ISSN: 1304-7981

Gaziosmanpasa University

Graduate School of
Natural and Applied Sciences

Journal of New Results in Science S egens e

Received: 12.02.2014 Editors-in-Chief: Naim Cagman
Accepted: 25.03.2014 Area Editor: Oktay Muhtaroglu

Soft Connectedness Via Soft Ideals

A. Kandil* (dr.ali_kandil@yahoo.com)
O. A. E. Tantawy® (drosamat@yahoo.com)
S. A. El-Sheikh® (sobhyelsheikh@yahoo.com)
A. M. Abd El-latif*! (Alaa_8560@yahoo.com)

% Department of Mathematics, University of Helwan, Helwan, Eqypt
bDepartment of Mathematics, University of Zagazig, Zagazig, Eqypt
¢ Department of Mathematics, University of Ain Shams University, Cairo, Egypt'

Abstract - The notion of soft topological spaces with soft ideal
was studied by Kandil et al. [15]. Applications to various fields
were further investigated by Kandil et al. [13, 14]. The notion
of connectedness in soft topological spaces was initiated by Lin
in [19]. The purpose of this paper is to introduce and study the nected, Soft hyperconnected, *-
notion of connectedness to soft topological spaces with soft ideals.  soft separated, *-soft connected,
We study the notions of x-soft connected sets, x-soft separated
sets and *4-soft connected sets in soft topological spaces with soft
ideals.
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1 Introduction

The concept of soft sets was first introduced by Molodtsov [25] in 1999 as a general
mathematical tool for dealing with uncertain objects. In [25, 26], Molodtsov success-
fully applied the soft theory in several directions, such as smoothness of functions,
game theory, operations research, Riemann integration, Perron integration, probability,
theory of measurement, and so on.

After presentation of the operations of soft sets [23], the properties and applications
of soft set theory have been studied increasingly [4, 18, 26, 29]. In recent years, many
interesting applications of soft set theory have been expanded by embedding the ideas
of fuzzy sets [1, 3, 8, 21, 22, 23, 24, 26, 27, 35]. To develop soft set theory, the operations
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of the soft sets are redefined and a uni-int decision making method was constructed by
using these new operations [9].

Recently, in 2011, Shabir and Naz [30] initiated the study of soft topological spaces.
They defined soft topology on the collection 7 of soft sets over X. Consequently, they
defined basic notions of soft topological spaces such as open soft and closed soft sets, soft
subspace, soft closure, soft nbd of a point, soft separation axioms, soft regular spaces
and soft normal spaces and established their several properties. Hussain and Ahmad [10]
investigated the properties of open (closed) soft, soft nbd and soft closure. They also
defined and discussed the properties of soft interior, soft exterior and soft boundary
which are fundamental for further research on soft topology and will strengthen the
foundations of the theory of soft topological spaces. Kandil et al.[12] introduced a
unification of some types of different kinds of subsets of soft topological spaces using
the notions of y-operation. Kandil et al.[16] generalize this unification of some types
of different kinds of subsets of soft topological spaces using the notions of y-operation
to supra soft topological spaces. The notion of soft ideal is initiated for the first time
by Kandil et al.[15]. They also introduced the concept of soft local function. These
concepts are discussed with a view to find new soft topologies from the original one,
called soft topological spaces with soft ideal (X, 7, F, I ). Applications to various fields
were further investigated by Kandil et al. [13, 14]. In this paper we introduce and
study the notion of connectedness to soft topological spaces with soft ideals and give
basic definitions and theorems about it. This paper, not only can form the theoretical
basis for further applications of topology on soft set, but also lead to the development
of information systems.

2 Preliminary

In this section, we present the basic definitions and results of soft set theory which will
be needed in the sequel.

Definition 2.1. [25] Let X be an initial universe and E be a set of parameters. Let
P(X) denote the power set of X and A be a non-empty subset of E. A pair (F,A)
denoted by F4 is called a soft set over X , where F' is a mapping given by F' : A — P(X).
In other words, a soft set over X is a parametrized family of subsets of the universe X.
For a particular e € A, F(e) may be considered the set of e-approzimate elements of
the soft set (F,A) and if e ¢ A, then F(e) = ¢ i.e

Fy={F(e):e€ ACE, F:A— P(X)}. The family of all these soft sets denoted by
SS(X)a.

Definition 2.2. [25] Let Fa, Gp € SS(X)g. Then Fy is soft subset of Gp, denoted
by FAgGB; Zf

(1) AC B, and
(2) F(e) CG(e), Ve € A.

In this case, F4 is said to be a soft subset of Gg and Gg is said to be a soft superset of
Fa, Gp2Fy.
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Definition 2.3. [25] Two soft subset Fy and Gp over a common universe set X are
said to be soft equal if Fy is a soft subset of Gp and G is a soft subset of Fyu.

Definition 2.4. [}/ The complement of a soft set (F, A), denoted by (F,A), is defined
by (F,A) = (F',A), F' : A— P(X) is a mapping given by F'(e) = X — F(e), Ve € A
and F' is called the soft complement function of F.

Clearly (F')" is the same as F and ((F,A)") = (F, A).

Definition 2.5. [30] The difference of two soft sets (F, E) and (G, E) over the common
universe X, denoted by (F,E) — (G, E) is the soft set (H, E) where for all e € E,
H(e) = F(e) — G(e).

Definition 2.6. [30] Let (F, E) be a soft set over X andx € X. We say thatx € (F, E)
read as x belongs to the soft set (F, E) whenever x € F(e) for all e € E.

Definition 2.7. [30] Let v € X. Then xp denote the soft set over X for which
zp(e) = {x} Ve € E and called the singleton soft point.

Definition 2.8. [25] A soft set (F, A) over X is said to be a NULL soft set denoted by
¢ or ¢a if for alle € A, F(e) = ¢ (null set).

Definition 2.9. [23] A soft set (F, A) over X is said to be an absolute soft set denoted
by A or X, if for alle € A, F(e) = X. Clearly we have X'y = ¢4 and ¢y = X 4.

