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1 Introduction

Sometimes a few mathematical problems arise in economics, engineering and en-
vironment which can not be solved successfully by use classical methods because of
various type of uncertainties are present in these problems. To solve these problems, a
few concepts have been constructed in several times such as theory of probability, the-
ory of fuzzy sets, and the interval mathematics etc. Soft set is the most recent notion
of these concepts.

The concept of soft set was first introduced by D. Molodtsov [7] in 1999. In his
work, he defined the operation on soft sets like union, intersection, cartesian product
etc. Also he constructed some applications of soft sets in his first paper of soft set
theory. Thereafter so many research works[1, 2, 4, 5, 6, 8, 9, 10] have been done on this
concept in different disciplines of mathematics.

In functional analysis, certain types of sets viz. balanced set, absorbing set and
convex set are found to play pivotal roles. In this paper, we also try to define the
concept of balanced soft set, absorbing soft set over a linear space to study the functional
analysis. Then we establish some theorems concerning the said notions.
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2 Preliminary

In this section, U refers to an initial universe, E is the set of parameters, P(U) is the
power set of U and A C F.

Definition 2.1. /3] A soft set Fs on the universe U is defined by the set of ordered pairs
Fa={(e,Fa(e)) :e€ E, Fy(e) € P(U)} where Fa: E — P(U) such that Fa(e) = ¢ if
e is not an element of A. The set of all soft sets over (U, E) is denoted by S(U).

Definition 2.2. [3] Let Fq € S(U). If Fa(e) = ¢, for all e € E, then Fj is called a
empty soft set, denoted by ®. Fa(e) = ¢ means that there is no element in U related to
the parameter e € E.

Definition 2.3. [3] Let Fa,Gg € S(U). We say that F4 is a soft subsets of Gp and
we write Fa C G if and only if Fa(e) C Gg(e) for alle € E.

Definition 2.4. [3] Let Fa,Gp € S(U). Then Fa and Gg are said to be soft equal,
denoted by Fa = Gp if Fa(e) = Gg(e) for alle € E.

Definition 2.5. [3] Let Fy,Gg € S(U). Then the soft union of Fy and G is also a
soft set Fx U Gp = Haup € S(U), defined by
Hauple) = (FaUGg)(e) = Fale) UGg(e) for alle € E.

Definition 2.6. [3] Let Fu,Gp € S(U). Then the soft intersection of Fy and Gg is
also a soft set FAMMGg = Hanp € S(U), defined by
Hanple) = (FAMGp)(e) = Fale) N Ggl(e) foralle € E.

Definition 2.7. Let U be an initial universe and f : X — Y be a mapping, where X
and Y are set of parameters. If Fa be a soft set over (U, X), then f(Fa), a soft set
over (U,Y), is defined by

F(E) ) = { UnesrpFal@) if F ) # 9,

0] otherwise.

Definition 2.8. Let U be an initial universe and f : X — Y be a mapping, where X
and Y are set of parameters. If Gg be a soft set over (U,Y), then f~Y(Gp), a soft set
over (U, X), is defined by
fUGp)(x) = Gp(f(2)).

Definition 2.9. [11] Let U be a universal set and E be a usual vector space over R or
C and Fa,,Fa,, -, Fa, be soft sets over (U, E) and f : E™ — E be a function defined
by f(ei,ea, -+ ,en) =e1+ex+ - +e,. Then the vector sum Fu, + Fa, + -+ Fa, is
defined by

(FA1+FA2+"'+FAn)(6)

= U(ehez,m7en)ef*1(e){FA1(€1) N Fay(e2) NN Fy,(en)}

Definition 2.10. [11] If U be a universal set and E be a usual vector space over R or

C and t be a scalar and g : E — E be a mapping defined by g(e) = te, then the scalar
multiplication tF 4 of a soft set Fa is defined by tFq = g(Fa).
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Proposition 2.11. [11] If F4 is a soft set over the universal set U and the parameter
set E, where E is an usual vector space over K(R or C) and t € K, then

Fa(t™'e) if t#0,
tha(e) =q @ if t=0 and e#0,
Uper Falp) if t=0 and e=0.

