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1. Introduction

Relative Gol’dberg order and type of a multiple entire Dirichlet series with respect to another multiple
entire Dirichlet series in terms of their maximum modulus function, has been defined in [1] and [2]
respectively. Those definitions have been used to study about growth properties of sum functions and
asymptotically equivalent multiple entire Dirichlet series. Hadamard product between two such series
involves coeflicients and exponents of them. Therefore, use of the definition which involves maximum
modulus function, may not be useful to study about growth property of Hadamard product. So, it
is necessary to find an expression of relative Gol’dberg order and type in terms of coefficients and
exponents of the two multiple entire Dirichlet series.

We now briefly discuss about entire Dirichlet series in one complex variable and the reasons due
to which, the series satisfies the condition to be an entire function.

A Series of the form -
Z ane® (1)
n=1

where s = o +it,a, € Cand 0 < A\ < Ay < --- < A, — 00 is called a Dirichlet series in one
complex variable. If the Dirichlet series is convergent at sg = og + itg € C, then it is convergent
at any point in the set D = {s € C : Re(s) < Re(sp)} and uniformly convergent in the domain
Dy = {s € C: larg(s — s0)| < 8 < §}. The abscissa of convergence of (1) is 0. = sup{c € R :
series(1) converges for all s € C where Re(s) < o}.
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The series (1) is absolutely convergent if the series

00 [e's)
D lane* [ = laglet (2)
n=1 n=1

is convergent. Let o4 be the abscissa of absolute convergence of the series (1).
The following theorem gives a general relationship between the abscissa of convergence and the
abscissa of absolute convergence.

1
Theorem 1.1. ( [3], p-31) If the exponents A, in (1) satisfy the condition L = limsup ogn - 00,
n—o0
then 0 <o.—04 < L. "
1 1
If L = limsup o8 _ 0, then 04 = 0. = —limsup M.
Therefore, the series (1) will represent an entire function g(s) if and only if [3]
. log |a,|
lim sup = —00 (3)

n—oo )\TL

In this paper, we have studied about multiple entire Dirichlet series. Next, we write the notations
which have been used throughout this paper and then briefly discuss about the series in multiple
complex variables.

1.1. Notations

For s = (s1,82,...,8n),w = (w1, wa,...,wy,) € C", and a € C, we define s = w if and only if s; = wj,
s+ w=(s1+ w1, 82+ wa,...,8 + wp), as = (asy,@se,...,asy,), S.w = s1w1 + SowWs + -+ + SpWn,
| s = (s> + |s22 + -+ |sn?)?. s+ R = (s1+ Ryso+ R,...,8n + R), for R € R. Ay =
(Mmys X2mss -y Aumy, ) € RT" where RY" = {2 : 2 € R™ 2; > 0}. 8. pm = 51A1m, + S2Aomy + - +
SnAnm,, - )\ﬁ,m = ()\’fml,)\gmy .. .,)\fLmn) eRT" fork=0,1,2,... | Anmll = Aimy + A2mg + -+ + A,

For r,t € R*", we define r < t if and only if r; <t; and r < t if and only if r; < t; for i =1,2,...,n.

Definition 1.2. A multiple entire Dirichlet Series is of the form

f(S) = Z aml,...,mneS)\n’m (4)

o0

where am,,..m, € C,s = (51,82,...,8,) € C", 85 = 0j +it;,j = 1,2,...,n, and {\jm,} j =

n m]':17
1,...,n are n sequences of exponents satisfying the conditions 0 < Ajy, < Ajmy < -o0 < Ajpy, —
logm;
o© as k—oo, j=1,...,n,and lim L:O,jzl,Q,...,n.
m;—»00 ij

As described in Equation (3), series (4) must satisfy the following condition in order to represent

an entire function

1
lim sup M = —0 (5)

