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Abstract - In the present paper, we study the notion of a fuzzy

soft filter by using fuzzy soft sets. We present the concepts of a Keywords - Fuzy soft set

fuzzy soft topology, fuzzy soft fil-
ter, fuzzy soft ultrafilter, conver-

fuzzy soft filter base and a fuzzy soft ultrafilter and obtain their
related properties. Also, we show how a fuzzy soft topology is
derived from a fuzzy soft filter. Moreover, we investigate conver- gence.
gence of fuzzy soft filters in a fuzzy soft topological space with

related results.

1 Introduction

In 1999, Molodtsov [18] introduced the concept of a soft set theory as a new mathemat-
ical tool for dealing with uncertainties. This theory provides a very general framework
with the involvement of parameters. The parameters can be expressed in the form of
words, sentences, real numbers and so on. This implies that the problem of setting the
membership function does not arise. Hence, soft set theory has attractive applications
in other disciplines and real life problems, most of these applications was shown by
Molodtsov [18]. Recently, researchers are contributing a lot regarding soft set theory
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and its applications [2, 14, 17, 22].

Mayji et.al. [16] combined the concept of fuzzy set and soft set and introduced the
new notion of the fuzzy soft set. Roy et al. [21] presented some results on an appli-
cation of fuzzy soft sets in decision making problem. Then, Tanay and Kandemir [24]
initiated the concept of a fuzzy soft topology and gave the some basic properties of it
by following Chang [7]. Also, the fuzzy soft topology in Lowen’s sense [13] was given by
Varol and Aygiin [25]. In recent years, there have been considerable advances in fuzzy
soft sets and their applications [1, 3, 4, 9, 10, 12, 26].

Filters were introduced in 1937 by Cartan [6]. The study of filters is a very natural
way to describe convergence in a topological space. Moreover, they play a fundamental
role in the development of fuzzy spaces which have applications in computer science and
engineering. Then, many authors have obtained the concept of a fuzzy filter structure
in different approaches. By using fuzzy sets, Vicente and Aranguren [20] defined fuzzy
filters. Burton et al. [5] introduced the different notion of a fuzzy filter. Later, as an
extension of these definitions, Kim et al. [11] proposed a new definition of fuzzy filter
on a set X as a map F : L — M satisfying certain conditions, where L and M are a
completely distributive lattice.

Extensions of filter structures to the soft sets and also fuzzy soft sets have been
studied by some authors. More recently, Sahin et al. [23] defined soft filters and stud-
ied some of their properties. By using fuzzy soft sets, Cetkin et al. [8] introduced fuzzy
soft filters on the base of definition suggested by Kim et al. [11].

In this work, we continue investigating the properties of fuzzy soft filters in Vicente
and Aranguren’s sense [20]. We define the notion of a fuzzy soft ultrafilter and obtain
a few results analogous to the ones that hold for fuzzy ultrafilters. Also, we show that
each fuzzy soft filter on X induces a fuzzy soft topology on the same set. Moreover, we
investigate the convergence theory of fuzzy soft filters. Finally, we show that a fuzzy
soft filter converge to at most one fuzzy soft point in a fuzzy soft Hausdorff space.

2 Preliminary

In this section, we recall some basic notions regarding fuzzy soft sets which will be used
in the sequel. Throughout this work, let X be an initial universe, IX be the set of all
fuzzy subsets of X and E be the set of all parameters for X.

Definition 2.1. [16] A fuzzy soft set f on the universe X with the set E of parameters
1s defined by the set of ordered pairs

f=Ale,f(e)) e E, fe) e I}

where f is a mapping given by f : B — IX.
Throughout this paper, the family of all fuzzy soft sets over X is denoted by (IX)F [8].
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Definition 2.2. [1, 16, 25] Let f,g € (I)E. Then,

(i) The fuzzy soft set f is called a null fuzzy soft set, denoted by &, if f(e) =0 for
everyee€ E.

(ii) If f(e) =1 for all e € E, then f is called an absolute fuzzy soft set, denoted by
X.

(i1i) f is a fuzzy soft subset of g if f(e) < g(e) for each e € E. It is denoted by
fEy.

() f and g are fuzzy soft equal if f E g and g € f. It is denoted by [ = g.

(v) The complement of f is denoted by f¢, where f¢: E — IX is a mapping defined
by f¢(e) =1— f(e) for alle € E. Clearly, (f)¢ = f.