Definition 2.10. /23] The union of two soft sets (F, A) and (G, B) over the common
universe X is the soft set (H,C'), where C' = AU B and for all e € C,

F(e), ee A— B,
H(e) =4 Gl(e), e€ B— A,

Fle)UG(e), ec ANB

Definition 2.11. /23] The intersection of two soft sets (F,A) and (G,B) over the
common universe X is the soft set (H,C), where C = AN B and for all e € C,
H(e) = F(e) N G(e). Note that, in order to efficiently discuss, we consider only soft

sets (F, E) over a universe X in which all the parameter set E are same. We denote
the family of these soft sets by SS(X)g.

Definition 2.12. [36] Let I be an arbitrary indexed set and L = {(F;, E),i € I} be a
subfamily of SS(X)g.

(1) The union of L is the soft set (H,E), where H(e) = |J,c; Fi(e) for each e € E .
We write J,.,;(Fi, ) = (H, E).

(2) The intersection of L is the soft set (M,E), where M(e) = (,c; Fi(e) for each
ec E . Wewrite (,e;(Fi, E) = (M, E).

Definition 2.13. [30] Let T be a collection of soft sets over a universe X with a fized
set of parameters E, then 7 C SS(X)g is called a soft topology on X if

(1) X, ¢ €1, where qg(e) = ¢ and X(e) = X, Ve € E,

(2) the union of any number of soft sets in T belongs to T,
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(3) the intersection of any two soft sets in T belongs to T.
The triplet (X, 1, E) is called a soft topological space over X.

Definition 2.14. [10] Let (X, 1, E) be a soft topological space. A soft set (F,A) over
X s said to be closed soft set in X, if its relative complement (F, A) is open soft set.

Definition 2.15. [10] Let(X, T, E) be a soft topological space. The members of T are
said to be open soft sets in X. We denote the set of all open soft sets over X by
OS(X, 1, E), or when there can be no confusion by OS(X) and the set of all closed soft
sets by CS(X,1,E), or CS(X).

Definition 2.16. [30] Let (X, 7, E) be a soft topological space and (F,A) € SS(X)g.
The soft closure of (F, A), denoted by cl(F, A) is the intersection of all closed soft super
sets of (FyA). Clearly cl(F,A) is the smallest closed soft set over X which contains
(F,A) i.e

cl(F,A) = N{(H,C): (H,C)is closed soft set and (F, A)C(H,C)}).

Definition 2.17. [36] Let (X, 7, E) be a soft topological space and (F,A) € SS(X)g.
The soft interior of (G, B), denoted by int(G, B) is the union of all open soft subsets of
(G, B). Clearly int(G, B) is the largest open soft set over X which contained in (G, B)
i€

int(G, B) = U{(H,C) : (H,C) is an open soft set and (H,C)C(G, B)}).

Definition 2.18. [36] The soft set (F,E) € SS(X)g is called a soft point in Xg if

there exist v € X and e € E such that F(e) = {x} and F(e') = ¢ for each ¢ € E—{e},
and the soft point (F, E) is denoted by x..

Proposition 2.19. [31] The union of any collection of soft points can be considered as
a soft set and every soft set can be expressed as union of all soft points belonging to it.

Definition 2.20. [36] The soft point x. is said to be belonging to the soft set (G, A),
denoted by x.€(G, A), if for the element e € A, F(e) C G(e).

Definition 2.21. [36] A soft set (G, B) in a soft topological space (X, 1, E) is called a
soft neighborhood (briefly: nbd) of the soft point x.€Xg if there exists an open soft set
(H,C) such that z.&(H,C)C(G, B).

A soft set (G, B) in a soft topological space (X, 7, E) is called a soft neighborhood of
the soft (F, A) if there exists an open soft set (H,C) such that (F, A)é(H,C)C(G, B).
The neighborhood system of a soft point x., denoted by N.(z.), is the family of all its
neighborhoods.

Theorem 2.22. [19] Let (X, 7, E) be a soft topological space. For any soft point x.,
zEcl(F, A) if and only if each soft neighborhood of x. intersects (F, A).

Definition 2.23. [30] Let (X, 7, E) be a soft topological space, (F,E) € SS(X)g and
Y be a non null subset of X. Then the sub soft set of (F, E) overY denoted by (Fy, E),
18 defined as follows:

Fy(e)=Y NF(e) Ve € E.
In other words (Fy, E) = YO(F, E).
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Definition 2.24. [30] Let (X, 7, E) be a soft topological space and Y be a non null
subset of X. Then

v ={(Fy,E): (F,E) et}

is said to be the soft relative topology on'Y and (Y, 7y, E) is called a soft subspace of
(X, 7, E).

Theorem 2.25. [30] Let (Y, 1y, E) be a soft subspace of a soft topological space (X, 1, E)
and (F,E) € SS(X)g. Then

(1) If (F,E) is open soft set inY and Y € 7, then (F,E) € 7.
(2) (F,E) is open soft set in'Y if and only if (F, FE) = YA(G, E) for some (G,E)er.

(3) (F,E) is closed soft set in'Y if and only if (F,E) =YN(H, E) for some (H, E) is
T-closed soft set.

Definition 2.26. [12] Let (X, 7, E) be a soft topological space and (F,E) € SS(X)g.
If (F, E)Ccl(int(F, E)), then (F,E) is called semi-open soft set. We denote the set of
all semi-open soft sets by SOS(X, 1, E), or SOS(X) and the set of all semi-closed soft
sets by SCS(X, 1, E), or SCS(X).

Definition 2.27. [2] Let SS(X)a and SS(Y)p be families of soft sets, u: X —Y and
p: A — B be mappings. Let fy, : SS(X)a — SS(Y)p be a mapping. Then;

(1) If (F,A) € SS(X)a. Then the image of (F,A) under fp,, written as fu,(F,A) =
(fou(F),p(A)), is a soft set in SS(Y)p such that
£u(F)(b) = { vep-1na u(F(a)), p ' (b)NA# ¢,
pu ¢

otherwise.

)

forallbe B.

(2) If (G,B) € SS(Y)p. Then the inverse image of (G,B) under fp,, written as
[l (G, B) = (f,.1(G),p~'(B)), is a soft set in SS(X)a such that

f(G)(a) ={ gD
for all a € A.

The soft function f,, is called surjective if p and u are surjective, also is said to be
imjective if p and u are injective.

Definition 2.28. [12, 20, 36] Let (X, 11, A) and (Y, 19, B) be soft topological spaces and
fou:SS(X)a — SS(Y)p be a function. Then The function f,, is called

(1) Continuous soft if f,}(G,B) € n V (G, B) € 7.

