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Abstract - Neutrosophic ideals of a I'-semiring are introduced

and studied in the sense of Smarandache[14], along with some Keywords - Cartesian prod-
operations such as intersection, composition, cartesian product wuct, Homomorphism, Ideal, In-
etc. on them. Among the other results/characterizations, it is  tersection, Neutrosophic.

shown that all the operations are structure preserving.

1 Introduction

Uncertainties, which could be caused by information incompleteness, data randomness
limitations of measuring instruments, etc., are pervasive in many complicated problems
in biology, engineering, economics, environment, medical science and social science. We
cannot successfully use the classical methods for these problems. To solve this problem,
the concept of fuzzy sets was introduced by Zadeh [15] in 1965 where each element have
a degree of membership and has been extensively applied to many scientific fields. As a
generalization of fuzzy sets, the intuitionistic fuzzy set was introduced by Atanassov [1]
in 1986, where besides the degree of membership of each element there was considered
a degree of non-membership with (membership value + non-membership value) < 1.
There are also several well-known theories, for instances, rough sets, vague sets,
interval-valued sets etc. which can be considered as mathematical tools for dealing with
uncertainties. In 1995, inspired from the sport games (winning/tie/defeating), votes,
from (yes/NA /no), from decision making (making a decision/ hesitating/not making),
from (accepted/pending/rejected) etc. and guided by the fact that the law of excluded
middle did not work any longer in the modern logics, F. Smarandache [14] combined
the non-standard analysis [4, 11] with a tri-component logic/set /probability theory and
with philosophy and introduced Neutrosophic set which represents the main distinction
between fuzzy and intuitionistic fuzzy logic/set. Here he included the middle compo-
nent. i.e. the neutral/ indeterminate/unknown part (besides the truth/membership
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and falsehood/non-membership components that both appear in fuzzy logic/set) to
distinguish between ’absolute membership and relative membership’ or ’absolute non-
membership and relative non-membership’(see, [6, 13]). There are also several authors
[2, 3, 8] who have enriched the theory of neutrosophic sets.

Inspired from the above idea and motivated by the fact that ’semirings arise natu-
rally in combinatorics, mathematical modelling, graph theory, automata theory, parallel
computation system etc.’, in the paper, I have used that to study the ideals, which play
a central role in the structure theory and useful for many purposes, of I'-semirings[10]
- a generalization of semirings [5, 7] and obtain some of its characterizations.

2 Preliminaries

We recall the following results for subsequent use.

Definition 2.1. Let S and I" be two additive commutative semigroups with zero. Then
S is called a T-semiring if there ezists a mapping S x I' x S — S ( (a,a,b) — acd)
satisfying the following conditions:

(i) (a+ b)ac = acc+ bac
(ii) aa(b+ c) = aab + aac
(ii1) a(a+ B)b = aad + afb
(iv) aa(bfc) = (aad)pBe
(v) Ogaa = 0g = aalg
(vi) aOrb = 05 = b0ra
for all a,b,c € S and for all o, € T.

For simplification we write 0 instead of Og and Or.

Definition 2.2. A left ideal I of I'-semiring S is a nonempty subset of S satisfying the
following conditions:

(i) If a,b€ I thena+be [
(ii) Ifacl, s€S and~y €T then sya € I
(iii) T #S.

A right ideal of S is defined in an analogous manner and an ideal of S is a nonempty
subset which is both a left ideal and a right ideal of S.

Definition 2.3. Let R, S be two I'-semirings and a,b € R, v € I'. A function f : R —
S is said to be a homomorphism if

(i) fla+0b) = f(a)+ f(b)
(ii) f(ayb) = f(a)vf(b)
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(11i) f(Og) = O0s where Og and Og are the zeroes of R and S respectively.

Definition 2.4. A neutrosophic set A on the universe of discourse X is defined as
A=<z AT(2), Al(z), AF () >, 2 € X}, where AT AL, AT : X —]70,1%[ and ~0 <
AT(x) + Al(z) + AF(x) < 3T . From philosophical point of view, the neutrosophic set
takes the value from real standard or non-standard subsets of 70, 1%[. But in real life
application in scientific and engineering problems it is difficult to use neutrosophic set
with value from real standard or non-standard subset of |~0,17[. Hence we consider the
neutrosophic set which takes the value from the subset of [0, 1].

3 Main Results

Throughout this section unless otherwise mentioned S denotes a ['-semiring.