(vi) The union of f and g is a fuzzy soft set h defined by h(e) = f(e) v g(e) for all
ee E. h is denoted by f L g.

(vii) The intersection of f and g is a fuzzy soft set h defined by h(e) = f(e) A g(e)
forallee E. h is denoted by f mg.

Definition 2.3. [9] Let f and g be two fuzzy soft sets. The difference of two fuzzy soft
sets f and g over X, denoted by f\g, is defined as f\g = f r ¢.

Definition 2.4. [1] Let J be an arbitrary index set and let { f;}ics be a family of fuzzy
soft sets over X. Then,

(i) The union of these fuzzy soft sets is the fuzzy soft set h defined by h(e) =
Ves fi(e) for every e € E and this fuzzy soft set is denoted by | |, ; fi.

(ii) The intersection of these fuzzy soft sets is the fuzzy soft set h defined by h(e) =
Nics file) for every e € E and this fuzzy soft set is denoted by [, fi-

Theorem 2.5. [25] Let J be an index set and f, g, fi , g; € (I)E, for alli e J. Then,
the following statements are satisfied.

(1) fr gl_liej gig = |_|ieJ(f M gi).

(2) fu |_|7jeJ gi) = |_|ieJ(f L gi).

(3) (|_|ieJ fz)c = |_|z'eJ fic-

(4) (|—|ieJ fi)c - |—|ieJ fi-

(5) If f = g, then g° = f°.

Definition 2.6. [3, 26] A fuzzy soft set f over X is said to be a fuzzy soft point if there
is an e € E such that f(e) is a fuzzy point in X (z’.e., there exists an x € X such that
fle)(x) = a e (0,1] and f(e)(2') = 0 for all 2’ € X — {z}) and f(¢') = 0 for every
e’ € E\{e}. It will be denoted by eya.

The fuzzy soft point ez is said to belongs to a fuzzy soft set f, denoted by ey € f,
if a < f(e)(z).
Let P(X, E) be the family of all fuzzy soft points on X.
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Definition 2.7. [10] Let (I*)% and (IY)X be the families of all fuzzy soft sets over
X and Y, respectively. Let o : X —Y and ¢ : E — K be two mappings. Then, the
mapping o, s called a fuzzy soft mapping from X to'Y, denoted by py = (I)F — (1)K,

1) Let f e (I)E. Then f) is the fuzzy soft set over'Y defined as follows:
Py

ou(£) (k) (y) = { Vieo1() <\/eew71<k> f(€>>(f€), if o k) = &, 0 ) # D

0, otherwise.

forallke K and ally e Y.

2) Let g e (IY)X. Then ;' (g) is the soft set over X defined as follows:
P

vy (9)(e) () = g((e)) (o))

forallee E and all x € X.

Theorem 2.8. [3, 10, 25] Let f, f; € (I*)F and g,9; € (IY)% for all i € J where J
is an index set. Then, for a fuzzy soft mapping py @ (I*)F — (IV)X, the following
conditions are satisfied.

(1) If f1 E f2, then @yu(f1) E @u(fa).

Py (l_lieJ gi) = I_lieJ 901;1(:€7i)7 @qll(ﬂie] gi) = |_|ieJ 90;[;1<gi)'

0, (V) = 3? e, (D) =D

)

)

)

; spwl(ﬂieJ fi) & |_|ieJ Soiﬁ(fi)'
) ~

) (D) = &.

Proposition 2.9. [26] Let ¢, : (I*)¥ — (IV)X be a fuzzy soft mapping and e« €
P(X,E). Then @y(eze) = (€)@ € P(Y, K).

Definition 2.10. [25] Let f € (I)F and g € (IY)X. The fuzzy soft product f x g is
defined by the fuzzy soft set h where h : E x K — I**Y and h(e, k) = f(e) x g(k) for
all (e,k)e E x K.

Definition 2.11. [25] Let f € (I*)E, ge (IV)X andletpx : X xY — X, qp : ExK —
Eandpy : X xY =Y, qk : E x K — K be the projection mappings in classical
meaning. The fuzzy soft mappings (px)q, and (py)q. are called fuzzy soft projection
mappings from X xY to X and X xY toY, respectively, where (px)q,(f x g) = f

and (py )qic (f % g9) = g.
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Definition 2.12. [24] Let T be the collection of fuzzy soft sets over X, then T is said
to be a fuzzy soft topology on X if

(FST1) &, X belong to .