(2) Open soft if f,u(G,A) € 2V (G, A) € 7.

(3) Semi open soft if f,u(G, A) € SOS(Y)V (G, A) € 7.

(4) Semi continuous soft function if f,;,X(G, B) € SOS(X)V (G, B) € 7.
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(5) Irresolute soft if f,,'(G,B) € SOS(X)VY (G,B) € SOS(Y)[f,,/(F,B) € SCS(X)
V (F,B) € SCS(Y)].

(6) Irresolute open soft (resp. irresolute closed soft) if f,u(G,A) € SOS(Y)V (G, A) €
SOS(X)(resp. fu(F, A) € SCS(Y)V (F,A) € SCS(Y)).

(7) B-irresolute soft if f,,}(G,B) € BOS(X)V (G, B) € BOS(Y).
Theorem 2.29. [36] Let SS(X)a and SS(Y)p be families of soft sets. For the soft
function fp, : SS(X)a — SS(Y)gs, the following statements hold,

(a) fou' (G, B)) = (' (G, B))V (G, B) € SS5(Y)p.

(b) fou(frt (G, B))C(G, B)Y (G, B) € SS(Y)p. If fpu is surjective, then the equality
holds.

(c) (F, A)éf;ul(fpu((F, AV (F,A) € SS(X)a. If fou is injective, then the equality
holds.

Definition 2.30. /6] Let (X, 7, E) be a soft topological space and x,y € X such that
x #y. Then (X, T, E) is called a soft Hausdorff space or soft Ty space if there exist open

soft sets (F, E) and (G, E) such that x € (F, E), y € (G, E) and (F, E)N(G,E) = ¢
Definition 2.31. [11]. A non-empty collection I of subsets of a set X is called an ideal
on X, if it satisfies the following conditions

(1) AclandBel=AUBel,

(2) Acland BC A= Bel,
.e. I is closed under finite unions and subsets.

Definition 2.32. [15] Let I be a non-null collection of soft sets over a universe X with
a fized set of parameters E, then I C SS(X)g is called a soft ideal on X with a fized
set B iof

(1) (F,E)e I and (G,E) € I = (F,E)U(G,E) € I,
(2) (F,E) el and (G,E)C(F,E) = (G,E) € I,

i.e. 1 is closed under finite soft unions and soft subsets.

Definition 2.33. [19] Let (X, 7, E) be a soft topological space. A soft separation on
X is a pair of non null proper open soft sets such that (F, E)N(G,E) = ¢ and X =
(F,E)J(G,E).

Definition 2.34. [19] A non null soft subsets (F, E), (G, E) of a soft topological space
(X, 7, E) are said to be soft separated sets if cl(F, EYN(G, E) = (F, E)Ncl(G, E) = ¢.
Definition 2.35. [19] A soft topological space (X, 7, E) is said to be soft connected if

and only if X can not expressed as the soft union of two soft separated sets in (X, 7, E).
Otherwise, (X, T, E) is said to be soft disconnected.

Definition 2.36. [7] Let (X,7,E) be a soft topological space. A soft semi separa-
tion on X is a pair of non null proper semi open soft sets (F,E),(G,E) such that
(F,E)A(G,E) = ¢ and X = (F, E)JU(G, E).

Definition 2.37. [7] A soft topological space (X, T, E) is said to be semi-soft connected
if and only if there is no soft semi separations on X . Otherwise, (X, 7, E) is said to be
soft semi disconnected.
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2.1 Soft Connected Spaces Via Soft Ideals

In this section we extend the notion of soft connectedness mentioned in [19] to soft
topological spaces with soft ideal and study some of its basic properties.

Definition 2.38. Let (X, 7, E) be a soft topological space. Two soft sets (F,E) and
(G, E) are said to be disjoint if F(e)NG(e) = ¢ Ve € E.

Definition 2.39. Let (X, 7, E) be a soft topological space. A x-soft separation of X
is a pair of non null proper soft sets with (F,E) € 7 and (G,E) € 7 such that
(F,EYN(G,E) = ¢ and X = (F, E)U(G, E).

Definition 2.40. A soft topological space with soft ideal (X, 7, E [) 18 said to be x-soft
connected if and only if there is no x-soft separations on X. If (X, 7, E I) has such
*-soft separations, then (X, 1, E, I) 15 said to be x-soft disconnected.

Theorem 2.41. Let (X, 7, E, 1) be a soft topological space with soft ideal and (X, 7*, F)
be a its x-soft topological space, then the following are equivalent:

(1) X is x-soft connected.

(2) X can not be expressed as a soft union of two non null disjoint soft subsets
(F,FE), (G, E) of X which are T-open soft and T*-open soft respectively.

(3) X can not be expressed as a soft union of two non null disjoint soft subsets
(FVE), (G,E) of X which are T-closed soft and T*-closed soft respectively.

(4) There is no proper soft subset (F, E) of X, which is neither T*-open soft and 7-
closed soft, nor 7*-closed soft and T-open soft.

Proof.
(1) < (2) It is obvious from Definition 2.40.

(2) = (3) Suppose that X = (F, E)JU(G, E) for some 7-closed soft (F,E) and 7*-
closed soft (G, E) such that ( , E)N (G E) = ¢. Then (F,E) = (G, E)’ which
is T-open soft and 7*-open soft, X = (G, E)U(G, E)" and (G, E)A\(G,E) = ¢,
which is a contradiction with (2)

(3) = (4) Suppose that there is a proper soft subset (F, E) of X, which either 7*-open
soft and 7-closed soft, or 7*-closed soft and 7-open soft. Then (F, E)" is 7*-closed
soft and (F, E) is 7-closed soft with X = (F, E)U(F, E) and (F, E)\(F,E) = ¢,
which is a contradiction with (3).

(4) = (1) Suppose that X = (F, E)JU(G, E) for some T-open soft (F, E) and 7*-open
soft (G, E) such that (F, E)A(G,E) = ¢. Then (F,E) = (G,E)" and (G, E) =
(F,E). Then (F, E) is 7*-closed soft and 7-open soft and (G, F) is 7*-open soft
and 7-closed soft, which is a contradiction with (4).

Theorem 2.42. If (X, 1, E, IN) 18 x-soft connected topological space with soft ideal, then
(X, 7, E) is soft connected.