2.1 Balanced Soft set

Throughout this work, we denote E as a vector space over the field K(R or C) and
U as an initial universe. Also we denote 0 and 1 as the zero element and unity of the
field respectively. Also the zero vector of the linear space is denoted by 0 which can be
easily separated from the zero element of the field.

Definition 2.12. A soft set Fa over (U, E) is said to be balanced soft set if tFy T Fy
for allt € K with |t| < 1.

Example 2.13. Let the universal set U= the set of all real numbers and E be a real
vector space and 0 € A C E. Let F4 be a soft set defined by

_J (lel, o0) if e#0,
FA(G)—{ U if e=0, where ec A.

Then obviously, F4 is a balanced soft set.
Theorem 2.14. If F is a soft set over (U, E), then Ux<1AFa is a balanced soft set.

Proof: Let |a| <1and e € E.
Case 1. 0 < |o < 1.
a(Ujn<1AFa)(e)
= (Un<iAFa)(5e)
= U|)\‘§1)\FA($6)
= (Unjc1aAFa)(e)
C (Ujnj<1AFa)(e), since |af < Tand [A] <1, |ad| <1
Case 2. a =0.
Subcase 1. If e # 0, then obviously, 0(Ljx<1AF4)(e) = @ C (Ujx<1AFa)(e).
Subcase 2. If e = 0, then
0(Up<1AF4)(0)
= Uner{ (Un1 AF) ()}
= Uzer{Up<1AFa(z)}
= {0F4(0)} U {Us(aopep0Fs (@)} U {Uer{Uner AFa(x)}}
= {OFA(O>} U {UIGE{U0<|)\‘§1FA(§$)}, as Ux@go)eEOFA(Z‘) =0
= 0F4(0).
Again, (|_||)\‘§1)\FA)(O)
= Upj<1AFa(0)
= {Uo<in<1AFa(0)} U {0F4(0)}
= {Uo<in<1Fa(0)} U {0F4(0)}
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= 0F4(0).
ThUS, O(|_||/\|§1)\FA)(O) = (|_||)\|§1)\FA)(O)
Hence, Ljy<1AF4 is a balanced soft set.

Theorem 2.15. Let Fy be a balanced soft set over (U, E). Then
i) a,f€ K and |a| < |B] = aF4 C BF,
i) o € K and |a| =1= aF4=Fy

Proof: i) Case 1. a =0.
Subcase 1. If § =0, then clearly, aF'y = BF4.
Subcase 2. If B # 0, then for any non-zero e € E, aFs(e) = ® C fF4(e) and for zero
element of E, we have aF4(0) = 0F4(0) C F4(0) as F4 is a balanced soft set. That is,
aF4(0) C FA(%O) = [F4(0). Therefore in this case aFy T SF4.
Case 2. a # 0. Since |%| < 1, we have %FA C Fy.
Let e € E and %e = e;. Now since %FA C FYy, then
GFa(er) € Fa(er)
or, FA(gel) C Fy(er)
or, FA(gée) - FA(%e)
or, Fu(2e) C FA(%e)
or, aFy(e) C GF4(e)
that iS, CEFA E ﬁFA

i) Let |of < 1. Then aF4 C F4. Again let |a| > 1. Then |£| < 1 which implies
that éFA C F4. So as the procedure of case 2 for proof (i), we get Fx C aF4. Thus,
aFA = FA if |04| =1.

Theorem 2.16. If {Fa, : o € A} is a collection of balanced soft sets over (U, E), then
MacaFa, ts balanced.