(F'ST?2) the union of any number of fuzzy soft sets in T belongs to T.

(F'ST3) the intersection of any two fuzzy soft sets in T belongs to T
(X, 7) is called a fuzzy soft topological space. The members of T are called fuzzy soft
open sets in X. A fuzzy soft set f over X is called a fuzzy soft closed in X if f¢eT.

Definition 2.13. [24] Let (X, 7) be a fuzzy soft topological space and f € (I*)F. The
fuzzy soft interior of f is the fuzzy soft set f° = | |{g: g is a fuzzy soft open set and g =
[}

By property (FST2) for fuzzy soft open sets, f° is fuzzy soft open. It is the largest
fuzzy soft open set contained in f.

Definition 2.14. [19, 25] Let (X,7) be a fuzzy soft topological space and f € (I*)F.
The fuzzy soft closure of f is the fuzzy soft set f =[{g : g is a fuzzy soft closed set and f £

g}

Clearly f is the smallest fuzzy soft closed set over X which contains f.

Definition 2.15. [2/] A fuzzy soft set f in a fuzzy soft topological space (X, T) is called
a fuzzy soft neighborhood of the fuzzy soft point ey« if there exists a fuzzy soft open set
g such that e,a € g E f.

The fuzzy soft neighborhood system of a fuzzy soft point eza, denoted by N(eza), is
the family of all its fuzzy soft neighborhoods.

Theorem 2.16. [15, 26] A fuzzy soft set f over X is fuzzy soft open iff f is a fuzzy
soft neighborhood of each of its fuzzy soft points.

Theorem 2.17. [15, 26] Let (X, 7) be a fuzzy soft topological space and N (ez) be the
fuzzy soft neighborhood system of fuzzy soft point ezo. Then,

(FSN1) N(ew) # 5,

(FSN2) If f € N(ega), then ez € f,

(FSN3) If f € N(ega) and f E g, then g € N(eza),

(FSN4) If f,g € N(ega), then f 1 ge N(eg),

(FSN5) If f € N(ega), then there is a g € N'(eza) such that g = f and g € N(e’yQ,
for each e;A €g.

Theorem 2.18. Let there be assigned to each fuzzy soft point ezo € P(X, E) a collection
N (eza) of subsets of (I*)¥ satisfying the above axioms (FSN1)-(FSN5). Then, there
exists a fuzzy soft topology T on X such that, for each e,a € P(X, E), N(ega) is the
T-fuzzy soft neighborhood system of €za.

Proof: Let 7 = {f € (I*)¥ : f € N(ew) for each e,a € f}. Tt is clear that
g, XerT.
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Let f,g €7 and ega € f M g. Then, e,o € f and e,a € g. Therefore, f,g € N(eza)
and by (F.SN4), we have f g€ N(eg). Thus, frgerT.

Let {fi}ies = 7 and ezo € | |,.; fi. Then, there exists an iy € J such that ezo € f;.
By the definition of 7, f;, € N(eze). Hence, from (FSN3), we have | |,_; f; € N(ea).

Now, let us show that N (ez) is the fuzzy soft neighborhood system of e,o. Let f
be a fuzzy soft neighborhood of e¢,«. Then there is a g € 7 such that e, € g = f. By
the definition of 7, we have g € N(ez). Thus, since g £ f, we obtain f € N(eza).
Conversely, let f € N(eza). Then, from (FSN5), there exists a g € N (eza) such that
gC fand g € J\/’(egﬂ), for each e, € ¢g. By the definition of 7, ¢ € 7. Also, from
g € N(ega) it follows that e,o € g. Hence f is a fuzzy soft neighborhood of e,a.

Definition 2.19. /3, 26/ Let (X, 1) and (Y, 2) be two fuzzy soft topological spaces. A
fuzzy soft mapping ¢y : (X, 71) — (Y, 72) is called fuzzy soft continuous if for each fuzzy
soft point ez in X and each fuzzy soft neighborhood h of py(eze ), there is a fuzzy soft
neighborhood g of ey such that ¢, (g) = h.

Theorem 2.20. [25] Let {(X;, 7;)}ics be a family of fuzzy soft topological spaces and let
T be the product fuzzy soft topology on X (= [1,.; Xi). T has as a base the set of finite
intersections of fuzzy soft sets of the form (pXZ.)(_q;')(f,-), where fieT;, i€ J.

