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Abstract - In this paper we introduce the notion of r-r1o-fuzzy

semiopen sets in smooth supra topological space (X, 712) which is

induced from smooth bitopological space (X, 71, 72) [1]. We show Keywords - Smooth bitopo-
the present notion of fuzzy semiopen set and the notion of (i, j)-  logical spaces, smooth supra topo-
fuzzy semiopen in [25] are independent. In addition by using this  logical space, 1-fuzzy semiopen,
new class of r-m1o-fuzzy semiopen sets we constructed a new type  supra fuzzy semiclosure operator,
of supra fuzzy closure operator which create a new smooth supra  fuzzy semi continuous ( fuzzy ir-
topological space 73, finer than 7y5. Finally, we introduce and resolute) maps.

study different types of fuzzy semi continuity, which are related

to the constructed closure operator and their induced topologies.

1 Introduction

The concept of fuzzy sets was introduced by Zadeh in his classical paper [34]. There-
after many investigation have been carried out in the general theoretical field and also in
different application sides, based on this concept. Change [7] used the concept of fuzzy
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sets to introduce fuzzy topological spaces and several authors continued the investiga-
tion of such space. A cording to Sostak and Badard, the definition of fuzzy topology is a
crisp subfamily of fuzzy sets and fuzziness in the concept of openness of a fuzzy set has
not been considered, which seems to be a drawback in the process of fuzzifications of
the concept of topological spaces. Therefore, Sostak in [30] introduced a new definition
of fuzzy topology as an extension of both crisp topology and Chang’s fuzzy topology, in
the sense that not only the object were fuzzified, but also the axiomatic. Badard in [5]
introduce the concept of smooth structure and gives some rules and shows how such an
extension can be realized. Chattopdhyay et al. [8, 9] have redefined the similar concept
of fuzzy topology in Sostak sense under the name ”gradation of openness”. In [10, 23]
Ramadan gave a similar definition namely ”smooth topology” for lattice L = [0, 1], it
has developed in many direction [3, 13, 16, 18, 22, 31, 32]. It worths to mention that
the terms fuzzy topology in Sostak sense, gradation of openness and smooth topology
are all more or less referring to the same concept. In our paper, we choose the term
smooth topology. Lee et al. [20] introduced the concept of smooth bitopological space
(smooth bts, for short) as a generalization of smooth topological space and Kandil’s
fuzzy bitopological space [14].

The so-called supra topology was established by Mashhour et al. [21] (recall that
a supra topology on a set X is a collection of subsets of X, which is closed under
arbitrary unions). Abd El-Monsef and Ramadan in [2] introduced the concept supra
fuzzy topology, followed by Ghanim et al. [12] who introduced the supra fuzzy topology
in Sostak sense. Abbas [1] generated the supra fuzzy topology from fuzzy bitopological
spaces in Sostak sense as an extension of generated supra fuzzy topology in the sense
of Kandil et al. [15].

The concept of fuzzy semiopen sets and fuzzy semicontinuous mapping in fuzzy
topological spaces was studied by Azad [4]. Kumar in [29] generalize the concepts of
fuzzy semiopen sets, fuzzy semi-continuous mappings into fuzzy bitopological spaces. In
[17] and [19] the authors introduced the notion of fuzzy r-semiopen sets and fuzzy r-semi-
continuous maps in smooth topological space which are generalization of fuzzy semiopen
sets and fuzzy semi-continuous maps in Chang’s fuzzy topology. In [25] Ramadan and
Abbas introduced the notion of r-fuzzy semiopen in smooth bts. And in [11] El-sheikh
characterized the notion of r-fuzzy semiopen sets in [25] and generalized the notions
that introduced in [24], [28], [29] to smooth bts. Recently in [33] we introduced the
concept of generalized fuzzy closed set in smooth bts.

