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Abstract 

In this study, we first establish some integral inequalities of Hermite-Hadamard type in the setting of multiplicative 

calculus for multiplicatively 𝑃-functions. Then, by using some properties of this kind of functions, we obtain new 

inequalities involving multiplicative integrals for product and quotient of multiplicatively 𝑃-functions and convex 

functions.  

 

Anahtar kelimeler: Convex Function, Hermite-Hadamard Inequalities, Multiplicative Calculus, Multiplicatively 𝑃-

Function 

 

 

Öz 

Bu çalışmada, öncelikle, çarpımsal 𝑃-fonksiyonlar için çarpımsal kalkülüs ortamında Hermite-Hadamard tipi bazı 

integral eşitsizlikleri oluşturulmuştur. Daha sonra, bu tür fonksiyonların bazı özellikleri kullanılarak, çarpımsal P-

fonksiyonlar ile konveks fonksiyonların çarpım ve bölümleri için çarpımsal integralleri içeren yeni eşitsizlikler elde 

edilmiştir. 
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1. Introduction and Preliminaries 

 
The classical or the usual convexity is defined as 

follows: 

 

The function 𝜓: [𝑣1, 𝑣2] ⊂ ℝ → ℝ is said to be 
convex if the following inequality holds: 

 

𝜓(𝜆𝑥 + (1 − 𝜆)𝑦) ≤ 𝜆𝜓(𝑥) + (1 − 𝜆)𝜓(𝑦) 
 

for all 𝑥, 𝑦 ∈ [𝑣1, 𝑣2] and 𝜆 ∈ [0,1]. The function 

𝜓 is said to be concave if −𝜓 is convex.  

 
A number of studies have shown that many of the 

results obtained about the inequalities are direct 

consequences of the applications of convex 
functions. One of the most famous inequalities 

related to the integral mean of a convex function 

is Hermite-Hadamard inequality. This double 
inequality is stated as follows (Dragomir and 

Pearce, 2000; Pečarić et al., 1992): 

 

Let ℑ ⊂ ℝ be an interval with 𝑣1, 𝑣2 ∈ ℑ and 

𝑣1 < 𝑣2 and let 𝜓: ℑ → ℝ be a convex function. 

Then,  

 

𝜓(
𝑣1 + 𝑣2
2

) ≤
1

𝑣2 − 𝑣1
∫
𝑣2

𝑣1

𝜓(𝑥)𝑑𝑥 

≤
𝜓(𝑣1) + 𝜓(𝑣2)

2
.                            

   

In recent years, Hermite-Hadamard integral 

inequality has  attracted the attention of many 

researchers and a remarkable variety of 
improvements, generalizations, refinements and 

applications have been found (Budak et al., 2019; 

Kadakal, 2018, 2019; Kadakal, 2019; Maden et 
al., 2018; Özcan, 2019; Özcan and İşcan, 2019; 

Özdemir et al., 2015; Sarıkaya et al., 2019; Set et 

al., 2015). 
 

Definition 1.1. (Pečarić et al., 1992) A function 

𝜓:ℑ → (0,∞) is said to be multiplicatively or log 

convex, if  
 

𝜓((1 − 𝜆)𝑥 + 𝜆𝑦)[𝜓(𝑥)]1−𝜆[𝜓(𝑦)]𝜆 

 

for all 𝑥, 𝑦 ∈ ℑ and 𝜆 ∈ [0,1].  
 

Ali et al. (2019) established Hermite–Hadamard 
inequality for multiplicatively convex functions as 

follows: 

 

Theorem 1.2. Let 𝜓 be a positive and 

multiplicatively convex function on interval 

[𝑎, 𝑏]. Then  

𝜓 (
𝑣1 + 𝑣2
2

) ≤ (∫
𝑣2

𝑣1

(𝜓(𝑥))
𝑑𝑥
)

1
𝑣2−𝑣1

 

 ≤ 𝐺(𝜓(𝑣1), 𝜓(𝑣2)), 

 

where 𝐺(. , . ) is a geometric mean.  

 

Definition 1.3. (Dragomir and Pearce, 1998) A 

function 𝜓:ℑ → (0,∞) is said to be quasi convex, 
if  

 

𝜓((1 − 𝜆)𝑥 + 𝜆𝑦) ≤ max{𝜓(𝑥), 𝜓(𝑦)} 
 

for all 𝑥, 𝑦 ∈ ℑ and 𝜆 ∈ [0,1].  
 