3 Fuzzy Soft Filter

In this section, we study some elementary properties of fuzzy soft filter structures in
Vicente and Aranguren’s sense. We introduce the concepts of a fuzzy soft filter base
and a fuzzy soft ultrafilter and give several related properties. Also, we investigate the
convergence theory of the fuzzy soft filter in a fuzzy soft topological space.

Definition 3.1. [8] A fuzzy soft filter F on X is a nonempty collection of subsets of
(I*)E with the following properties:

(FSF1) & ¢ F,
(FSF2) If f,g e F, then f g e F,
(FSF3) If fe F and f E g, then g € F.

If Fi and Fy are two fuzzy soft filters on X, we say that F is finer than Fy (or Fy is
coarser than JF) iff F1 2 Fa.

Example 3.2. For each a € (0,1],
Fo={fe I fle)(z) = a, Vee E,Yz e X}

18 a fuzzy soft filter on X.
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Definition 3.3. Let f € (IX)EF. Then,
(i) f is said to be finite if there exists a finite parameter subset A < E such that
f(e) # 0 for every e € A and f(¢') =0 for every ¢ € E\A.

(i) [ is said to be countable if there exists a countable parameter subset A < E
such that f(e) # 0 for every e € A and f(€') =0 for every e’ € E\A.

It is readily shown that the union of any finite number of finite fuzzy soft sets is a
finite fuzzy soft set. Again, the union of any countable number of countable fuzzy soft
sets is a countable fuzzy soft set.

Example 3.4. (i) Let X = {x1,22} and E = {e1, eq,€3,...}. Then,

f = {(61, {.%'1\02, (L’Q\O}), (62, {$1\05, 5132\01}), (63,6), (64,6), }

(that is, f(e) = 0 for each e € E\{ey,es} ) is a finite fuzzy soft set.
(it) Let X = {x1, 25} and E = {e; : i e R}. If f(e) # 0 for every e € A = {e; : i € N}
and f(e') =0 for every ¢’ € E\A, then f is a countable fuzzy soft set.

Example 3.5. (i) Let X be an arbitrary set and E be an infinite set. Then,
F={fe (I feis finite}

is a fuzzy soft filter on X.
(ii) Let X be an arbitrary set and E be an uncountable set. Then,

F ={fe(I*)F: fis countable}
is a fuzzy soft filter on X.

Definition 3.6. A collection B of subsets of (I°)F is called a base for a fuzzy soft filter
on X if the following two conditions are satisfied :

(B1) B# & and & ¢ B,
(B2) If f,g € B, then there is an h € (I*)¥ such that h = f rg.

One readily sees that if B is a base for a fuzzy soft filter on X, the collection
Fs = {f € (I*)” : there exists an h € B such that h € f}

is a fuzzy soft filter on X. We say that the fuzzy soft filter Fz is generated by B

Example 3.7. Let f be a nonempty fuzzy soft set. Then, B = {f} is a base for a fuzzy
soft filter on X.
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Theorem 3.8. Let py : (I5)F — (IV)X be a fuzzy soft mapping and let F be a fuzzy
soft filter on X. Then, {¢y(f): f e F} is a base for a fuzzy soft filter ¢,(F) on'Y.

Proof: We need to verify axioms (B1) — (B2). It is clear from the definition of
fuzzy soft filter.

Definition 3.9. A fuzzy soft filter F on X is called a fuzzy soft ultrafilter if there is no
finer fuzzy soft filter than F (i.e., it is mazimal for the inclusion relation among fuzzy

soft filters ).

Theorem 3.10. Every fuzzy soft filter F on X is contained in some fuzzy soft ultrafilter
on X.

Proof: Let ® be the collection of all fuzzy soft filters on X finer than F | partially
ordered by F; < F» if and only if F; € F. Now, let us take a chain {F, : a € A} < ®.
From the fact that if f; and f; belong to |J ., Fa, then they both belong to some F,
by linearity of the inclusion order on {F, : o € A} it follows that J,., Fu is a fuzzy
soft filter on X. Hence, | J .\ Fo is an upper bound of {F, : @ € A}. Thus, by Zorn’s
Lemma, ¢ has a maximal element G and therefore, clearly, G is a fuzzy soft ultrafilter
containing F.