Iml—oo [ Anmll
Let D C C™ be an arbitrary complete n-half-plane defined by D = {s: s € C", Re(s;) < r;} where
r = (ry,r2,...,r,) € R™ Consider a parameter R € R, define R+ D =D+ R={s+ R:s € D}.
Then, for the multiple Dirichlet entire function f, the maximum modulus function My p(R) with
respect to the region D and R € R is defined as

Myp(R) =sup{| f(s) |: s € D + R} (6)

My p(R) is strictly increasing, increases to oo and continuous functions of R. The inverse function is
Mf_ll) : (L,00) = (—00,00) where 0 < L = REIEOO M p(R).
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Throughout this paper, we have considered a class of multiple entire Dirichlet series with same
sequence of exponents.
For £k =0,1,2,3,..., we define
oo
)= 7 I mllames (7)

[mll=1

Therefore, for two multiple entire Dirichlet series f(s) and g(s), we have (f + g)* = f* + ¢*, k =
0,1,2,...

2. Preliminary

In this section, we write a few preliminary definitions which have been used to prove the theorems
and results in the next section.

Definition 2.1. [4] The Gol’dberg order of a multiple entire Dirichlet Series f with respect to the

domain D is defined by
loglog My p(R)
: 8
= (®)

Definition 2.2. [4] The lower Gol’dberg order of a multiple entire Dirichlet Series f with respect to
the domain D is defined by

p¢(D) = limsup

R—o0

loglog My p(R)

- )

A¢(D) = liminf
s(D) = limin
[ is said to be of regular growth if pr(D) = A¢(D).

Definition 2.3. [4] The Gol’dberg type of a multiple entire Dirichlet Series f with Gol’dberg order
pr(D), (0 < ps(D) < oo) with respect to the domain D, is defined by

loe M+ p(R
af(D):hmsupiog 7.0(F)

msup = 7, (D) (10)

Definition 2.4. [4] The lower Gol’dberg type of a multiple entire Dirichlet Series f with Gol’dberg
order pf(D), (0 < py(D) < oo) with respect to the domain D, is defined by

_ oo log My p(R)
7s(D) = liminf =200 —

[ is said to be of perfectly regular growth if py(D) = Af(D) and o0¢(D) = 7¢(D).

(11)

Definition 2.5. [1] Let f and g be two multiple entire Dirichlet series. The relative Gol’debrg order
of f with respect to g, denoted by pg p(f), is defined as

M (M p(R))

po.0(f) = limsup —

ms 7 (12)

Definition 2.6. [2] The relative Gol’dberg type of a multiple entire Dirichlet series f with respect
to another multiple entire Dirichlet series g, with 0 < py p(f) < 0o, denoted by o4 p(f), is defined as

log My p(R)

0g.p(f) = limsup 13
D) e My 0y 0 () "

From the definition(2.5) and (2.6) it follows that for £k =0,1,2,...

M, (Mg p(R))
pgp(fk) = lim sup 9.0 ]i: ’ (14)

R—oo
and log My (R)
0

o4.0(f") = limsup 5D (15)

Rosoo 108 My p(pg(f*)R)
where f* is defined in Equation (7).
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Definition 2.7. [5] P. K. Sarkar defined the Gol’dberg order ps(D) of a multiple entire Dirichlet
series f in terms of coefficients and exponents as

(D) — lim sup J2nnll 08

[ml|—oo  — 10g |am|

(16)

Definition 2.8. [5] P. K. Sarkar also defined the Gol’dberg type o¢(D) of a multiple entire Dirichlet
series f in terms of coefficients and exponents as

(D)
1 e
04(D) = — - timsup | A { lamldp (m) } P (17)
d epf(D) oo
where ¢p(m) = sup |exp{s.\nm}|
seD
Definition 2.9. For f(s Z ame® ™ and g(s Z bme® mm  Hadamard product f x g is
[mll=1 [[ml=1
defined as -
(f*9)(s) = f(s)xg(s) = D ambpe* (18)
[mll=1
Then, for kK =0,1,2,3,...,
(f(s) Z X% s ll @by e A (19)
=1
) g5 () = D N llambmes A (20)
=1

where f* is defined in Equation (7).