Proof. Immediate.
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Remark 2.43. The converse of Theorem 2.42 is not true in general, as in the following
example.

Example 2.44. Let X = {hy, ho,hs}, E = {e}, 7 = {X, ¢, (F\, E), (Fy, E)}, where
(F1, E), (Fy, E) are soft sets over X defined by Fi(e) = {ha} and Fy(e) = {h1, ha} and

I ={¢,(I1,E), (15, E), (I3, E)} be a soft ideal over X where (I1, E), (Iy, E), (I3, E) are
soft sets over X defined by I(e) = {h1}, I(e) = {ho} and I3(e) = {h1,ha}. Then
™ = SS(X)g is a soft topology finer than 7. Hence (X, T, E) is soft connected but

(X, 7, E, 1) is x-soft disconnected.

Theorem 2.45. Let (X1, 71, A, I) and (X2, 72, B, J) be soft topological spaces with soft
ideal and fpu @ (X1,71, A, I) — (Xo, 72, B,J) be a surjective continuous soft function.
If (X1, 7, A, I) is x-soft connected, then (X3, To, B, J) is x-soft connected.

Proof. Suppose that X is -soft disconnected. Then there exists a x-soft separation
(F,B), (G, B) of X, with (F,B) € 7, and (G, B) € 75 such that (F, B)\(G,B) = ¢p
and X, = (F,B)JU(G,B) from Theorem 2.41. So we have ol [(F, B)N(G, B)] =
f;;;l(F’ B)ﬁf;}(G, B) = f;l(qu) = ¢4 and f;;}[(Fv B)CJ(G, B)] = f;;ul(Fv B)ofﬁl(G’ B)
= fo.(X5) = X, from Theorem 2.29. Thus, f;.}(F, B) and f,;}(G, B) are x-soft separa-
tion of X 1, which is a contradiction with *-soft connectedness of X;. Hence (X, 7o, B, J )
is x-soft connected.

Definition 2.46. Let (X, 7, E) be a soft topological space and (Z, E)QX with © €
(Z,E). Then the soft component of (Z, E) w.r.t. x is the maximal of all soft connected
subspaces of (Z,7z, E) containing x and denoted by C[(Z, E), x| or C(Zg,x) for short,
i.e

C’(ZE, v) =U0{YgCZg:a € Yg, Ygis soft connected}.

Theorem 2.47. Every soft component of a soft topological space (X, 7, E) is a mazimal
soft connected subset of X.

Proof. It is obvious from Definition 2.46.

Theorem 2.48. Every soft component of a soft topological space (X, 7, E) is closed soft
set.

Proof. It is obvious from Definition 2.46 and from the fact that the soft closure of
a soft connected set is a soft connected.

Theorem 2.49. Let (X, 7, E) be a soft topological space. Then:

(1) Each element x € X is contained in exactly one component of X .

(2) Any two soft components w.r.t. two different elements of X are either disjoint or
1dentical.

Proof.

(1) Let x € X and consider the collection

C={(Z E)CX :x € (Z E), (Z,E) is soft connected}

Then we have,
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(a) C # ¢, for the singleton soft point zp is a soft connected subset of X con-
taining x.Then xp € C.

(b) N{(Z,E)CX : z € (Z,E) : (Z,E) is soft connected} # ¢. Since z €

(Z,E)V(Z,E) € C.

(c) The soft set U{(Z, E)CX : x € (Z,E), (Z,E) is soft connected}, having a
non null soft intersection, is soft connected subset of X containing x.

(d) O{(Z,E)CX : z € (Z,E), (Z,F) is soft connected} is the largest soft
connected subset of X containing z, which is the soft component C'(X, z) of
X w.r.t z and containing x from Definition 2.46.

Now, suppose C*(X, z) be another soft component ‘containing z, then C*(X,x)
is a soft connected subset of X containing z, but C'(X, ) is a soft component,
then C (X ) is the largest soft connected subset of X containing z, consequently,
C*(X,x)CC(X, z).Similarly C(X,2)CC*(X, z), and hence x is contained in ex-
actly one soft component of X.

(2) Let C(X, ;) , C(X,z) be the soft components of X w.r.t two different elements
x1, T of X with z; # x5 respectively. If C’(X xl)ﬁC’(X To) = ¢, then we get the
proof. So, let C(X 21)AC(X, T3) # ¢. We may choose a x € C’(X 11)AC (X, x5).
Clearly, z € C(X,z,) and z € C(X, z5), which mean that C'(X, z) is the largest
soft connected subset of X containing ;. C(X, T) is the largest soft connected
subset of X containing z. Therefore, C(X,z1) = C(X, z,), and hence C(X,z,)
and C (X ,9) are identical. This completes the proof.

Definition 2.50. A soft topological space (X, T, E) is said to be soft hyperconnected if
and only if every pair of non null proper open soft sets (F, E), (G, E), has a non null
soft intersection, i.e (X, 7, E) is said to be soft hyperconnected iff V(F, E), (G, E) € T
we have (F, E)A\(G, E) # ¢.

Theorem 2.51. Fvery soft hyperconnected soft topological space is soft connected.

Proof. Suppose that (X, 7, E) be a soft disconnected soft topological space, then
there exists a proper soft set (F, FE), which is 7-open soft and 7-closed soft. Then
(F,E) € 7 and (F,E) € 7 such that (F, E)A\(F, E)’ = ¢. Hence X is not soft hyper-
connected, which is a contradiction. Thus, (X, 7, E) is is soft connected.

Remark 2.52. The converse of Theorem 2.51 is not true in general, as shown in the
following example.

Example 2.53. Let X = {hy, ho, hs, ha}, E = {e1,ex} and 7 = {X, ¢, (F\, E), (F, E),
(F3, E)} where (Fy, E), (Fy, E), (F3, E) are soft sets over X defined as follows:

Fi(er) ={h}, Fi(ez) = {ha},

Fy(er) = {ha, b3},  Fa(ea) = {h, hs},

Fg(el) = {hhhg,hg}, Fg(eg) = {]’Ll,h27h3}.

Then T defines a soft topology on X. Hence the space (X, T, E) is soft connected but
not soft hyperconnected.
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Definition 2.54. A soft subset (F, E) of a soft topological space with ideal (X, 7, E, )
is said to be x-soft dense if ClI*(F,FE) = X. A soft topological space with soft ideal
(X, 7, E, 1) is said to be a x-soft hyperconnected if every non null T-open soft set (F, E)
is x-soft dense.