Lemma 3.11. If A is a collection of fuzzy soft sets with the finite intersection property,
then there is a fuzzy soft filter F on X such that A < F.

Proof: Let F be the collection of all f € (I*X)¥ such that there is a finite {f1, ..., fu}
A with fim...m f, € f. Then F is a fuzzy soft filter containing A.

Theorem 3.12. Let F be a fuzzy soft filter on X. Then,

(i) F is a fuzzy soft ultrafilter on X if and only if each g € (I*)F such that frg # é
for all f € F belongs to F.

(it) If F is a fuzzy soft ultrafilter on X and fiu fo € F, then we have either f; € F
or fo € F.

(i1i) If F is a fuzzy soft ultrafilter on X, then for every f € (IX)F we have either
feForfeelF.

Proof: (i) Let F be a fuzzy soft ultrafilter on X and let g € (I*)¥ be such that
frg# Jforevery fe F. Pt G = Fu {g}. Since G has the finite intersection
property, by Lemma 3.11, there exists a fuzzy soft filter H on X such that G € H. By
the maximality of F, we have F = H and thus g € F. N

Conversely, suppose that F contains every g € (I*)F such that f g # & for all
f € F. Let us take a fuzzy soft filter G such that F < G. Then, there is an h € (IX)¥
such that he G and h¢ F. If f € F, then f, h € G and therefore f m h # 7. Thus, by
hypothesis, we have h € F. This is a contradiction.
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(ii) Suppose that fi, fo ¢ F and let f = f; 1 fo € F. By (i), there exist g1, g2 € F with
fingi=fang = é If g = g1 11 g9, then we have ge F and frig = é This implies
that f ¢ F, which is a contradiction.

(iii) Assume that neither f nor f¢ belongs to F. From (i) it follows that there is a
g € F such that g m (f u f¢) = . Since g # &, there exist an e € E and an z € X
with g(e)(z) # 0. For these e € E and x € X we also have f(e)(z) v f¢(e)(x) # 0. Thus
we obtain g(e)(z) A (f(e)(z) v fe(e)(x)) # 0, a contradiction.

Theorem 3.13. Let g : (I)F — (IV)X be a fuzzy soft mapping and let B be a base
for a fuzzy soft ultrafilter on X. Then, B* = {py(f) : f € B} is a base for a fuzzy soft
ultrafilter on'Y'.

Proof: We first show that B* is a base for a fuzzy soft filter on Y.
(B1) is obvious.
(B2) Let @y(f1),¢yu(f2) € B*. Then, there exists an f5 € B such that f3 = f; 11 fa.
Therefore, we have ¢y (f3) & ©p(f1) M @y(f2). Thus, B* is a base for a fuzzy soft filter
onY.

Let F* be the fuzzy soft filter on Y generated by B* and suppose that G is another
fuzzy soft filter on Y with F* < G. Then, there is a g € (IX)¥ such that g € G and
g ¢ F*. Let F be the fuzzy soft ultrafilter on X generated by B. If f € F, then there is
an h € B such that h = f. Because ¢, (h) and g belong both to the fuzzy soft filter G,
we have @y (h) Mg # 5. Therefore, there exist a k € K, y €Y and an o > 0 such that
0y(h)(k)(y) > o and g(k)(y) > a. By the definition of ¢, (h), there exist an e € £ and
an x € X such that ¥(e) = k, p(z) = y and h(e)(x) > a. Then,

a < min{h(e)(x), g(¥(e))(p(x))} = min{h(e)(x), ¢, (9)(e)(x)}
= (hmgy'(9)(e)(x)
< (fre,'(9)(e) ().
This says that fmgp;bl(g) # & for every f € F. By Theorem 3.12 (i) we have 30;1(9) eF

and therefore there exists a g; € B with ¢g; & go;l(g). From the fact that ¢, (g1) E ¢
and ¢y (g1) € B* it follows that g € F*. This contradiction completes the proof.

Definition 3.14. A fuzzy soft filter F on X is called a fuzzy soft free if [ {f : f €
F}=0.
Theorem 3.15. Fvery fuzzy soft ultrafilter F is fuzzy soft free.

