҝ̃(ᵵ)))   ≤  1 +   (𝜃(M̃(ϼ̃, ҝ̃, ҝ̃)))
𝑟
 

                                                    =  1 +  (𝜃(M̃(ϼ̃, ҝ̃, ҝ̃)))
𝑟

+  
2M̃(ϼ̃, ҝ̃, ҝ̃) +  1

M̃(ϼ̃, ҝ̃, ҝ̃) +  1
−  

2M̃(ϼ̃, ҝ̃, ҝ̃) +  1

M̃(ϼ̃, ҝ̃, ҝ̃) +  1
 

                                =  (𝜃(M̃(ϼ̃, ҝ̃, ҝ̃)))
𝑟

− (2M̃(ϼ̃,ҝ̃,ҝ̃)+ 1

M̃(ϼ̃,ҝ̃,ҝ̃)+ 1
−  1) + 

2M̃(ϼ̃,ҝ̃,ҝ̃)+ 1

M̃(ϼ̃,ҝ̃,ҝ̃)+ 1
  

                                             = (𝜃(M̃(ϼ̃, ҝ̃, ҝ̃)))
𝑟

− 
M̃(ϼ̃, ҝ̃, ҝ̃) 

M̃(ϼ̃, ҝ̃, ҝ̃) +  1
+ 2 −  

1 

M̃(ϼ̃, ҝ̃, ҝ̃) +  1
  

   < 2 + (𝜃(M̃(ϼ̃, ҝ̃, ҝ̃)))
𝑟

−   
M̃(ϼ̃,ҝ̃,ҝ̃) 

M̃(ϼ̃,ҝ̃,ҝ̃)+ 1
. 

This yields 

𝜉2 (𝜉(𝑇ϼ̃(ᵵ) −  𝑇ҝ̃(ᵵ)))  ≤   (𝜃(M̃(ϼ̃, ҝ̃, ҝ̃)))
𝑟

−  
M̃(ϼ̃, ҝ̃, ҝ̃) 

M̃(ϼ̃, ҝ̃, ҝ̃) +  1
 

Hence by taking ψ(ᵵ) =  
ᵵ

ᵵ+1
 and Ω̃ =  𝜉, we acquire that 

𝜃 (Ω̃2 (Gb̃(Tϼ̃, Tҝ̃, Tҝ̃)))    ≤  Ω̃2 (Gb̃(Tϼ̃, Tҝ̃, Tҝ̃)) 

                                                            =  Ω̃2(𝜉 (
3

2
𝐺(𝑇ϼ̃, 𝑇ҝ̃, 𝑇ҝ̃)))  

                                                           =  Ω̃2(𝜉(|𝑇ϼ̃(𝑡) − 𝑇ҝ̃(𝑡)|)) 

                                                                                            ≤   (θ(M̃(ϼ̃, ҝ̃, ҝ̃)))
r

−  ψ (M̃(ϼ̃, ҝ̃, ҝ̃)). 

Therefore all the assumptions of Corollary 3.15 are fulfilled and we deduce the existence of  ϼ̃ 𝜖 Ϻ such 

that ϼ̃ = T(ϼ̃). 

 

5. RESULTS AND DISCUSSION 

 

Throughout this study, we introduced the class of EGbMS as an extension of GbMS, and demonstrated fixed 

point theorem with GGTΘB contraction on complete ordered EGbMS. We also acquired some different 

generalizations of the Banach contraction theory by broadening Jleli and Samet's result, Berinde and 

Geraghty in [25, 26]. Analyzing the current literature in the light of the newly established EGbMS would 

be quite interesting. 
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