Proof: Let {F4, : a € A} be a collection of balanced soft sets over (U, E) and
Fa=TMaeaFa,. Alsolet [t| <1ande€ E.
Case 1. t = 0.
Subcase 1. If e # 0, then tFa(e) = ®. So tF4 C Fj.
Subcase 2. If e = 0, then

tFa(e) = 0F4(0) = UpepFa(p)
= Uper(MacaFa,)(p)
= Upere(NaeaFa, (p))
- mO&EA(UpeEFAa (p))
= ﬂaeAOFAa (0)
C NaeaFa,(0) las each F, is balanced, 0F4_(0) C Fa_(0)]
= F4(0).

Case 2. t # 0.

tFA(e) = FA<t_16)

= (ﬂaeAFAa>(t_1€)
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= maGAFAa (tile)
= mQEAtFAa <e>
C NaeaFa(e) las each F,, is balanced |

= FA(e).

Hence Fy is also a balanced soft set.

Theorem 2.17. If {Fa, : o € A} is a collection of balanced soft sets over (U, E), then
UaeaFa, s balanced.

Proof: Let {F4, : a € A} be a collection of balanced soft sets over (U, E) and
Fa=UyeaFa,. Alsolet [t| <1 ande€ FE.
Case 1. t = 0.
Subcase 1. If e # 0, then tF4(e) = ®. So tF4 C Fa.
Subcase 2. If e = 0, then

tFA(e) = OFA(O) = UpEEFA(p)
= Uper(UacaFa,)(p)
= Uper(UaenFa, (p))
= Uaea(UpeeFa, (p))
= UaGAOFAa (0)
C UaenFa,(0) las each F, is balanced, 0F4_ (0) C Fa_(0)]
= F4(0).
Case 2. t # 0.
tFA(e) = FA(t_le)
= (I_IQGAFAQ)(t‘le)
= UqerFa, (t7'e)
= UaealFa,(e)
C UaerFa_(e) [as each F, is balanced|

= FA(e).
Hence, F4 is also a balanced soft set.

Theorem 2.18. If A\ € K and F4 is balanced soft set over (U, E), then AF4 is balanced.

Proof: Let |t| < 1. If A = 0, there is nothing to prove. So we take A # 0.
Case 1. t = 0.
Subcase 1. If e # 0, then tAF4(e) = 0F4(e) = ® C AFy(e).
Subcase 2. If e = 0, then OANF4(0) = 0F4(0) C Fa(0) = Fa(A710) = AF4(0).
Case 2. t # 0.
t)\FA(e) = FA((t)\)_le) = FA<)\_1t_1€) = FA(t_l)\_le) = tFA()\_le) - FA()\_IE) =
)\FA(G).
Hence, AF4 is balanced soft set.

Theorem 2.19. If Fy and Gy are balanced soft sets over (U, E) and \,u € K then
AFA + puGp is also a balanced soft set.
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Proof: Since F4 and G are balanced soft sets, A\Fl4 and uGpg are balanced soft
sets. Let [t| < 1.
Case 1. t = 0.
Subcase 1. If e # 0, then t(AF4 + uGp)(e) = ® C (AF4 + uGg)(e).
Subcase 2. If e =0, then
0(AF4 + pGp)(0)
= Ueep(AFs + uGp)(e)
= Ueer{Ue=e, +es (AFa(e1) N pGp(e2))}
= Uey,esen(AFa(e1) N uGp(er))
- {U61€E>\FA(61>} N {UegeENGB(€2)}
= 0AF4(0) N 0uG (0)
C AFA(0) N uGE(0) [ as both AF4 and uGp are balanced soft sets. ]
C Ueer(AFa(e) N uGp(—e))
= Uneet(co(A\Fa(e) 1 uGa(=e))
= ()\FA N MGB)(O)
Case 2. t # 0.
t(AF4 + puGp)(e)
= (A\Fa + pGp)(t'e)
= Up-te=e; +er (AFa(e1) N uGp(ez))
= Ue—te,+tes (AFa(€1) N uGp(€2))
= Ue:$1+1‘2,$1:t61,$2:t62()\FA(t_lml) N ,UGB(t_le))
= Uemay 2 (EAFa(21) N tuG p(72))
C Uemzyras (AFA(x1) N uGp(x2)) [ as both AFy and uGp are balanced soft sets.]
= (AF4 + uGp)(e).
This completes the proof of the theorem.