Proof: Assume that [ |{f : f € F} # &. Then, there exists a fuzzy soft point
e € [ {f : f € F}. Now, take a fuzzy soft point e, such that A < a. For each f € F,

exr M f # &. Therefore, by Theorem 3.12 (i), we have e,x € F. Thus, ;e € ey, that
is, @ < \. This is a contradiction.
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Definition 3.16. [19] Let X be a set and let A be a subset of X. Then, X4 is a fuzzy
soft set on A defined as the following:

Xa(e) =xa foreveryee E
where x 4 1S a characteristic function of A.

Theorem 3.17. Let F be a fuzzy soft ultrafilter on X, A < X and suppose that for
every e € E and for every x € X\A, there is an f* € F such that f*(e)(z) = 0. If we
set fo = fmiXa for each f € F, then

Fa={fa:feF}
is a fuzzy soft ultrafilter on A.

Proof: We first prove that F, is a fuzzy soft filter on A.

(FSF1) Assume that 5 € Fu. Then, there exists an f € Fsuch that frixa= .
Thus, we have f 1 f* = é e F, which is a contradiction.

(FSF2) Let fa,ga € Fa. Then, we have f,g € F and therefore f m g e F. Since
(frgla= farga, weget fargae Fa.

(FSF3) Let fa € Fa and let us take a g € (I)¥ satisfying f4 = g. We define an
he (I)E by

gle)(z), if x e A;

Foreache € E, h(e)(r) :{ 1 ifod A

Then, since f = h, we have h € F. Thus g = h € Fa.
Now, we shall show that F, is a fuzzy soft ultrafilter on A. Let g € (I)F such that
farmg# & for each f4 € Fy. Let us define an h e (IX)F by

| gle)(z), ifxeA;
Foreache € E, h(e)(r) —{ 1, ifod A
Since f mh # é for each f € F, by Theorem 3.12 (i), we have h € F. Therefore,
g = ha € F4. Thus, from Theorem 3.12 (i) it follows that F, is a fuzzy soft filter on A.

Theorem 3.18. Let there be assigned to each fuzzy soft point ezo € P(X, E) a fuzzy
soft filter F(ega) satisfying the following properties:

(a) If f € F(ega), then eza € f,

(b) If f € F(ega), then there is a g € F(eze) such that g = f and g € N(€),), for
each e, , €g.
Then, there exists a fuzzy soft topology T on X such that, for each ez € P(X,E),
F(ega) is the T-fuzzy soft neighborhood system of ey .
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Proof: It is clear by Theorem 2.18, since F(e,«) has the properties (FSN1) —
(FSN5).

Definition 3.19. Let (X, 7) be a fuzzy soft topological space. A fuzzy soft point e o € X
is said to be in the adherence of a fuzzy soft set f on X (e.q., is adherent to f) if for
each g€ N((ez)®), g & f€, where (€)= egi-a.

Example 3.20. Let X = {1,759} and E = {e',e*}. Let us consider the following fuzzy
soft sets on X with the set E of parameters:

f={(e" {21\0.1,2,\0.7}), (€%, {x1\0.5, 22\0.3}) },

g = {(e", {21\0.3,22\0.6}), (¢2, {21\0.2,25\0.3}) }.
Then, T = {é,)?,f,g,f u g, f g} is a fuzzy soft topology on X. Also, since h & f€
for every h e N(eigﬁ), we see that 6:158_4 is in the adherence of the fuzzy soft set f.

Theorem 3.21. Let epe € P(X, E) and f € (IX)?. Then ege € f if and only if ey is
in the adherence of f.

Proof: Let e« € f. For every fuzzy soft closed set k which contains f, o < k(e)(x).
By taking complement, this fact can be stated as follows: for every fuzzy soft open set
h = f¢ h(e)(z) < (1 — «). In other words, for every fuzzy soft open set h satisfying
(1 —a) < h(e)(x), h & f¢. Thus, eza is in the adherence of f.

Conversely, let e,o be in the adherence of f. Then, for every fuzzy soft open set h
satisfying e;i1-o € h, h @£ f¢. Therefore, for every fuzzy soft open set h such that h = f¢,
we have (1 — «) > h(e)(x). In other words, for every fuzzy soft closed set k such that
f € k, we obtain a < k(e)(z). Thus, e« € f.

Definition 3.22. A fuzzy soft filter F on a fuzzy soft topological space (X, T) is said
to converge to the fuzzy soft point eya, denoted by F — ega, if N(ew) S F.