Theorem 2.55. Every x-soft hyperconnected soft topological space is x-soft connected.

Proof. Suppose that (X, 7, E, I ) be a x-soft disconnected soft topological space
with soft ideal. Then 3 two non null proper soft sets (F, E), (G, E) with (F, F) € 7 and
(G, E) € 7 such that (F, E)A(G,E) = ¢ and X = (F,E)J(G, E). Then (G, E) = ¢,
which is a contradiction. Hence (X, 7, E, I) is #-soft connected.

Theorem 2.56. If (X, 1, E, 1:) 1s *-soft hyperconnected soft topological space with soft
ideal, then (X, 7, E) is soft hyperconnected.

Proof. Immediate.

Remark 2.57. The converse of Theorem 2.56 not true in general, as shown in the
following example.

Example 2.58. In Ezample 2.44, the soft topological space (X, T, E) is soft hypercon-
nected and the soft topological space with soft ideal (X, T, E,I) is not *-soft hypercon-
nected.

Theorem 2.59. . If (X, 7, F, f) be a x-soft hyperconnected soft topological space with
soft ideal, then (X, T, E) is connected.

Proof. Immediate by Theorem 2.42 and Theorem 2.55.

On accounting of Theorems 2.42, 2.51, 2.55 and Theorem 2.56, we have the follow-
ing corollary.

Corollary 2.60. The following implications hold from Theorems 2.42, 2.51, 2.55 and
Theorem 2.56 for a soft topological space (X, 7, E) and a soft topological space with soft
ideal (X, 1, E,I)

(X, 7, E, f) is x-soft hyperconnected = (X, 1, F) is soft hyperconnected

\ 3 U
(X, 7, E, 1) is x-soft connected = (X, 7, E) is soft connected

2.2 x,Soft Connected Spaces Via Soft Ideals

Definition 2.61. A non null soft subsets (F,E), (G,FE) of a soft topological space
with soft ideal (X, 7, E, 1) are said to be x-soft separated sets if cl*(F, E)YNG,E) =
(F,E)Ncl(G, FE) = é. Here we may interchange the roles of (F,E) and (G, E). Indeed,
if (F,E), (G,E) are x-soft separated sets, then cl*(G, E)N(F,E) = (G, E)Acl(F,E) =
¢.

Theorem 2.62. Let (F,E)C(G,E), (H,E)YC(K,E) and (G, E), (K,E) are soft -
soft separated subsets of a soft topological space with soft ideal (X, 1, E, f) Then
(F\E), (H,E) are x-soft separated sets.
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Proof. Since (F, E)C(G, E), then cl(F, E)Ccl(G, E). 1t follows that,
cl(F, B)A(H, E)Ccl(F, E)A(K, E)Cel(H, E)A(K, E) = ¢,

Also, since (H, E)C (K, E).

Then cl*(H, E)Ccl*( JE).

Hence (F, E)Ncl*(H, E)é(F E)Acl* (K, E)Cd*(K, E)NG, E) = ¢.
Thus, (F, E), (H, E) are x-soft separated sets sets.

Theorem 2.63. Let (X, 7, E, I) be a soft topological space with soft ideal. If (F, E), (G, E)
are x-soft separated sets and (F, E)U(G,E) € 7. Then (F,E), (G, E) are 7™*-open soft
and T-open soft, respectively.

Proof. Suppose that (F, E), (G, E) be ax-soft separated sets such that (F, E)J(G, E)
€ 7, then ((F, F)U(G, E) is 7*-open soft set. Since cl*((G, E)) is 7*-closed soft set,
then (cl*((G, E)))" is 7*-open soft set. It follows that, ((F, E)U(G, E))N(cl*((G, E))) =
(F, E)is T*-open soft set. Then (F, E) = [(F, E)N(cl*((G, E)))'|0[(G, E)N(cl*((G, E)))']
is 7*-open soft set. The rest of the proof by similar way.

Theorem 2.64. Let (X, 7, E, I) be a soft topological space with soft ideal. If (F, E), (G, E)
are x-soft separated sets and (F, E)J(G, E) is T-closed soft set. Then (F,E), (G, F)
are T*-closed soft and T-closed soft respectively.

Proof. It is similar to the proof of Theorem 2.63

Theorem 2.65. Two T-closed soft subsets of soft topological space with soft ideal
(X, 7, E,I) are %-soft separated sets if and only if they are disjoint.

Proof. Let (F,E), (G,FE) are x-soft separated sets. Then cl*(G, E)N(F,
(G, E)Acl(F, E) = ¢. Since (F,E), (G, E) are closed soft sets. Then (F, E)N(G, E) =
¢. Conversely, let (F,E), (G, FE) are T-closed soft sets such that (F, E)N(G, F) = ®.
Then (G, E)Acl(F,E) = ¢ and *(G, E)A(F, E)Ccl(G, EYN(F, E) = (F,E)A(G, E) =
¢ from [[15] Theorem 3.2]. It follows that (F, E), (G, E) are +-soft separated sets.

Definition 2.66. A soft topological space with soft ideal (X, T, E, f) 18 said to be x4-soft
connected if and only if X can not expressed as the soft union of two x-soft separated
sets in (X, 7, E,I).

Theorem 2.67. Let (Z,77, E, fz) be a soft subspace of a soft topological space with
soft ideal (X, 7,E,I) and (F\, E),(Fy, EYC(Z,E)CX. Then (Fy, E), (Fy, E) are %-soft
separated on Tz if and only if (F1, E), (Fy, E) are x-soft separated on T, where Ty is the
soft relative topology with soft ideal on (Z,E) and Iy = {(Z, E)0(I,E) : (I,E) € I}.

Proof. Suppose that (Fy, E), (Fy, E) are x-soft separated on 7, < clZ_(Fi, E)N(F, E)
= $and (Fy, E)Acl, (Fy, E) = ¢ < [cl*(F), BYA(Z, E)A(Fy, E) = cl*(Fy, E)A(Fy, E) =
¢ and [cl.(Fy, EYN(Z, E)JA(Fy, E) = el (Fy, E)A(FLE) = ¢ < (Fy,E),(Fy, E) are
*-soft separated on 7.