From the above definitions we have 

 

  𝜓((1 − 𝜆)𝑥 + 𝜆𝑦) ≤ [𝜓(𝑥)]1−𝜆[𝜓(𝑦)]𝜆 

≤ 𝜓(𝑥) + 𝜆[𝜓(𝑦) − 𝜓(𝑥)] 
≤ max{𝜓(𝑥), 𝜓(𝑦)}. 

 

Definition 1.4. (Dragomir et al., 1995) A 

nonnegative function 𝜓:ℑ ⊆ ℝ → ℝ is said to be 

𝑃-function if the inequality 
 

𝜓((1 − 𝜆)𝑥 + 𝜆𝑦) ≤ 𝜓(𝑥) + 𝜓(𝑦) 

 

holds for all 𝑥, 𝑦 ∈ ℑ and 𝜆 ∈ [0,1]. 
 
Dragomir et al. (1995) proved the following 

inequality of Hermite-Hadamard type for 𝑃-

functions: 
 

Theorem 1.5. Let 𝜓 be a 𝑃-function on ℑ, 

𝑣1, 𝑣2 ∈ ℑ with 𝑣1 < 𝑣2 and 𝜓 ∈ 𝐿[𝑣1, 𝑣2]. Then 

 

𝜓 (
𝑣1 + 𝑣2
2

) ≤
2

𝑣2 − 𝑣1
∫
𝑣2

𝑣1

𝜓(𝑥)𝑑𝑥 

≤ 2[𝜓(𝑣1) + 𝜓(𝑣2)]. 
 

Definition 1.6. (Kadakal, 2018) Let ℑ ≠ ∅ be an 

interval in ℝ. A function 𝜓:ℑ → [0,∞) is said to 

be multiplicatively 𝑃-function (or log- 𝑃-

function), if  
 

𝜓((1 − 𝜆)𝑥 + 𝜆𝑦) ≤ 𝜓(𝑥)𝜓(𝑦) 
 

holds for all 𝑥, 𝑦 ∈ ℑ and 𝜆 ∈ [0,1]. 
 

1.1. Multiplicative Calculus 

 
Recall that the multiplicative integral is denoted 

by ∫
𝑣2
𝑣1
(𝜓(𝑥))

𝑑𝑥
 while the ordinary integral is 

denoted by ∫
𝑣2
𝑣1
(𝜓(𝑥))𝑑𝑥. It is also known that 

(Bashirov et al., 2008), if 𝜓 is positive and 
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Riemann integrable on [𝑣1, 𝑣2], then 𝜓 is 

multiplicative integrable on [𝑣1, 𝑣2] and  
 

∫
𝑣2

𝑣1

(𝜓(𝑥))
𝑑𝑥
= 𝑒

∫
𝑣2
𝑣1
ln(𝜓(𝑥))𝑑𝑥

. 

 
Bashirov et al. (2008) showed that multiplicative 

integral has the following results and notations: 

 

1.  ∫
𝑣2
𝑣1
((𝜓(𝑥))

𝑝
)
𝑑𝑥

= ∫
𝑣2
𝑣1
((𝜓(𝑥))

𝑑𝑥
)
𝑝

, 

 

2.  ∫
𝑣2
𝑣1
(𝜓(𝑥)𝑔(𝑥))

𝑑𝑥
=

∫
𝑣2
𝑣1
(𝜓(𝑥))

𝑑𝑥
. ∫
𝑣2
𝑣1
(𝜙(𝑥))

𝑑𝑥
, 

 

3.  ∫
𝑣2
𝑣1
(
𝜓(𝑥)

𝜙(𝑥)
)
𝑑𝑥

=
∫
𝑣2
𝑣1
(𝜓(𝑥))

𝑑𝑥

∫
𝑣2
𝑣1
(𝜙(𝑥))

𝑑𝑥 , 

 

4.  ∫
𝑣2
𝑣1
(𝜓(𝑥))

𝑑𝑥
= ∫

𝜇

𝑣1
(𝜓(𝑥))

𝑑𝑥
. ∫
𝑣2
𝜇
(𝜓(𝑥))

𝑑𝑥
,  

𝑣1 ≤ 𝜇 ≤ 𝑣2, 
 

5.  ∫
𝑣1
𝑣1
(𝜓(𝑥))

𝑑𝑥
= 1, 

 

6.  ∫
𝑣2
𝑣1
(𝜓(𝑥))

𝑑𝑥
= (∫

𝑣1
𝑣2
(𝜓(𝑥))

𝑑𝑥
)
−1

 

 

2. Main Results 

 

In this section we obtain some Hermite-Hadamard 

type integral inequalities in the setting of 

multiplicative calculus for multiplicatively 𝑃-
functions and convex functions. 