Definition 2.20. Let F4 be a soft set over (U, E). Then

i) the intersection of all balanced soft sets over (U, E), each containing Fy, is called the
balanced hull of F4.

i1) the union of all balanced soft sets over (U, E), each contained in Fa, is called the
balanced core of F4.

Theorem 2.21. Let H and C' respectively denotes the balanced hull and the balanced
core of a soft set Fy over (U, E). Then
i) H=U{A\F4: |\ <1},

Proof: i) Let B = L{AF4 : |A| < 1}. Then B is a balanced soft set by theorem
2.14. Also clearly, F4 C B. Then by definition of H, H C B. Again F4 T H. Then
AFy T AH C H for |\| <1, as H is balanced. So B = L{\F4: |A\] <1} C H. Hence
H = B.

i1) Let Gp be a soft set such that Gp = C. Then we have aGp C aC C C for all
la] <1, as C' is balanced
= aGp C Fy for all |a] <1

= GpLC iF,forall0 <o <1
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= Gp C AF, forall |A] > 1
= Gp C Ma=1AF 4.
Therefore for any soft subset Gp of C' we have Gp E My>1AF4. Since C is also a soft
subset of C, C' C My>1AF4.
Again let, Gp C My>1AF
= Gp C AF, forall |\ >1
= iGD C Fyforall [N\ >1
=aGp C Fyforal0<|a <1
= Uo<jaj<1aGp E Fy
= Uo<laj<10Gp T Fy, as 0Gp(0) C 0F4(0) = Fa(0).
Again Uy<|q<1aGp is balanced by theorem 2.14, So Uy<|qj<1aGp E C. Then Gp E C.

Therefore for any soft subset Gp of My >1AF4 we have Gp E C. So, My=1AF4 E C.
Hence C = M\ >1AFy.

Example 2.22. Let E = the real vector space R, U = the set of all natural numbers
including zero and A = E. Let Fy be a soft set defined by
Fa(z) =A{llzl), |+ 1, [lz[] + 2, - } forz € A and x # 0,
=1{2,3,4, -} forx =0,
where [|x|] is the greatest integer less than equal to |z|.
Let D = [2, 00) U (—00, —2] and G4 be a soft set defined by
Ga(x) = Fa(x) for allx € D.
={2,3,4,---} forz € A\D = (-2, 2)

It is easy to see that Ga(y) C Ga(x) if x, y € A with |z| < |y
We now show that G4 is a balanced soft set. Let x € A.
If 0 < [A| <1, then A\Ga(z) = Ga(52) C Ga(x), as |z]| < |5z
If A =0, then
Case 1. for x # 0, we have 0G4(z) = & C G4(x).
Case 2. for x =0, we have
OGA(O) = UQGEGA(Q)

= {UecenGa(e)} U{UeceanGale)}

= {UeeDFA(e)} U {2, 3, 4, . }

=1{2,3,4,---}

= G 4(0).
Thus, G4 is a balanced soft set. We now show that G4 is the greatest balanced soft
set contained in Fy. Let Gp be any balanced soft set contained in Fa. Then obviously,
P CA. Letx € P. Then either x € D or x € A\D. If x € D, then Gp(x) C Fa(x) =
Ga(z). Again Ue.epGp(e) = 0Gp(0) C Gp(0) C Fu(0) ={2,3,4,---}. So, if v € A\D,
then Gp(z) C {2, 3,4, ---} = Ga(x). Thus, Gp(x) C Ga(x) for all x € P and so, G4
is the greatest balanced soft set contained in Fa. Therefore the balanced core of Fa is

Ga.