Definition 3.1. Let u = (uT, p!, uf) be a non-empty neutrosophic subset of a T-
semiring S (i.e. anyone of p*(x), p'(x) or u*(z) not equal to zero for some x € S).
Then p is called a neutrosophic left ideal of S if

(i) p"(x+y) > min{u"(z), /" (v)}, p" (zyy) > p" (y)
(i) p!(x +y) > LOTEW T () >l (y)

(iii) " (x4 y) < max{u"(z), u" (y)}, u" (zyy) < p"(y).

forallz,y €S and vy €T
Stmilarly we can define neutrosophic right ideal of S.

Example 3.2. Let S be the additive commutative semigroup of all non-positive integers
and I' be the additive commutative semigroup of all non-positive even integers. Then S
1s a I'-semiring if ayb denotes the usual multiplication of integers a,~,b where a,b € S
and v € I'. Define a neutrosophic subset u of S as follows

(1,0,0) if z=0
p(x) =< (0.8,0.3,0.4) if x is even
(0.3,.02,0.7) if x is odd

Then the neutrosophic set p of S is a neutrosophic ideal of S.

Theorem 3.3. A neutrosophic set p of a I'-semiring S is a neutrosophic left ideal of
S if and only if any level subsets pul = {x € S: u"(x) >t t € [0,1]}, pl :={z € S:
pl(x) >t, t €[0,1]} and pf == {x € S: puf'(x) <t, t €[0,1]} are left ideals of S.

Proof. Assume that the neutrosophic set p of S is a neutrosophic left ideal of S. Then
anyone of u?, u! or p is not equal to zero for some x € S i.e., in other words anyone
of ul', ul or ul is not equal to zero for all ¢ € [0,1]. So it is sufficient to consider that
all of them are not equal to zero.

Suppose z,y € py = (ul, pul, uf'), s € S and v € I'. Then

p(z +y) > min{u” (z), p" (y)} > min{t, ¢} =¢
/LI@: +y) > Ml(x);ﬂl(y) > % =t
pf (2 +y) < max{p’(z), p"(y)} < max{t,t} =1
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which implies x +y € pl, ul, pf" ie., x +y € py. Also

pt(syz) > pt(x) >t
p (syx) > pl(x) > t
" <

(syz) < pf(x) <t

Hence syx € pu.

Therefore p; is a left ideal of S.

Conversely, suppose (i (# ¢) is a left ideal of S. If possible u is not a neutrosophic left
ideal. Then for x,y € S anyone of the following inequality is true.

p' (x4 y) < minfp’ (2), 1" (y)}

il ( +y) < EEl)

pF (@ +y) > max{u” (), u" (y)}
For the first inequality, choose t; = L[ (z+y)+min{u” (z), u* (y)}]. Then p”(z+y) <
t1 < min{p” (z), " (y)} which implies z,y € pf but x +y & pf - a contradiction.
For the second inequality, choose to = £ [u! (z+y)+min{z! (z), u' (y)}]. Then p!(z+y) <
ty < w which implies z,y € M{Q but x +y ¢ ué - a contradiction.
For the third inequality, choose t3 = 3[uf (z + y) + max{p” (), u* (y)}]. Then p* (z +
y) > t3 > max{u" (z), u" (y)} which implies z,y € pf, but 2+y & pf, - a contradiction.
So, in any case we have a contradiction to the fact that p; is a left ideal of S.
Hence the result follows. H

Definition 3.4. [9] Let p and v be two neutrosophic subsets of S. The intersection of
i and v s defined by

(6 N o7 () = minfu? (2), 7 (2))
(! (1)) = minpd (2), v/ ()}
(1" N o) (2) = max{p" (), " (2)}
forallz € S.

Proposition 3.5. Intersection of a non-empty collection of neutrosophic left ideals is
also a neutrosophic left ideal of S.