Definition 3.23. Let (X, 7) be a fuzzy soft topological space, F be a fuzzy soft filter on
X and ezo € P(X, E). eza is called a fuzzy soft cluster point of F, denoted by F0eya,
if every fuzzy soft neighborhood of e o intersects all members of F.

Remark 3.24. [t is clear that if F — ega, then Fooeza. But the converse is not always
true. For example, consider the fuzzy soft topological space (X, T) as defined in Example
3.20. The fuzzy soft filter F = {h e (I")E : f = h} on X has a fuzzy soft cluster point

elos; but does not converge.
zy ’

Theorem 3.25. Let (X, 7) be a fuzzy soft topological space and let F be a fuzzy soft
filter on X. Then, Fooeza if and only if there exists a fuzzy soft filter G such that
G2 F and G — ega.
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Proof: If Fooe,a, then the collection B = {f rmg: feN(ew),g€ F} is a base for
a fuzzy soft filter G which is finer than F and converges to e;a

On the other hand, if G © F and G — e,a, then every f € N(ez) and every g € F
belong to G. Since G is fuzzy soft filter, f m g # é Thus, Fooe .

Theorem 3.26. Let (X,7) be a fuzzy soft topological space, f € (I*)F and e €
P(X, E). Then, the following conditions are satisfied.

(i) f e 1 if and only if for each fuzzy soft filter F on X converging to ez € f, we
have f e F.

(ii) ez is adherent to f if and only if there exists a fuzzy soft filter F on X such
that f¢¢ F and F — ezi-a.

(iii) f € ¢ if and only if whenever F is a fuzzy soft filter on X such that f¢ ¢ F
and F — €g1-a, then ez € f.

Proof: (i) The necessity is clear from the definition of a fuzzy soft open set.

To prove sufficiency, by Theorem 2.16 it is enough to show that f is a fuzzy soft
neighborhood of each of its fuzzy soft points. Let e, € f and take N (eza) = F. Then,
by hypothesis, we have f € N(eza).

(ii) If e4a is adherent to f, then for each g € N(ezi-a), g &£ f€. Letting F = N(egi-a),
we obtain F — e 1-a and f€ ¢ N(epi-a).

For the converse, let F be a fuzzy soft filter on X such that F — e -« and f¢ ¢ F.
Then, for each g € N (e 1-a) we have g & f¢, because otherwise we would have f¢ e F
which is impossible. Thus, e,« is adherent to f.

(iii) Necessity follows from (ii) and Theorem 3.21.

To prove sufficiency, we shall show that f & f. Let eye € f. By Theorem 3.21,
for each g € N(egi-a), g & f¢. Considering F = N(ey1-o), we have F — e,1-a and
f¢¢ N(egi-a). Thus, from hypothesis it follows that ea € f.

Theorem 3.27. Let (X, 1) and (Y, 7y) be two fuzzy soft topological spaces and ezo €
P(X,E). A fuzzy soft mapping ¢y = (X, 7)) — (Y, 72) is fuzzy soft continuous if and
only if whenever F converges to ez, oy(F) converges to oy(€ge).

Proof: Suppose ¢, is fuzzy soft continuous at e;o and F — eza. Let f be any
fuzzy soft neighborhood of ¢y (eze) in Y. Then, for some fuzzy soft neighborhood g of
ege, py(g) E f. Thus, from the fact that g € F it follows that f € ¢, (F).

Conversely, let F = N(ega). Since F — egza, by hypothesis, we have ¢y (F) —
¢y €z ). Then every fuzzy soft neighborhood f of py(e,a) belongs to ¢y (F). Therefore,
there is a fuzzy soft neighborhood ¢ of e,o such that ¢,(g) E f. Thus, ¢, is fuzzy soft
continuous at ega.

Definition 3.28. Let X; be a set for each i € J and let ei% € P(X;, E;). Then, the
fuzzy soft product | [,.; ei% is a fuzzy soft point in | |,.; X;, denoted by (€') (4, where
a=infl{a; i€ J}.
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Theorem 3.29. Let {(X;,7;)}ics be a family of fuzzy soft topological spaces and let T
be the product fuzzy soft topology on X (= [1..; X;). Then,

(i) A fuzzy soft filter F on X converges to (")) € P(X,E) if and only if
(Px)(as) (F) = (Px)an) (€)wye) = €o € P(Xi, Ey) - for eachie J.