We know that Gol’dberg order ps(D) and relative Gol’dberg order p, p(f) does not depend on
the choice of domain D while Gol’dberg type o¢(D) and relative Gol’dberg type o4 p(f) does ( [5]).
Henceforth we may write py and py(f) instead of writing py(D) and pg p(f).

3. Theorems and Results

In this section, we have proved the theorems which establish relative Gol’dberg order and type in
terms of coefficients and exponents of a multiple entire Dirichlet series. Before proving the theorem,
we write the statement of Theorem (4.2.2) ( [6], Chapter 4) and Theorem (5.2.5) ( [6], Chapter 5)
which has been used to prove the main results.

Lemma 3.1. Let f and g be two multiple entire Dirichlet series of finite Gol’dberg orders p; and p,
such that p, # 0. Then the relative Gol’dberg order of f with respect to g satisfies the inequality

pg(f) > pf . If g is of regular growth then p,(f) = %‘

Lemma 3.2. Let f and g be two multiple entire Dirichlet series of finite Gol’dberg orders p; , p, and
Gol'dberg types o¢(D), o4(D) respectively such that o4(D) # 0 and g is of regular growth. Then the
relative Gol’dberg type of f with respect to g satisfies the inequality o, p(f) > Z’; gg;. Moreover, if g

is of perfectly regular growth then o, p(f) = Z; Egg.

Theorem 3.3. Let f(s Z ame* ™ and g(s Z bme* ™™ be two multiple entire Dirichlet
[lm[l=1 [[m]l=1

series of finite Gol’dberg orders py and p4 such that p, # 0 and g is of regular growth. Then, the

log |bym|

relative Gol’dberg order of f with respect to g is given by py(f) = limsup .
|[m||—o0 108 |am|
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PROOF. Since g is of regular growth, by Lemma (3.1),

Pr
po(f) = —=
g Pg
A 1 A log |-
= lim sup I A | 0g1|| nom | lim inf B8z, by Equation (16)
[[ml| =00 log || Imf—o0 || An,m || 10g || Anm ||
log |b
< limsup 08 b = u (say) (21)

[[ml|—o0 108 |arm]

Then for any e > 0 there is an increasing sequence {my} of positive integers, increasing to oo, such

e

og|5—
that gz

o > i — ¢. Hence,

1
log |, - | A || 108 [ A |
I A 11108 [ A |

> —€ (22)

This implies
| An,m | log || A ||

py = limsup
| =00 log | 1|
> lim sup | An,my, | log I An,my I
[ [| =00 log | |

amy,

A log || A
> (p —¢) limsup | A | og | Anmy H,
[[my | o0 log | |

by Equation (22)

Anm 1 )\nm
> (1= &) liming | | oglu m |
[[m|—o0 log |7 -]

= (u—¢)pg, [Since g is of regular growth]

Therefore,
Pr w—e (23)
Pg

Since £ > 0 is arbitrary, combining (21) and (23)

O

In the next theorem, we have established relative Gol’dberg type in terms of coefficients and
exponents of a multiple entire Dirichlet series.

oo o0
Theorem 3.4. Let f(s) = Z ames ™ and g(s) = Z bme* ™ be two non constant multiple
[[m||=1 [[m|=1

entire Dirichlet series of finite Gol’dberg orders p; , p, and Gol’dberg types o (D), 04(D) respectively
such that o4(D) # 0 and g is of perfectly regular growth. Then, the relative Gol’dberg type of f with
respect to g is given by

_ - {lam|dp(m)}* 1 ot
79.0(f) = pg(f) hm\\%ﬁ [{!bmlqﬁp(m)}pg}

_ sy [Uaml9p(m )P ity

~ pg(f) }|m||~>£|: |bm|ép(m) ]

where ¢p(m) = sup | exp{s.Anm} -
seD
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PRrROOF. Since o4(D) # 0 and g is of perfectly regular growth, then by Lemma (3.2) ,