Proof. Let {p; : i € I} be a non-empty family of neutrosophic left ideals of a I'-semiring
Sand z,y € S,y €Tl Then

(Dp) (@ +y) =it pi(e+y)>inf {minfuf (2), 1 (y)}}
= min{inf u (z),inf 17 (y)}
= min{( 0 ) (@), (00 ()}

I _ I > inf @)
(Dpi)e+y) =inf pi(z+y) >inf 5=

: I : I
inf i (z)+Hnf p;(y)

2
Nl N !
Dk @)+ 0 ()

2
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(Cp)a+ ) =sup pf (a4 y) < sup {max{uf (x), 4 (1))}
= max{stle% pi (), sup 1 (y)}
= max{(06) (@), ()}

T —inf 1 (zyy) > inf \(y).
(D) wyy) = inf i (zyy) > inf i (y) = (D) ()

iel
I = i 1 > Hy) = N (y).
() (eyy) = inf g (zyy) > inf i (y) = (0 p)(y)
(D) (wyy) =sup i (wyy) < sup p (y) = (0 ) (1)-
iel i€l i€l iel
Hence ‘ﬂlui is a neutrosophic left ideal of S. O]
S

Proposition 3.6. Let f : R — S be a morphism of I'-semirings. Then

(1) If ¢ is a neutrosophic left ideal of S, then f~1(¢) [12] is a neutrosophic left ideal
of R.

(i) If f is surjective morphism and u is a neutrosophic left ideal of R, then f(u) [12]
18 a neutrosophic left ideal of S.

Proof. Let f: R — S be a morphism of I'-semirings.
(i) Let ¢ be a neutrosophic left ideal of S and r,s € R, v € T.

fRH@N)r +5) = 0" (F(r +5)) = 6 (f(r) + f(5))
> min{¢" (f(r)), ¢* (f(s))} = min{(f~(¢"))(r), (/7 (¢"))(s)}-

FHeN(r +5) i(f(T’ﬂLS)) o' (f (1) f(s))

'(f (r))+¢1(f(8)) — @O+ H@D)(s)

= 2

N +s) =" (f(r +5)) =" (f(r) + [(5))
< max{¢" (f(r)), 6" (f(s))} = max{(f~"(¢"))(r), (f ' (&"))(s)}.

Again
(fTH))(rys) =" (f(rys)) = ¢ (f(r)vf(s))
> ¢T(f(s) = (f71(6"))(s)
(fH N (rys) = &' (f(rys)) = &' (f(r)vf(5))
> ¢'(f(s)) = (f7(d))(s)
(f N (rys) =" (f(rys)) = ¢ (f(r)1f(s))
< ¢"(f(s)) = (f7H(e"))(s)

Thus f~!(¢) is a neutrosophic left ideal of R.
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(ii) Suppose u be a neutrosophic left ideal of R and z',y € S, v € I'. Then

(F(u"N (@ +y) = supp®(2) > suppl(z+y) >sup{min{p?(z),u"(y)}}
zef~Ya'+y")  zef-l(2’)yef1(y)

= min{sup p” (), sup u” ()} = min{(f (")) ("), (fF (")) (¥)}.

zef~1a')  yef)

(FED) +y) = supp!(z) > supp!(z +y) >sup’

zef 1@’ +y')  wefl@)yef W) ,
:%[supuf<$>+supu<>]=%[<< M) + ()W),
zef~1(z") yef~1(y')

(f(u) (@' +y) = inf H(F(Z)) < inf /(LF)(rL’ + y() | < inf{max{u¥ (z), u¥'(y)}}
e f1(a' 4y’ zef—1(=")yef~1(y
= max{inf ¢ (), inf 1 (y)} = max{(f(1"))(@), (f (") (¥)}.

zef-1(z")  yef-1(y)

Again
fu") (@ yy) =sup p’(z) > sup p'(zyy)
ef L@ vy)  wefHa)yef1()

> sup i (y) = F(u")().
yef~1(y)

fuh) (@) =sup pl(z) > sup p!(zyy)
ef ) el uer )
) =

> sup pl(y) = f(u")(y).
yef~1(y")

F)(@yy) =inf pf(z) < inf pf(ayy)
sef7Malyy) e @) yer Tty
<inf u"(y) = f(u") ().
yel 1y
Thus f(u)is a neutrosophic left ideal of S.
[

Definition 3.7. [9] Let i and v be two neutrosophic subsets of S. The cartesian product
of u and v is defined by

(u" > ") (z,y) = min{u" (z),v" (y)}

i (z) + v (y)
2

(1" x v")(z,y) = max{p” (z),v" (y)}

(u" x v (z,y) =

forall z,y € S.