In this paper we define r — 75-fuzzy semiopen sets in smooth supra topological
space (X, T12) induced by smooth fuzzy bitopological space (X, 7y, 73) and we study
some properties of them, we show the present notion of fuzzy semiopen set and the
notion of r(i, j)-fuzzy semiopen in [25] are independent. By using this new class of r-
T19-fuzzy semiopen sets we define fuzzy semiclosure operator in smooth supra topological
space associated with smooth fuzzy bitopological space, we show that it is supra fuzzy
closure operator. Moreover it create a smooth supra topology which is finer than a
given smooth supra topology 75 induced by 71, 7,. We investigate some properties of
the supra fuzzy semiclosure operator. Finally, we use smooth supra topological spaces
which are induced from smooth bitopological spaces and constructed supra semiclosure
operators and their induced topologies to introduce and study fuzzy semi continuous
(resp., open, closed) mappings and fuzzy irresolute, fuzzy irresolute open (resp., closed)
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mappings in smooth bitopological spaces.

2 Preliminary

Throughout this paper, let X be a nonempty set, I = [0,1], Iy = (0,1]. A fuzzy set
p of X is a mapping from X to I, the family of all fuzzy sets of X is denoted by IX.
For a € I, a(x) = a for all x € X. By 0 and 1 we denote constant maps on X with
value 0 and 1, respectively. For any fuzzy set u € IX the complement of j, denoted by
1—p. For x € X and t € I, a fuzzy point x; is defined by ¢ if z = y and 0 otherwise,
for all y € X. Let Pt(X) be the family of all fuzzy points in X. A fuzzy point z; is said
to be belong to a fuzzy set A, denoted x; € \ if and only if A(x) > t. For u, A € I*, p
is called quasi-coincident with A, denoted by p ¢ A, if p(z) + A(z)> 1 for some z € X,
otherwise we write ;1 ¢ A. And p ¢ A if and only if 3x; 2 € p,zy ¢ A. FP (resp., F'P¥)
stand for fuzzy pairwise (resp., fuzzy P*). The indices 7,j € {1,2} and i # j.

Definition 2.1. /5, 8, 23, 30] A smooth topology on X is a mapping T : I — I which
satisfies the following properties.

1. 7(0)=7(1) =1,

2. T(Ml N MQ) > T(:ul) A T(MQ), v M1, p2 € ]X;

8. (Vg i) = Niey T(12), for any {p; i€ J} C I*.

The pair (X, 7) is called a smooth topological space. For r € Iy, p is r-open fuzzy
set of X if () > r, and p is r-closed fuzzy set of X if 7(1—p) >r.

In [30], Sostak used the term "fuzzy topology” and in [8], Chattopadhyay et al. used
the term "gradation of openness” for a smooth topology 7.

If T satisfies conditions (1) and (3), then T is said to be a smooth supra topology
and (X, T) is said to be a smooth supra topological space [12].

Definition 2.2. [20, 30] A triple (X, T, 72) consisting of the set X endowed with smooth
topologies 1 and 7o on X is called a smooth bitopological space (smooth bts, for short).
For X € I* and r € Iy, r-ri-open (respectively, closed) fuzzy set denotes the r-open
(respectively, closed) fuzzy set in (X, 1;), for i =1,2.

The concepts of fuzzy closure (resp., interior) for any fuzzy set in smooth topological
space is given in the following definition.

Definition 2.3. [9] Let (X, 7) be a smooth topological space. A fuzzy closure is a
mapping C,. : I’X x Iy — I* such that

Cr(\r) = /\{/L cI¥lu>N 7(1—p)>r}, VYA€ I and Vr € . (1)
And, a fuzzy interior is a mapping I, : I’X x Iy — I defined as:
L.(\r)= \/{u eI u< A\ 7(u) >r}, VA€ I* and Vr € Iy, (2)

satisfies

LA=X\r)=1-C.(\r). (3)
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Definition 2.4. [9] A mapping C : [* x Iy — I is called a fuzzy closure operator if,
for A\, € I and r,s € Iy, the mapping C satisfies the following conditions.

(C1) C(0,r) =0,

(C2) A< C(\ 1),

(C8) C(A\,r)V C(u,r)=C(AV u,r),

(C4) C(\,1) <C(N\s) ifr <s,

(C5) C(C(A,r),r)=C(A\T).

The fuzzy closure operator C generates a smooth topology ¢ : I — I defined as
follows

(V) =\/{rel|CI-\r)=1-1} (4)

such that C = C,,. If the map C : I x Iy — I satisfied the conditions (C1) —
(C4) only, then the pair (X, C') is called fuzzy closure space, such that the fuzzy closure
operator C' and the fuzzy closure C;, are not coincide.