 

Theorem 2.1. Let 𝜓 be a positive and 

multiplicatively 𝑃-function on [𝑣1, 𝑣2]. Then the 

following inequalities hold:  

 

𝜓 (
𝑣1 + 𝑣2
2

) ≤ (∫
𝑣2

𝑣1

(𝜓(𝑥))
𝑑𝑥
)

2
𝑣2−𝑣1

 

≤ [𝜓(𝑣1)𝜓(𝑣2)]
2 

(1) 
 

Proof. If 𝜓 is a positive and multiplicatively 𝑃-

function, then we have  

 

ln𝜓 (
𝑣1 + 𝑣2
2

)

= ln (𝜓(
(1 − 𝜆)𝑣1 + 𝜆𝑣2 + 𝜆𝑣1 + (1 − 𝜆)𝑣2

2
)) 

= ln (𝜓(
(1 − 𝜆)𝑣1 + 𝜆𝑣2

2
+
𝜆𝑣1 + (1 − 𝜆)𝑣2

2
)) 

≤ ln ((𝜓((1 − 𝜆)𝑣1 + 𝜆𝑣2)) . (𝜓(𝜆𝑣1

+ (1 − 𝜆)𝑣2))) 

= ln (𝜓((1 − 𝜆)𝑣1 + 𝜆𝑣2))

+ ln(𝜓(𝜆𝑣1 + (1 − 𝜆)𝑣2)) 

Integrating the above inequality with respect to 𝜆 

on [0,1], we get 
 

ln𝜓 (
𝑣1 + 𝑣2
2

) 

≤ ∫
1

0

ln (𝜓((1 − 𝜆)𝑣1 + 𝜆𝑣2))𝑑𝜆

+∫
1

0

ln(𝜓(𝜆𝑣1 + (1 − 𝜆)𝑣2))𝑑𝜆 

= [
1

𝑣2 − 𝑣1
∫
𝑣2

𝑣1

ln(𝜓(𝑥))𝑑𝑥

+
1

𝑣1 − 𝑣2
∫
𝑣1

𝑣2

ln(𝜓(𝑥))𝑑𝑥] 

= [
1

𝑣2 − 𝑣1
∫
𝑣2

𝑣1

ln(𝜓(𝑥))𝑑𝑥

+
1

𝑣2 − 𝑣1
∫
𝑣2

𝑣1

ln(𝜓(𝑥))𝑑𝑥] 

=
2

𝑣2 − 𝑣1
∫
𝑣2

𝑣1

ln(𝜓(𝑥))𝑑𝑥. 

 

Hence, we have 
 

𝜓 (
𝑣1 + 𝑣2
2

) ≤ 𝑒
(

2
𝑣2−𝑣1

∫
𝑣2
𝑣1
ln(𝜓(𝑥))𝑑𝑥)

 

= (∫
𝑣2

𝑣1

(𝜓(𝑥))
𝑑𝑥
)

2
𝑣2−𝑣1

. 

  

Thus, we obtain 

𝜓 (
𝑣1 + 𝑣2
2

) ≤ (∫
𝑣2

𝑣1

(𝜓(𝑥))
𝑑𝑥
)

2
𝑣2−𝑣1

,              (2) 

 

which completes the proof of the first inequality 

in (1). Now consider the second inequality in (1). 
 