Theorem 3.8. Let u and v be two neutrosophic left ideals of S. Then pu X v is a
neutrosophic left ideal of S x S.
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Proof. Let (x1,22), (y1,y2) € S x S and v € I'. Then

(n" x vT)(z1 + 9171’2 +y2)

min{u” (z1 + 1), v ($2 + 1)}

min{min{u” (z1), u” (y1)}, min{" (z3), VT(yz)}}
min{min{p" (21), " (25)}, mln{u (1), V" (y2)}}
= min{(u" x v7) (21, 22), (1" < V") (y1,92)}-

(1" x V) (w1, w2) + (91, 12))

IV Il

(W' x ) (1, m2) + (Y1, 42)) = (1" x V') (21 + y1, 22 + y2)
I (m1+y1)+l/1(:v2+y2)

1{# (m)+u (y1) + VI(952)+VI(?J2)}

2

v

—_

?{MI(;“)-E_V;(M) + MI(yl)-zVII(m)}I
Ut x vh) (@, 2) + (00 X v ) (Y1, ¥2) }-

(1" x vE) (21, 29) + (y1,%2)) = (U5 x ") (21 4 y1, 22 + )

max{p" (21 +y1), v (22 + 12)}

max{max{p" (1), " (y1) }, max{v" (z2), " (y2) } }
max{max{y" (1), V" (22)}, max{p" (y1), v" (y2)}}
= max{(u" x )21, 22), (1" x V") (y1,92)}-

Al

(NT X VT)(QH’YZ/bSUz’YyQ) = mm{MT(ﬂh’Vyl),VT(xz’Ym)}

(W' x V") (1, 22)7(y1,92)) =
> min{u” (y1),v" (y2)} = (" x ") (Y1, 2)-

Iy _ pl@ivy) el (@eyy2)
2

v (z19y1, TayYy2) =

(! x ) (21, 22)7 (g1 y2) = (W' > v
@ (y1)+V (y2) _ (” < v )(y1,y2).

>

(1" x V) (@ryyr, movye) = max{p" (x1yy1), vF (22vy2) }

(1" < V) (21, 22)7 (31, 92)) =
< max{p" (y1), V" (92)} = (1" x ") (y1, 2).

Hence p x v is a neutrosophic left ideal of S x S.
]

Theorem 3.9. Let pu be a neutrosophic subset of S. Then p is a neutrosophic left ideal
of S if and only if pu X p is a neutrosophic left ideal of S x S.

Proof. Suppose p be a neutrosophic subset of S. If i is a neutrosophic left ideal of S
then by Theorem 3.8, 1 X p is a neutrosophic left ideal of S x S.

Conversely, suppose p X p is a neutrosophic left ideal of S x S and 1, x9,y1,y2 € 5,
v € I'. Then

min{p” (z1 + 1), 7 (2 +12)} = (17 x 15 (21 + y1, 22 + 12)
= (@ x pB)((@1, 22) + (11, y2))
> min{(p” x pF) (21, 22), (1" x 1) (y1,y2)}
= min{min{u” (z1), u7 (22) }, min{ T (1), u” (y2)}}.
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“I(x1+y1)42ruf(:v2+y2) — (,LLI % ,LLI)(Jfl +y1,ﬂ?2 _|_y2)

= (u! x ph) (21, 22) + (Y1, 92))
(" xp") (@1,0) + (! x ) (y1,y2)

v

2
_ %[u’(wl);u’(m) + ul(yl);ru’(w)]‘

max{u” (z1 + 1), 1" (2 +12)} = (1" x w5 (@1 +y1, 22 + 12)
= (1" x p") (21, 22) + (Y1, 42))
< max{(u" x p") (21, 22), (W7 X 7)) (Y1, y2)}
= max{max{y" (x1), u" (x2) }, max{pu" (y1), " (y2)} }.

Now, putting z; = x,25 = 0,y; = y and y» = 0, in the above inequalities and noting
that p7(0) > p”(z), p'(0) = 0 and ' (0) < pf'(z) for all z € S we obtain

p" (x4 y) > min{p” (z), " (y)}
Ml(x +y) > u’(z);ul(y)
p"(x +y) < max{p”(z), u"(y)}.

Next, we have

min{p? (z1yy1), u* (T2yy2)} (p

= (u" < ") (v, wayye) = (" x p) (21, 22)7 (41, 12)
> (p

x ") (y1,y2) = min{p" (y1), 1" (y2)}-

!

p! (@1yy) +v! (z2vy2)
2

L) (21, 22)y(y1, 12))
T'x ,ul)(yl,yg)
bl (va)

max{p" (x1yy1), " (z2yy2)} = (W5 x ") (@1yyn, wavye) = (" x 1) (21, 22)7 (91, 92))

; (1" < ") (1, y2) = max{u” (1), u" (y2)}-

Taking x1 = z,25 = 0,y; = y and y» = 0, we obtain

u! (zyy) > ' (y)
p!(zyy) > pt(y)
pF (zyy) < pf(y).