D
Ug,D(f) = Z;EDi
L timsup || A || a6 (m)} Pt
_ _ lmlizeo . by Definition (2.7)
1 hlniSUP || )‘nm || {’bm|¢D( )}‘Mn‘mu
oy {am|ép(m)}#1 1 oty ”
= s ||lﬁi“£[{\bmr¢p<m>}pg] (24)
I {lam|dp(m)}Ps) el
- 1 = 25
05(f) uli?uiuéi[ Bralép () [P = uteay) (25)

Therefore, for any € > 0 there is an increasing sequence {my, } of positive integers, increasing to infinity
such that

1 {{|amk|¢D( )}pf}lkﬂmk“>u—a

pg(f) L{bmy oD (M) ;7o

Hence,

T __Pg
{akaSDéW;];)}l ol > (:U’ _ E){bmk|¢Dgn;/g€)} | (26)

Therefore,

1 _or
0f(D) = —limsup || Anm [| {lam|¢p(m)} P

Py
)\ b IAn,my |l
> limsup (u —¢) I A 1 1 [0 () } ’ , by Equation (26)

l[mi | =00 €-Pg

Pg
A b Tn,mp |
- timint (o o)) e | oy on(me)} s
g [l o0 €.Pg

Pg
T, ml
> liminf (p )H)\”va{‘bm’¢D(m)}

[[m]]—o0 €.Pq

= (u—e)og(D), [Since g is of perfectly regular growth.]

Hence,

Ug,D(f) =

> (p—e¢) (27)

Since € > 0 is arbitrarily small, combining (25) and (27) we get

[{\amI%(m)}”f}w
{lbm|¢p(m)}Ps

{lam|pp(m )}pQ(f):|>\nm
|bm|pp(m)

Ug,D(f) =

lim sup
Pg(f) |jml—o0

_ limsup[
Pg(f) m)—oo

O]

Now, by using the above definitions we discuss about relative growth of Hadamard product of two
multiple entire Dirichlet series.
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Theorem 3.5. Let fi, fo, and g be three multiple entire Dirichlet series of finite order such that
g is of regular growth. If py(f) denotes the relative Gol’dberg order of f with respect to g, then

pg((f1 *fZ)k) :Pg(f{c*ff) = pg(f1* f2), for k=0,1,2,...

oo
PROOF. Let fi(s) = Z ame>m - fo(s Z bme* mm and g(s Z cme* ™ Then, by
[mll=1 [mll=1 [mll=1
Theorem (3.3)
L g (A anbal
pg((fr f2)F)  lIml—oc log\cm!
lo 1 b
o JEIM g anb
Iml=co  loglem| — [Im~co  log|cm]
1 1
= liminf m [Since ¢ is entire, by Equation (5), lim sup 08 || = —00.]
>0 1og [cm] Imf=oo [Anmll
_ 1 _ 1
lim sup log |cpm | py(f1* f2)

[m|—o0 108 |@mbm|

Hence, py((f1* f2)*) = pg(f1* f2). Similarly it can be proved that py(fFx f5) = py(f1* f2). Therefore,
pg((fl * f2)k) = pg(f{C * féf) = pg(fl * f2), for k = 07 1a2a oo O]

Theorem 3.6. Let f1,f> and g be three multiple entire Dirichlet series, then
a9.0((f1# [2)") = g0 ([ % [5) = 04.0(f1 % [2)
PROOF. Let fi(s Z A , fa(s Z be* ™ and g(s Z eme® ™. Then, by

[[m||=1 [[m|l=1 [[m|=1
Theorem (3.4),

[ﬂ(uAfz,m|>ambm|¢p<m>}pg<fl*f2>’“} P

og.0(f1* f2)F = |cm|dp(m)

———— limsup
Pg(f1 % f2)k =00

where ¢p(m) = sup | exp{s.\pm }|
seD

__ lim sup [{(H/\fz,mH)ambmlﬁﬁD(m)}pg(h*m} Mo
|cm|dp(m)

pg(fl * f2) |m||—o0
[Since pg((f1* f2)*) = pg(f£ * f5) = pg(f1 % f2)]