(∫
𝑣2

𝑣1

(𝜓(𝑥))
𝑑𝑥
)

1
𝑣2−𝑣1

= (𝑒
(∫
𝑣2
𝑣1
ln(𝜓(𝑥))𝑑𝑥)

)

1
𝑣2−𝑣1

 

= 𝑒
1

𝑣2−𝑣1
(∫
𝑣2
𝑣1
ln(𝜓(𝑥))𝑑𝑥)

 

= 𝑒(∫
1
0 ln(𝜓(𝑣1+𝜆(𝑣2−𝑣1)))𝑑𝜆) 

≤ 𝑒(∫
1
0 ln(𝜓(𝑣1)𝜓(𝑣2))𝑑𝜆) 

= 𝑒
(ln(𝜓(𝑣1)𝜓(𝑣2))

∫
1
0 𝑑𝜆)

 

= 𝜓(𝑣1)𝜓(𝑣2). 
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Hence, we get  

 
 

(∫
𝑣2

𝑣1

(𝜓(𝑥))
𝑑𝑥
)

2
𝑣2−𝑣1

≤ [𝜓(𝑣1)𝜓(𝑣2)]
2.          (3) 

 
 

Combining the inequalities (2) and (3) gives the 

inequality (1). 
 

Corollary 2.2. Let 𝜓 and 𝜙 be positive and 

multiplicatively 𝑃-functions on [𝑣1, 𝑣2]. Then the 

following inequalities hold:  

 
 

𝜓 (
𝑣1 + 𝑣2
2

)𝜙 (
𝑣1 + 𝑣2
2

)

≤ (∫
𝑣2

𝑣1

(𝜓(𝑥))
𝑑𝑥
. ∫

𝑣2

𝑣1

(𝜙(𝑥))
𝑑𝑥
)

2
𝑣2−𝑣1

 

≤ [(𝜓(𝑣1)𝜓(𝑣2)). (𝜙(𝑣1)𝜙(𝑣2))]
2
.                    

 
 

Proof. Since 𝜓 and 𝜙 are positive and 

multiplicatively 𝑃-functions, then 𝜓𝜙 is a 

multiplicatively 𝑃-function. Thus if we apply 

Theorem 2.1 to the function 𝜓𝜙, then we obtain 

the desired result. 

 

Corollary 2.3. Let 𝜓 and 𝜙 be positive and 

multiplicatively 𝑃-functions on [𝑣1, 𝑣2]. Then the 

following inequalities hold:  

 
 

𝜓 (
𝑣1 + 𝑣2
2

)

𝜙 (
𝑣1 + 𝑣2
2

)
≤ (

∫
𝑣2
𝑣1
(𝜓(𝑥))

𝑑𝑥

∫
𝑣2
𝑣1
(𝜙(𝑥))

𝑑𝑥)

2
𝑣2−𝑣1

  

≤ [
𝜓(𝑣1)𝜓(𝑣2)

𝜙(𝑣1)𝜙(𝑣2)
]

2

.                                   

 

 

Proof. Since 𝜓 and 𝜙 are positive and 

multiplicatively 𝑃-functions, then 
𝜓

𝜙
 is a 

multiplicatively 𝑃-function. Thus if we apply 

Theorem 2.1 to the function 
𝜓

𝜙
, then we obtain the 

desired result. 

 

Theorem 2.4. Let the positive functions 𝜓, 𝜙 be 

convex and multiplicatively 𝑃-functions, 

respectively. Then, we have  

 

(
∫
𝑣2
𝑣1
(𝜓(𝑥))

𝑑𝑥

∫
𝑣2
𝑣1
(𝜙(𝑥))

𝑑𝑥)

1
𝑣2−𝑣1

≤

(
(𝜓(𝑣2))

𝜓(𝑣2)

(𝜓(𝑣1))
𝜓(𝑣1)

)

1
𝜓(𝑣2)−𝜓(𝑣1)

𝑒. (𝜙(𝑣1)𝜙(𝑣2))
 

 

Proof. Note that  

 

(
∫
𝑣2
𝑣1
(𝜓(𝑥))

𝑑𝑥

∫
𝑣2
𝑣1
(𝜙(𝑥))

𝑑𝑥)

1
𝑣2−𝑣1

 

= (
𝑒
∫
𝑣2
𝑣1
ln(𝜓(𝑥))𝑑𝑥

𝑒
∫
𝑣2
𝑣1
ln(𝜙(𝑥))𝑑𝑥

)

1
𝑣2−𝑣1

 

= (𝑒
∫
𝑣2
𝑣1
ln(𝜓(𝑥))𝑑𝑥−∫

𝑣2
𝑣1
ln(𝜙(𝑥))𝑑𝑥

)

1
𝑣2−𝑣1

 