Theorem 2.68. Let (Z, E) be a soft subset of a soft topological space with soft ideal
(X,7,E,I). Then (Z,E) is xs-soft connected w.r.t (X, 7, E,I) if and only if (Z, E) is
*g-soft connected w.r.t (Z,77,E, 7).
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Proof. Suppose that (Z, E) is not *,-soft connected w.r.t (2,74, E,I;) < (Z,E) =
(Fy, E)U(Fy, E), where (Fy, E) and (Fy, E) are %-soft separated on 7, < (Z,F) =
(F1, E)U(F3, E), where (Fy, F) and (Fy, E) are %-soft separated on 77 from Theorem
2.67 < (Z,F) is not xs-soft connected w.r.t (X,7,E,I).

Theorem 2.69. Let (7,77, E, ~1:Z) be a xs-soft connected subspace of a soft topological
space with soft ideal (X,7,E,I) and (F,~E), (G, E) are *-soft separated of X with
(Z,E)C(F, E)U(G, E), then either (Z, EYC(F,E) or (Z,E)C(G, E).

Proof. Let (Z, E)C (F E)U(G, E) for some x-soft separated sets (F, E), (G, E) on
7. Since (Z, E) = ((Z, E)N\(F, E))U ((, EYN(G, E)). i
Then ((Z, EYN((F, E))Uclz((Z, E)N(G, E))CS(F, E)Ncl (G, E) = ¢.
Also, e, ((Z, E)A((F. E))O((Z, EYA(G. E))Cel, (F, EYA(G. E) = 6. 1 (Z, EYA(F, E)
and (Z, E)N(G, E) are non null soft sets. Then (Z, E) is not x4-soft connected w.r.t
(Z,74,E,1Iz) from Theorem 2.68, which is a contradiction. Thus, either (Z, E)N(F, E) =
¢ or (Z, E)ﬁ(G, E) = ¢. It follows (Z,E) = (Z, E)A(F,E) or (Z,E) = (Z, E)YAN(G, E).
This implies that, (Z, EYC(F, E) or (Z,E)C(G, E).

Theorem 2.70. Let (Z, 74, E, fz) be a *s-soft connected subspace of a x4-soft connected
topological space with soft ideal (X, 7, E,I) such that (Z, E) is the soft union of two
*-soft separated sets (F,E), (G,E) of X, then (Z,E)O(F,E) and (Z, E)J(G,E) are
*¢-soft connected.

Proof. Suppose that (Z, E)J(F,E) is not *g-soft connected w.r.t (X, 7, E, ).
Then, there exist two non null x-soft separated sets (K, F) and (H,E) of X such
that (Z, B)O(F,E) = (K, E)O(H, E).

Since (Z, E) is %,-soft connected and (Z, E)C(Z, E)U(F,E) = (K, E)U(H, E). It
follows that, either (Z, E)C(K,E) or (Z,E)C(H,E) from Theorem 2.69. Suppose
(Z, B)C(K, E). Since (Z, E)J(F,E) = (K, E)U(H, E) and (Z, F)C(K, E), implies that
(Z, E)J(F, E)S(K, E)U(F, E). So (K, E)O(H, E)C(K, E)U(F, E). Hence (H, E)C(F, E),
(F,E)C(F,E). By Theorem 2.62, (H,F), (G, E) are x-soft separated.

Now, clz(H, E)N[(K, E)O(G, E)] = [clz(H, E)YA(K, B)|O[cl;(H, E)A(G, E)] = ¢ and
(H,E)Acl, [(K,E)U(G,E)] = (H E)N [, (K, E)O c.(G,E)] = [(H, E)Nl,. (K, E)|U
[(H,E)N cl. (G, E)| = ¢. Tt follows that, (H, E) and [(K, E)U(G, F)| are %-soft sepa-
rated on 7. Smce( E) = (F,E)U (G,E)

Then X = (2, E)O(Z, E) = (2, EYO[(F, E)Y(G, E)| = (2, E)O(F, E)JO(G, E) =
[(K,E)J(H, E)U(G,E) = (H,E)U[(K,E)U ( ,E)]. Thus, X is the soft union of two
non null x-soft separated sets (H, F) and (K, E) (G, E), which is a contradiction. A
similar contradiction will arise if (Z, B)C(H, E). Hence, (Z, E)U(F, E) is *s-soft con-
nected. Similarly, we can prove that(Z, E)U(G, E) is x.-soft connected.

If I = {(;NS} in Theorem 2.70, we get the following corollary.

Corollary 2.71. Let (Z,74,F) be a soft connected subspace of a soft topological space
(X, 7, E) such that (Z, E)' is the soft union of two soft separated sets (F, E), (G, E) of
X, then (Z, E)J(F, E) and (Z, E)J(G, E) are soft connected.

The following theorem shows that the soft union of two x,-soft connected sets is a
*¢-soft connected set, if none of them is *,-soft separated.
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Theorem 2.72. If (Z,77,E) and (Y,7y,E) are xs-soft connected subspaces of soft
topological space with soft ideal (X, 7, E,I) such that none of them is x,-soft separated,
then (Z, E)J(Y, E) is x¢-soft connected w.r.t (X, 7, E,I).

Proof. Let (Z, 7z, E) and (Y, 7y, E) be %,-soft connected subspaces of X such that
(Z, E)O(Y, E) is not *4-soft connected w.r.t (X, 7, E, I). Then, there exist two non null
*-soft separated sets (K, E) and (H, E) of X such that (Z, E)O(Y, E) = (K, E)JU(H, E).
Since (Z, E), (Y, E) are ,-soft connected and (Z, E), (Y, E)C(Z, E)U(Y, E) = (K, E)U
(H,E).

Then, either (Z, E)C(K, E) and (Y, E)C(H, E) or (Z, E)C(H, E) and (F, E)C(K, E)
Theorem 2.69. If (Z, E)C(K, E) nd( EYC(H,E).