_ 1 im {lambm|pp(m )}pg Jixf2) m
B (fl*f2)1mil>lo€|: lcm|¢p(m) ]

k 1
I /\nglnn] Pl = 1]

[Since lim sup [A’f}m
[l ]| —o00

= Ug,D(fl * f2)
Similarly, it can be proved that o4 p( sy = og,0(f1 * f2). Therefore,
0q.0((f1 * f2)") = 040 (1 * £3) = 04.0(f1 % f2)
O

Theorem 3.7. Let fi(s Z ame® ™ and fa(s Z bme® ™ be two multiple entire Dirich-
[lm]|=1 [[ml|=1
let series of relative Gol’dberg order py(f1) and pg(f2) with respect to another multiple entire Dirichlet
o

series g = Z e respectively. Then, for £k =0,1,2,...
[[m]l=1
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1 1 1 1
k. kY R = +
pg(fi * f5)  pg(frx f2) pg(f1)  pe(f2)
PRrROOF. Using Theorem (3.3) and Equation (20), we have
L 1og (N bl
pg(fr* f2)F lml—oc log |em|
log ||\ 1 b
> lim inf M + liminf og]am] m inf log ||
[m|—oo  log|cm| [m|—oo log ]cm\ ||m\Hoo log |cm|
1 . 1
pg(fl) pg(fQ)
Therefore,
1 S 1 n 1
pg(fl * f2)]~C o pg(fl) pg(f2)
By Theorem (3.5), py(fF * f§) = py(f1 * f2)*. Therefore,
1 1 1 1
k.. fky E = +
pg(f1 *fz) pg(fl*fQ) pg(fl) pg(f2)
]
Theorem 3.8. Let fi(s Z ame® ™ and fa(s Z bme® ™ be two multiple entire Dirich-

[[m|[=1 [m][=1

let series of relative Gol’dberg order p4(f1) and py(f2) with respect to another multiple entire Dirichlet

o0
series g = Z cme® M respectively. Then, for k= 0,1,2,. ..,
[mll=1

S

po(fF * £5) < [pg(F5).pg(f5))]
provided

log (1A%,

Datmbn| ~ {10 (IN% ol )] Jog [(IAS, 0o 2

Proor. We have

i log |[(|[AL [ am]
o~ = lim inf
pg(ff)  lIml—oo  loglem]

and

o log [([IAL . [1)m]
= im inf ]
pg(f3)  lml—oo og |cm|

Therefore, for any arbitrary € > 0, and for all sufficiently large || m ||

L e Tog|(IX D]
p(ft) 2 log|em|
and
1 e log|(IAnml)om|

po(f5) 2 log |em|
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Thus,
1 ey 1 ey Log|(IA mlam| g (1A% bl
(Pg(f1k) 2)(Pg(f§> 2) = (log |cim|)?
(Lt _5)};<{logunxﬁ,mu)amuog<\\Az,m||>bmr}2
o752 0y () 2 log e

1
for all sufficiently large || m ||. Since log|(H)\$fme)ambm| ~ {log|(||/\ﬁ7m||)am|log ](H)\’flm||)bm|}2, for
all sufficiently large || m ||, we have

1 log [(IAZE 1) @mbm
{( 1 ) 1 s)} _ log (IAin ) |

pe(ff) 27 pg(f3) 2 log |c|
Therefore,
1 3 log | (|A25 1)) @mbm
o) < ™
or
(1)%§ 1
Pg(f{c)l)g(féc) Pg(f{C * f§)
Hence,

[N

po(FF 5 15) < [po(FF)-pe (F5)]

4. Conclusion

Thus, we understand that, in the study of growth properties of Hadamard product between two
multiple entire Dirichlet series, the method of using coefficients and exponents is easy and useful.
However, not only in the case of Hadamard product, but also for any study of growth property which
involves exponents and coefficients of the series, our result will be useful and an easy method to prove
them.
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