Note 2.23. In the above example the balanced core G4 # T{AF4 : |\ > 1}. Infact, if
v =1, then G4(1) = {2,3,4,- - } and (M1 AFa)(1) = a1 Fa(s) ={0,1,2,3,4,--- }.
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Again 0F4(0) = UeepFa(e) = {0,1,2,3,4,---} # Fa(0). So, if 0F4(0) # F4(0), then
the balanced core of Fx may not be equal to T{AF4 : |A\| > 1}.

Theorem 2.24. Let X and Y be linear spaces over K(R or C) and f : X — Y be a
linear map. Then F4 is balanced soft set over (U, X) imply that f(Fa) is also a balanced
soft set over (U,Y).

Proof: Let A € K such that |A| < 1. We now verify that \f(F4x) T f(Fa).
Let y €Y.
Case 1. A =0.
Subcase 1. If y = 0, then
0f(Fa)(0) = Uy ey f(FA)(Y)
= Uyey Usesry) Fal2)
= UxEXFA(‘r)
= 0F4(0)
C F4(0) [ as F is balanced soft set.]
C Uees-1(0)Fale) [as 0 € f71(0)]

= f(Fa)(0).
Subcase 2. If y # 0, then 0f(Fa)(y) =P C f(Fa)(y).
Case 2. A # 0.
Af(Fa)(y) = f(Fa)(A™1y)

= User10-1) Fa(2)

= Unees1p)Fa(®)

= Uz/effl(y)FA(/\_lx/), where \r = 2, i.e., v = A\

e U /ef,l(y)/\FA<l’/)

- U:C/Ef,l(y)FA(x/) [ as F4 is a balanced soft set and |\| < 1]

= J(Fa)(y)
Thus, from case 1 and case 2, we have Af(F4)(e) C f(Fa)(e) for every |A\| < 1 and
e € Y. Hence, \f(F4) C f(F4) for all |[\| < 1. This completes the proof.

Theorem 2.25. Let X and Y be linear spaces over K(R or C) and f : X — Y be
a linear map. Then G is balanced soft set over (U,Y) imply that f~*(Gpg) is also a
balanced soft set over (U, X).

Proof: Let A € K such that |A\| < 1. We now verify that A\f~'(Gg) C f~1(Gp).
Let z € X.
Case 1. A =0.
Subcase 1. If x = 0, then
0f"HGp)(0) = Uy ex [ H(Gp) (@)
= Uy exGa(f(2))
- UyGYGB(y)
= 0G(0)
C Gg(0) [ as G is balanced soft set.]
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= G(f(0))
= [7HGB)(0).
Subcase 2. If x # 0, then 0f~1(Gp)(z) = ® C f~1(Gp)(x).
Case 2. A\ # 0.
AfHGB) (@) = [H(GB)(A )
= Gp(f(A ')
= Gp(A7'f(2))
= \G5(f(2))
C Gp(f(x)) [ as G is a balanced soft set and |A] < 1.]

= [7HGB)(x)
Thus, from case 1 and case 2, we get A\f 1 (Gg)(z) C f~1(Gp)(x) for every [N < 1 and
r € X. Hence, A\f ' (Gg) C f~Y(Gp) for all |\| < 1. This completes the proof.

2.2 Absorbing Soft set

Definition 2.26. A soft set Fy over (U, E) is called an absorbing soft set if UysoAF4 =
1, where 1(e) = U for all e € E.

Example 2.27. Let E = real vector space R and the universal set U = the set of all
natural numbers. Let 0 € A C E such that AN (=1, 1)\ {0} # ® and for e € A, the
soft set F'a 1s defined by

Fale) = {[lel] + 1, [lel]] + 2, [|e]] + 3, --- }, where [|e]] is the greatest integer less than
equal to |e|. Then obviously UysoAF4 =1 and so Fa is an absorbing soft set.