Hence p is a neutrosophic left ideal of S. ]

Definition 3.10. Let p and v be two neutrosophic sets of a I'-semiring S. Define
composition of p and v by

pfovl(z) = sup {miin{uT(ai), v (bi)}}

n

z= Z a;y;b;

i=1
=0, if x cannot be expressed as above
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,uIOVI(x) _ sup S ! (ai)+v! (b;)

i=1 2
n
= E afylbl
i=1

=0, if x cannot be expressed as above
WFovf(x) = inf {max{uF (a), ¥ (b)})
z= Z a;Yib;
i=1

=0, if x cannot be expressed as above
where x,a;,b; € S and v; € T, fori=1,...,n.

Theorem 3.11. If p and v be two neutrosophic left ideals of S then pov is also a
neutrosophic left ideal of S.

Proof. Suppose pu, v be two neutrosophic ideals of S and z,y € S, vy € I'. If x +y
cannot be expressed as Z?:1 a;;b;, for a;,b; € S and ~; € T', then there is nothing to
prove. So, assume that z + y have such an expression. Then

(uTovt)(x +y)
= oswp {min{pf(a), v7(0)}}

T+y= Z a;Yib;

T {min 4" (cx), 7 (o) 7 ) 7 () 1)

n

= Z cididi, Yy = Z eznzfz
=1

=1

= min{  sup {miin{uT(ci), vi(d;)}},  sup {miin{MT(ei% v (fi)}})

z= i c;i0;d; i eini fi
i=1 i=1

v

<
I

T T

= min{(p"ov")(z), (1" ov")(y)}.
(ulov!)(z +y)
n I a; VI 7
= Shlp Zi:l W
Tty= Z Cbi%'bi
i=1
n L(e) v (dy)+pt (e))+v I (f;
> ) sup ) Zizlu() ()2u() (fo)
z= Z ci0id;, y = Zemifi
i=1 i=1
n Te))+v!(d; n He) v (Ji
>5[ sup L R swp o 3op el

= Z ci0;d; y= Z eini fi
i—1 =1

_ (o)) (@)+(plor))(y)
: .
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(o) (x +y)

— inf {max{p” (a:;), v" (b:)}}

n
THy= E a;yib;
i=1

inf

T= zn: ciéidi, Yy =
=1

= max{ inf

T= zn: Cz(gldz

i=1
F . F

AN

n

Z €inifi

i=1

{miax{:uF(Ci)v VF(di)> “F(ei)> VF(fZ)}}

{max{p"(c;),v"(di)}}y,  inf {max{u"(e:),v" (fi)}}}

F_ . F

— max{(uF ov")(x), (1T o™ (y)}.

(u"ov™) (zyy)

(1" ov") (zyy)

= sup
n

y= Z eini fi
i=1

{min{u" (), " (b,)}}

TYYy= E a;ob;
i=1

> sup

{TH}H{MT@V%)’ vI(fi)}}

Y= Z xyen; fi
i=1

> sup

{min{u" (e:), v* (fi) }} = (nov")(y).

y= Z €ini fi
i=1
(wfov")(zyy) = sup

n
Tyy= g a; ;b
i=1

> sup

n Ha)+vi(b;
o, el

n I (zye)+v!(fi
Zizlu('y% (fi)

TYY= Z xyen; fi
i=1

> sup

n Te)+vi(f;
Zizlu( );r (f):(

plovh)(y).

y= Z €in fi
i=1

= inf

{mzax{,uF(az‘), vE(bi)}}

n
Tyy= g ;b
i=1

IN

inf

TYY= Z xyen; fi
i=1

< inf

y= Z €ini i
i=1

{max{u" (27,7 (£,)})

{max{u”(e;), v (f)}} = (" or")(y).

Hence pov is a neutrosophic left ideal of S.

60
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4 Conclusion

In this paper, we have studied neutrosophic ideals of I'-semirings in the sense of
Smarandache[14] with some operations on them and obtain some of its characteri-
zations. Our next aim is to use these results to study some other properties such prime
neutrosophic ideal, semiprime neutrosophic ideal, radicals etc..
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