Then (Z,E)N(H,E) = (K, E)YN(Y,E) = ¢. Therefore, [(Z, E)U(Y, E)JN(K,E) =
KZDNK@]K?)(EﬂzKZ@N@DW¢—@EWME)i@E-
Also, [(Z, EYO(Y, E)IA(H, E) = [(Z, E)A(H, E)O[(Y, B)A(H, E)] = ¢0[(Y, EYA(H, B)] =
(Y, E)N(H, >=<Ex ) ) )

Slmllarly, (Z,E)C(H,E) and (Y,E)C(K,E). Then [(Z, E)U(Y,E))N(K,E) =

(Z,E) and [(Z E)u( E)A(H,E) = (Y,E). ) )

Now, (2, B)O(Y, E)(H, E)Inel (2, YUY, E)N(K. B)IC((2

(H, E)A[cl,(( pw@<@>c< E)| = 6 and cl(((Z, E)O(Y. E))

(2. EYO(Y. EA(K, B)|C[el:((2, B)YO(Y, EYAc:(H, E)JA((Z, B)O(Y,

6. Tt follows that [(Z, E)O(Y, E)A(K, E) = (Z,E) and [(Z. E)U(Y,
2l Z, !
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connected w.r.t (X, 7, E, f)

Remark 2.73. The following example shows that the union of two *s-soft connected
subsets of a soft topological space with soft ideal is not a *s-soft connected set in general.

Example 2.74. Let X = {hy, ho, hg, hs}, E = {e} and T = {)2,(57 (F, E), (Fy, E), (F3, E)}
where (F1, E), (Fy, E), (Fs, E) are soft sets over X defined as follows:

Fi(e) = {ha}, Fa(e) = {h2, ha}, Fi(e) = {h1, ha, ha}.

Then T defines a soft topology on X. Let I = {¢, (I, E)}, where (I, E) is a soft
set over X defined by I (e) = {ho}. Hence the soft sets (G, E) and (H, E) which de-
fined by G(e) = {hy,ha}, H(e) = {hy, hs}, are *5-soft connected. But their soft union
(G,E\U(H,E) = (K, E), where K(e) = {hy,ho,hs}. Here (K,E) = (A, E)J(B, E),
where A(e) = {hy} and B(e) = {hy, hs}. Then, we have cl*(A, EYA\(B,E) = ¢ and
(A, E)Acl.(B,E) = ¢. So (A, E), (B, E) are x-soft separated sets. Hence (A, EYJ(B, E)

18 not x4-soft connected.

Theorem 2.75. Let (Z,77, E fZ) be a xs-soft connected soft subspace of a xs-soft con-
nected topological space with soft ideal (X, 7, E I) and (Y, E) € SS(X)g.

If (Z, E)C(Y, E)Ccl*(Z,E). Then (Y, 7y, E,Iy) is *s-soft connected soft subspace
of (X,7,E,I).

Proof. Suppose that (Y, 1y, F, _fy) is not *z-soft connected w.r.t (X, 7, E, _f)

Then, there exist x-soft separated sets (F, E)and (G, F) on 7 such that (Y, E) =
(F,E)U(G, E). Thus, we have (Z, E) is x¢-soft connected subset of a x4 -soft discon-
nected space. By Theorem 2.69, either (Z, E)C(F, E) or (Z, E)C(G, E). If (Z, E)C(F, E).
Then cl*(Z, E)Ccl*(F, E) It follows that, cl*(Z, EYN\(G, E)Ccl*(F, EYN(G, E) = ¢.
Hence (G, E) = cl*(Z, EYN(G, E) = ¢, which is a contradiction. Also, if (Z, E) (G, E).
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By a similar way, we can get (F, E) = ¢, which is a contradiction. Hence (Y, 7y, E, Iy)
is x¢-soft connected w.r.t (X, 7, E, I).

Corollary 2.76. If (Z, 714, FE, :fz) 18 *s-soft connected soft subspace of a soft topological
space with soft ideal (X, 7, E,I). Then cl:(Z, E) is xs-soft connected.

Proof. It is obvious from Theorem 2.75.

Theorem 2.77. If for all pair of elements x, y € X with x # y there exists a -soft
connected set (Z,E) C X with x, y € (Z,E), then X is *s-soft connected.

Proof. Suppose that X is ,-soft disconnected. Then X = (F, E)J(G, E), where
(F,E), (G, E) are %-soft separated sets. It follows (F, E)N(G, E) = ¢. So, 3z € (F,E)
and y € (G, E). Since (F, E)N(G,E) = ¢. Then z, y € X with z # y. By hypothesis,
there exists a %,-soft connected set (Z, F) C X with z, y € (Z, E). Moreover, we have
(Z, F) is x¢-soft connected subset of a xs-soft disconnected space. Then, by Theorem
2.69, either (Z, E)C(F, E) or (Z, E)C(G, E) and both cases is a contradiction with the
hypothesis. This implies that, X is *g-soft connected.

Theorem 2.78. Let {(Z;,7z,, E, fzj) 7 € J} be a non null family of xs-soft connected
subspaces of soft topological space with soft ideal (X, T, E, I). If Njes(Z;, E) # b, then
(UjerZj,m O,e02;0 By 1o, ,2;) 18 a xs-soft connected soft subspace of (X, 1, E,I).

Proof. Suppose that (Z, 74, F, fz) (UjesZ;, T0,e0250 s fojeJZj) is *,-soft discon-
nected. Then (Z, F) = (F, E)U(G, E), where (F,E), (G, E) are x-soft separated sets
on 7z. Since N;es(Z;, E) # ¢. Then 3z € N;es(Z;, E). Tt follows that, = € (Z, E). So
either x € (F,E) or z € (G,E). Suppose that z € (F,E). Since z € (Z;,E) Vi € J
and (Z;, E)C(Z, E). Thus, we have (Z;, E) is .- soft connected subset of a xg-soft dis-
connected space. By Theorem 2.69, either (Z;, E)C(F, E) or (Z;, E)C(G,E) Vi € J. If
(Z;, E)YC(F,E) Vi € J. Then (Z,E)C _(F, F). This implies that, (G, E) = ¢, which is a
contradiction. Also, if (Z;, E)C(G, E) Vi € J. By a similar way, we can get (F, E) = ¢,
which is a contradiction. Thus, (Z,7z, E,I;) = (U a2y T, 2, B [uJeJZJ) is *4-soft

connected soft subspace of (X, 7, F, I ).

Theorem 2.79. Let {(Z;,7z,, E, I~Z].) 2 j € J} be a family of xs-soft connected subspaces
of soft topological space with soft ideal (X, 7, E,I) such that one of the members of
the family intersects every other members, then (Ujc;Z;, TQjEJZj,E,[ojEJZj) 1S *5-Soft
connected soft subspace of (X, 7, E,I).