(i) If F 0 (€')(z)a, then (px,)(gp)(F) 0 € o for eachie J.
Proof: (i) Because (px;)(qp,) is fuzzy soft continuous for each i € J, necessity follows

immediately from Theorem 3.27.
On the other hand, suppose (pXi)(qu)(}") — ei% for each i € J. By Theorem 2.20,

we know that the collection
B = {H(pxi)@;)(fi) s fien,Vie Nand A < Jis fim'te}
[N !

is a fuzzy soft base for 7. We shall show that for each h € B such that (€')(z,)e € h,
h € F, which will complete the proof. Let us take h = |_|] (px;. ) (fi,)eB such that

(€")(z;)o € h. By hypothesis, we have (pXij)(qu_)(]:) — ¢ aij for eachj €{1,2,...,n} and
therefore f;, € (pXij)(qu_)(]-" ). From Theorem 3.8 it follows that there exists a gj € F
such that (pXij)(qu_)(gj) C fi, and so that g; & (px,. )(’qz )(fl-j) for each j € {1,2,...,n}.
Thus, since [ ;_, g; € F and [ ];_, g; = []}_ 1(pX ) (fzj) = h, we obtain h € F.

(ii) It is clear from (i) and Theorem 3.25.

Definition 3.30. Two fuzzy soft points € a,, €%a, are said to be equal if e = €*, 11 = x,
1 2

and oy = ag. Thus, eial # eio% < x1 # T9 or el # €2 or ay = .
1 2

Definition 3.31. [15] A fuzzy soft topological space (X, T) is called fuzzy soft Hausdorff
space if for any two distinct fuzzy soft points e}ral, eio@ € P(X, E) there exist fuzzy soft
1 2

open sets [ and g such that ei,lll g7, ei? Cgand frg= .

Theorem 3.32. A fuzzy soft topological space (X, T) is a fuzzy soft Hausdorff space if
and only if every fuzzy soft filter on (X, T) converges to at most one fuzzy soft point.

Proof: Let (X, 7) be a fuzzy soft Hausdorff space and F be a fuzzy soft ﬁlter on
(X, 7). Suppose that F converges to two distinct fuzzy soft points el 2 and e? woa By
the fuzzy soft Hausdorfl property, there exist fuzzy soft open sets f and g such that
ex(;1 €f, €z§2 Egand fmg = @ Since F converges to eigxl and eng, then f,g € F.

Therefore, f ng = é e F, contradicting the definition of fuzzy soft filter.
Conversely, assume that every fuzzy soft filter on (X, 7) converges to at most one
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fuzzy soft point, but suppose that (X, 7) is not a fuzzy soft Hausdorff space. Then,
there are two distinct fuzzy soft points eial,ei% € P(X, E) such that every pair of
1 2

fuzzy soft neighborhoods f of ela; and g of e?a, intersect. Thus, F = {frmg: f €
1 2
N(ela)),g € N(€%ay)} is a fuzzy soft filter on X. Since every fuzzy soft neighborhood
1 Zo
of ela, and every fuzzy soft neighborhood of e2., belongs to F, we get F — ela;, and
Zy Lo Ty

F — €2a;. This is a contradiction.
2

The following example shows that a fuzzy soft filter can converge to more than one
fuzzy soft point in a fuzzy soft topological space which is not fuzzy soft Hausdorff space.

Example 3.33. Let (X, 7) be a fuzzy soft topological space which is defined in Example
3.20. Then, (X, T) is not a fuzzy soft Hausdorff space. Also, from the fact that F =
/\/’(eigj) = N(ei?,s) it follows that F — 6;8,7 and F — 6920(1)»5'

4 Conclusion

The study of filters is a very natural way to talk about convergence in an arbitrary
topological space. Also, they are an important tool used by researchers describing
non-topological convergence notions in functional analysis. Hence, the concept of filter
have been studied by many authors in both the fuzzy setting and the soft setting. In
the present work, we mainly establish some properties of fuzzy soft filters in Vicente
and Aranguren’s sense. We present the concept of a fuzzy soft ultrafilter and study
some of their properties. Also, we investigate convergence of fuzzy soft filters in a fuzzy
soft topological space with related results. Moreover, we show that a fuzzy soft filter
converge to at most one fuzzy soft point in fuzzy soft Hausdorff space. We believe that
the results of this work will contribute to advance and promote the further study on
fuzzy soft topology.
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