= 𝑒∫
1
0 ln(𝜓(𝑣1+𝜆(𝑣2−𝑣1)))𝑑𝜆−∫

1
0 ln(𝜙(𝑣1+𝜆(𝑣2−𝑣1)))𝑑𝜆 

≤
𝑒∫

1
0 ln(𝜓(𝑣1)+𝜆(𝜓(𝑣2)−𝜓(𝑣1)))𝑑𝜆

𝑒∫
1
0 ln(𝜙(𝑣1)𝜙(𝑣2))𝑑𝜆

 

=
𝑒

ln

(

 
 
(
(𝜓(𝑣2))

𝜓(𝑣2)

(𝜓(𝑣1))
𝜓(𝑣1)

)

1
𝜓(𝑣2)−𝜓(𝑣1)

)

 
 
−1

𝑒ln(𝜙(𝑣1)𝜙(𝑣2))
∫
1
0 𝑑𝜆

 

=

(
(𝜓(𝑣2))

𝜓(𝑣2)

(𝜓(𝑣1))
𝜓(𝑣1)

)

1
𝜓(𝑣2)−𝜓(𝑣1)

𝑒. (𝜙(𝑣1)𝜙(𝑣2))
. 

  

Thus, we have  

 

(
∫
𝑣2
𝑣1
(𝜓(𝑥))

𝑑𝑥

∫
𝑣2
𝑣1
(𝜙(𝑥))

𝑑𝑥)

1
𝑣2−𝑣1

≤

(
(𝜓(𝑣2))

𝜓(𝑣2)

(𝜓(𝑣1))
𝜓(𝑣1)

)

1
𝜓(𝑣2)−𝜓(𝑣1)

𝑒. (𝜙(𝑣1)𝜙(𝑣2))
, 

 
which completes the proof.  

 

Theorem 2.5. Let the positive functions 𝜓, 𝜙 be 

multiplicatively 𝑃-function and convex function, 

respectively. Then, we have  
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(
∫
𝑣2
𝑣1
(𝜓(𝑥))

𝑑𝑥

∫
𝑣2
𝑣1
(𝜙(𝑥))

𝑑𝑥)

1
𝑣2−𝑣1

≤
𝑒. (𝜓(𝑣1)𝜓(𝑣2))

(
(𝜙(𝑣2))

𝜙(𝑣2)

(𝜙(𝑣1))
𝜙(𝑣1)

)

1
𝜙(𝑣2)−𝜙(𝑣1)

. 

  

Proof. Note that  

 

(
∫
𝑣2
𝑣1
(𝜓(𝑥))

𝑑𝑥

∫
𝑣2
𝑣1
(𝜙(𝑥))

𝑑𝑥)

1
𝑣2−𝑣1

 

= (
𝑒
∫
𝑣2
𝑣1
ln(𝜓(𝑥))𝑑𝑥

𝑒
∫
𝑣2
𝑣1
ln(𝜙(𝑥))𝑑𝑥

)

1
𝑣2−𝑣1

 

= (𝑒
∫
𝑣2
𝑣1
ln(𝜓(𝑥))𝑑𝑥−∫

𝑣2
𝑣1
ln(𝜙(𝑥))𝑑𝑥

)

1
𝑣2−𝑣1

 

= 𝑒∫
1
0 ln(𝜓(𝑣1+𝜆(𝑣2−𝑣1)))𝑑𝜆−∫

1
0 ln(𝜙(𝑣1+𝜆(𝑣2−𝑣1)))𝑑𝜆 

≤
𝑒∫

1
0 ln(𝜓(𝑣1)𝜓(𝑣2))𝑑𝜆

𝑒∫
1
0 ln(𝜙(𝑣1)+𝜆(𝜙(𝑣2)−𝜙(𝑣1)))𝑑𝜆

 

=
𝑒ln(𝜓(𝑣1)𝜓(𝑣2))

∫
1
0 𝑑𝜆

𝑒

ln

(

 
 
(
(𝜙(𝑣2))

𝜙(𝑣2)

(𝜙(𝑣1))
𝜙(𝑣1)

)

1
𝜙(𝑣2)−𝜙(𝑣1)

)

 
 
−1

 

=
𝑒. (𝜓(𝑣1)𝜓(𝑣2))

(
(𝜙(𝑣2))

𝜙(𝑣2)

(𝜙(𝑣1))
𝜙(𝑣1)

)

1
𝜙(𝑣2)−𝜙(𝑣1)

. 