Proof. Let (Z,72,E,1z) = (UjesZj,To,c,2,, B Io,e,2,) and (Zjo, E) € {(Z;, E) :
j € J} such that (Z;,, E)A(Z;,E) # ¢ Vi € J. Then (Z,, E)J(Z;, E) is % soft
connected Vj € J from Theorem 2.78. Therefore, the collection {(Z;,, E)J(Z;,E) :
j € J} is a collection of a x¢-soft connected subsets of X, which having a non null
soft intersection. Thus,(UjesZ;, 0,025 B foj o Zj) is x4-soft connected soft subspace of
(X, 7, E, Ifrom Theorem 2.78.

Definition 2.80. Let (X, 7, E f) be a soft topological space with soft ideal and (Z, E)éf(
with x € (Z, E). Then the x,-soft component of (Z, E) w.r.t. x is the mazimal of all x,-
soft connected soft subspaces of (2,72, F, 1) containing = and denoted by Cy[(Z, E), x|
or Cy(Zg, x) for short, i.e
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C’S(ZE,x) = U{YeCZp 1 €Y, Ygis %, —soft connected}.

Theorem 2.81. Every *s-soft component of a soft topological space with soft ideal
(X, 7, E, 1) is a mazimal *s-soft connected subset of X.

Proof. It is obvious from Definition 2.80.

Corollary 2.82. Every %¢-soft component of a soft topological space with soft ideal
(X,1,E, 1) is T*-closed soft set.

Proof. It obvious from Corollary 2.76.
Theorem 2.83. Let (X, 1, F, ]~) be a soft topological space with soft ideal. Then:
(1) Each point in X is contained in exactly one xs-soft component of X.

(2) Any two *s-soft components w.r.t. two different points of X are either disjoint or
1dentical.

Proof. It is similar to the proof of Theorem 2.49.

Proposition 2.84. Let (Z, 7z, B, I~Z)~ be a soft subspace of a soft topological space with
soft ideal (X, 7, E,I), (Y,E)C(Z, E)CX and (Z,E) € 7. Then (Y, E) € 15 if and only
if (Y,E) e 1.

Proof. Suppose that (Y, E) € 75 and (Z,E) € 7Ct* < (Y, E) = (Y,E)N(Z,E) €

T*.

Theorem 2.85. Let (Z,77, F, _fZ) be a soft open subspace of a soft topological space
with soft ideal (X, 7, E,I). Then (Z, E) is xs-soft connected w.r.t (X, 7, E,I) if and
only if (Z, E) is x-soft connected w.r.t (X, 7, E,I).

Proof. Suppose that (Z, E) is not x-soft connected w.r.t (X, 7, E, f) Then, there
exist two non null disjoint 7z-open soft (£, E') and7-open soft (G, E) such that (Z, E) =
(F, E)U(G, E). By Proposition 2.84, (F, E) and (G, E) are two non null disjoint 7-open
soft and 7*-open soft. It follows that, cl*(F, EY\(G, E) = (F, E)Acl,(G, E) = ¢. This
implies that, (Z, E) is not %,-soft connected w.r.t (X, 7, E, I), which is a contradiction.

Conversely, assume that (Z, F) is not x-soft connected w.r.t (X, 7, E’j) Then,
there exist x-soft separated subsets (F, E), (G, E) of X such that (Z, E) = (F, E)J(G, E).
By Theorem 2.63, (F, E), (G, E) are 7"-open soft and 7-open soft. By Proposition 2.84,
(FE), (G, E) are T5-open soft and 7z-open soft, respectively. Since (F, E), (G, E) are
*-soft separated sets. Then (F, E), (G, E) are two non null disjoint 7-open soft and 7*-
open soft such that (7, ) = (F, E)U(G, E). Therefore, (Z, E) is not %-soft connected

w.r.t (X, 7, E,I), which is a contradiction.

Theorem 2.86. Let (X, 7, F, f) be a soft topological space with soft ideal. Then, each
*5-s0ft connected subspace (Z,7z, B, I7) of X which is both open soft and x-closed soft
18 *g-soft component of X.
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Proof. Let (Z,74, F, I z) be a xg-soft connected subspace of X which is both open
soft and *-closed soft. Let x € (Z,FE). Since (Z,F) is a s-soft connected subset
of X containing z, if Cy(Zp,x) is the x,-soft component of (Z, E) w.r.t. x. Then
(Z,E)CCy(Zp, x). Now, we want to show that Cy(Zg,z)C(Z, E), it is equivalent to
prove that Cy(Zp,z)N(Z,E) = ¢. So, Suppose that Cy(Zg,z)N(Z, E) # ¢. Since
(Z, E) is both open soft and *-closed soft. Then (Z, E)’ is both closed soft and x-open
soft. Also, . . )

Cs(Zg,x)N(Z, E)N[Cs(Zg, x)NZ,E)] = ¢

and
[C’S(ZE,x)ﬁ(Z, E)]O[GS(ZE,x)ﬁ(Z, E)]=(Z,E)U(Z, E)’}ﬁé’s(ZE,x) = éS(ZE,I)

Again (Z,F),(Z, E)" are two non null disjoint open soft and x-open soft sets, respec-
tively such that (Z, E)Ncl(Z, E)' = ¢ and cl*(Z, EYA\(Z, E)' = ¢, which is a contradic-
tion with the %4-soft connectedness of Cs(Zg, z). It follows that Cy(Zg, z)C(Z, E) ,and
so Cy(Zp, x) = (Z, FE). This completes the proof.

3 Conclusion

Topology is an important and major area of mathematics and it can give many relation-
ships between other scientific areas and mathematical models. Recently, many scientists
have studied the soft set theory, which is initiated by Molodtsov and easily applied to
many problems having uncertainties from social life. In the present work, we have
continued to study the properties of soft topological spaces. We introduce and study
the notion of connectedness to soft topological spaces with soft ideals. We study the
notions of x-soft connected sets, x-soft separated sets and *4-soft connected sets in soft
topological spaces with soft ideals. and have established several interesting properties.
Because there exists compact connections between soft sets and information systems
[29, 33], we can use the results deducted from the studies on soft topological space to
improve these kinds of connections. We see that this paper will help researcher enhance
and promote the further study on soft topology to carry out a general framework for
their applications in practical life.
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