Example 2.28. Let E = real vector space R and the universal set Uy = the set of all
natural numbers including zero. Let B be an unbounded (both below and above) subset
of E containing 0 and Gg be a soft set defined by Gg(e) = {0, 1,2, ---, [|e|]]} for
e(# 0) € B and Gp(0) = Uy, where [|e|] is the greatest integer less than equal to |e|.
Then obviously Uyso NG = 1 and so G is an absorbing soft set.

Note 2.29. Consider the absorbing soft set Fy of the example 2.27 and the absorbing
soft set Gg of the example 2.28. If AN B = {0}, then obviously (FAMGg) =U. Again
if {0}y S ANB, let e(#0) € AN B. Then (FANGp)(e) = Fa(e) NGg(e) = ®. Hence,
(F4a M Gp) is not an absorbing soft set. Thus, intersection of two absorbing soft sets
may or may not be an absorbing soft set.

Theorem 2.30. Union of two absorbing soft sets is an absorbing soft set.

Example 2.31. Consider the soft set F 5 as defined in example 2.27 and we take A = E.
Here it is obvious that 0F4(0) = F4(0). Therefore the balanced core of Fa is Mjx>1AFa.
Lete e E. Now
Maz1AFa(e) = N=1(AFa)(e)

= Np=1Fa(Ale)

= Oz {[A el + 1, [[A T el] +2, [[Atel] +3, -+ }

={llell + L flel] + 2, [le[] +3, ---}
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= Fale)
Since Iy is absorbing soft set, Mix>1AF4 is absorbing soft set.

Example 2.32. Consider the soft set Gg as defined in example 2.28. Here it is obvious
that 0Gp(0) = Gg(0). Therefore the balanced core of Gp is Mpy>1AGp. Let e € E. If
e # 0, then
(Min=1AGE)(€) = Nix=1(AGE)(e)

= Npz1(Gp)(A'e)

= ﬂ|>\\21{07 L2, [|)\_16H}

= {0}
]f@ = 0, then (|_||/\|21)\GB)(O) = ﬂle)\GB(O) = ﬂ|,\|21GB(O) = Ul.
So, it is clear that balanced core of Gg is not an absorbing soft set.

Note 2.33. Balanced core of an absorbing soft set may or may not be an absorbing soft
set.

Theorem 2.34. Let X and Y be linear spaces over K(R or C) and f : X — Y be a
linear map. Then F4 is an absorbing soft set over (U, X) imply that f(F4) is also an
absorbing soft set over(U,Y).

Proof: Let y € Y. Now
(LasoAf(Fa))(y)
= Un>0(Af(Fa))(y)
= Uxsof (Fa)(A'y)
= Ux>0 Uzef-100-1y) FA(I)
= Uxs0 Unpef1(y) Fa()
= Uxs0 Usep-1(y) Fa(A712), where Az = z
D UysoFa(A712) for some z € f~1(y)
= Uns0AFa(2)
= U, as F4 is an absorbing soft set.
Therefore, UyxsoAf(F4) = 1. Hence, f(F,) is an absorbing soft set.

Theorem 2.35. Let X and Y be linear spaces over K(R or C) and f: X — Y be a
linear map. Then G is an absorbing soft set over (U,Y) imply that f~*(Gp) is also
an absorbing soft set over (U, X).

Proof: Let z € X. Now
(UxsoAf 1 (Gp))(2)

= UA>O(/\f '(Gp))(x)
= Uxsof (G )(A ')
= Ux>oGa(f ( "))
= Urs0Gp(A 7 f(2))

= Uxs0AGa(f(2))

= U, as G’ is an absorbing soft set.
Thus, LxsoAf 1 (Gp) = 1. Hence, f~1(Gp) is an absorbing soft set.
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3 Conclusion

To study the functional analysis on soft sets, balanced and absorbing soft sets are being
defined over a linear space in this paper. Then we have established some theorems which
will be needed in future for construction of a convex soft set, absolutely convex soft set
ete.
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