 

Hence, we have 

 

(
∫
𝑣2
𝑣1
(𝜓(𝑥))

𝑑𝑥

∫
𝑣2
𝑣1
(𝜙(𝑥))

𝑑𝑥)

1
𝑣2−𝑣1

≤
𝑒. (𝜓(𝑣1)𝜓(𝑣2))

(
(𝜙(𝑣2))

𝜙(𝑣2)

(𝜙(𝑣1))
𝜙(𝑣1)

)

1
𝜙(𝑣2)−𝜙(𝑣1)

, 

 

which is the desired result.  

 

Theorem 2.6. Let the positive functions 𝜓, 𝜙 be 

convex and multiplicatively 𝑃-functions, 

respectively. Then, we have  

 

(∫
𝑣2

𝑣1

(𝜓(𝑥))
𝑑𝑥
. ∫

𝑣2

𝑣1

(𝑔(𝑥))
𝑑𝑥
)

1
𝑣2−𝑣1

≤

(
(𝜓(𝑣2))

𝜓(𝑣2)

(𝜓(𝑣1))
𝜓(𝑣1)

)

1
𝜓(𝑣2)−𝜓(𝑣1)

. (𝜙(𝑣1)𝜙(𝑣2))

𝑒
. 

 

Proof. Note that  
 

(∫
𝑣2

𝑣1

(𝜓(𝑥))
𝑑𝑥
. ∫

𝑣2

𝑣1

(𝜙(𝑥))
𝑑𝑥
)

1
𝑣2−𝑣1

 

= (𝑒
∫
𝑣2
𝑣1
ln(𝜓(𝑥))𝑑𝑥+∫

𝑣2
𝑣1
ln(𝜙(𝑥))𝑑𝑥

)

1
𝑣2−𝑣1

 

= (𝑒
∫
𝑣2
𝑣1
ln(𝜓(𝑥))𝑑𝑥

. 𝑒
∫
𝑣2
𝑣1
ln(𝜙(𝑥))𝑑𝑥

)

1
𝑣2−𝑣1

 

= (𝑒
(𝑣2−𝑣1) ∫

1
0 ln(𝜓(𝑣1+𝜆(𝑣2−𝑣1)))𝑑𝜆)

1
𝑣2−𝑣1

 

     × (𝑒
(𝑣2−𝑣1)(∫

1
0 ln(𝜙(𝑣1+𝜆(𝑣2−𝑣1)))𝑑𝜆))

1
𝑣2−𝑣1

 

= 𝑒∫
1
0 ln(𝜓(𝑣1+𝜆(𝑣2−𝑣1)))𝑑𝜆 . 𝑒∫

1
0 ln(𝜙(𝑣1+𝜆(𝑣2−𝑣1)))𝑑𝜆  

≤ 𝑒∫
1
0
ln(𝜓(𝑣1)+𝜆(𝜓(𝑣2)−𝜓(𝑣1)))𝑑𝜆 

     × 𝑒∫
1
0
ln(𝜙(𝑣1)𝜙(𝑣2))𝑑𝜆 

= 𝑒

ln

(

 
 
(
(𝜓(𝑣2))

𝜓(𝑣2)

(𝜓(𝑣1))
𝜓(𝑣1)

)

1
𝜓(𝑣2)−𝜓(𝑣1)

)

 
 
−1

 

     × 𝑒ln(𝜙(𝑣1)𝜙(𝑣2))
∫
1
0 𝑑𝜆

 

=

(
(𝜓(𝑣2))

𝜓(𝑣2)

(𝜓(𝑣1))
𝜓(𝑣1)

)

1
𝜓(𝑣2)−𝜓(𝑣1)

. (𝜙(𝑣1)𝜙(𝑣2))

𝑒
. 

 
Thus, 

 

(∫
𝑣2

𝑣1

(𝜓(𝑥))
𝑑𝑥
. ∫

𝑣2

𝑣1

(𝜙(𝑥))
𝑑𝑥
)

1
𝑣2−𝑣1

≤

(
(𝜓(𝑣2))

𝜓(𝑣2)

(𝜓(𝑣1))
𝜓(𝑣1)

)

1
𝜓(𝑣2)−𝜓(𝑣1)

. (𝜙(𝑣1)𝜙(𝑣2))

𝑒
. 

 
This completes the proof.  
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