If C satisfies conditions (C1),(C2),(C4),(C5) and the following inequality

(C3) CA7r)VC(u,r) < CAV p,r),

then C' is called supra fuzzy closure operator on X [1]. and it generates a smooth
supra topology 7¢ : I — 1 as (4)

By applying (3) in Definition 2.4, the definitions of fuzzy interior operator and supra
fuzzy interior operator are obtained.

The following theorems show how to generate a supra fuzzy closure operator from
a smooth bts (X, 71, 7).

Theorem 2.5. [1] Let (X, 71, 72) be a smooth bts. For each A\ € IX,r € .

1. The mapping Cyp : I* X Iy — IX such that Cia(A\, 1) = Cry(\,7) ACry(A\,7) is a
supra fuzzy closure operator on X.

2. The mapping Ly : I* x Iy — I* which is defined as Iio(\, 1) = L, (A, 1)V L,(\, 1)
is a supra fuzzy interior operator on X, satisfies I12(1 — A\, 7) =1 — Ca(A, 7).

Theorem 2.6. [1] Let (X, 11, 72) be a smooth bts and (X, Cha) be a supra fuzzy closure
space. Define the mapping 7 : I — I on X by

TS()\) = \/{T1(>\1) A TQ()\Q) . )\ = )\1 V )\2, )\1,)\2 € IX}

where \/ is taken over all families {\1, \a € I* : X = X\, V \o}. Then
1. 7 = T¢,, 1S the coarsest smooth supra topology on X which is finer than 7 and
T2.

2. Cp=C, =C

TCyg”
Remark 2.7. In this paper we will denote to 7¢,, by Tio.

Definition 2.8. [16] A mapping [ : (X, 7, 72) — (Y,7{,75) from a smooth bts
(X, 71, 72) to another smooth bts (Y, 1y, 75) is said to be

1. F P-continuous if and only if 7,(f~*(n)) > 77 (1) for each p € I andi = 1,2, (or
in other words a mapping f is said to be F' P-continuous iff f : (X, 7;) — (Y, 7))
is f-continuous, i =1,2).
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2. FP-open (resp., closed) if and only if 7 (f(p)) > 7:(u) (resp., 77 (f(1 — p)) >
7:(1 — p)) for each p € I and i =1,2.

3. FP*-continuous (resp., F'P*-open, FP*-closed) if and only if f : (X, 12) —
(Y, 115) is F-continuous (resp., F-open, F-closed) [26].

Definition 2.9. [17, 19] Let (X, T) be a smooth topological space, let X € IX and r € I,.
Then X is said to be

1. r-fuzzy semiopen set (r-fso set, for short) if there exists r-open fuzzy set p in X
such that p < X < Cr(u,r).

2. r-fuzzy semiclosed set (r-fsc set, for short) if there exists r-closed fuzzy set p in
X such that I (p,r) < X < p.

Definition 2.10. [19] Let (X,T) be a smooth topological space. For each A € I* and
for each r € 1y, the r-fuzzy semiclosure of \ is defined by
SC,(ANr)=NpeI*|p>N\ pisr-fscset},
and the r fuzzy semainterior of \ is defined by
SL(\r)=\V{pel*|p<\ pisr-fso set }.

Obviously SC.(A,r) is the smallest r-fuzzy semiclosed set which contains A and
SI; (A, r) is the greatest r-fuzzy semiopen set which contained in A. Also, SC-(\,r) = A
for any r-fuzzy semiclosed set p and SI.(u,r) = p for any r-fuzzy semiopen set .
Moreover we have

L(A\7) <SLA 1) <A SC (A r) <Co(A\ 7).

It is obvious that any r-open (resp., closed) fuzzy set is r-fuzzy semiopen (resp., semi-
closed) set. But the converse need not true. The intersection (union) of any two r-fuzzy
semiopen (resp., r-fuzzy semiclosed) sets need not to be r-fuzzy semiopen (resp., r-fuzzy
semiclosed).

Theorem 2.11. [17] Let (X, 7) be a smooth topological space. For each \ € I*, and
r € Iy it satisfies the following statements.

1. SC.(0,7) =0.

2. SC; (SC’ (A, r),r) = SC’ (A, 7).

5. SI(SL(\r),r) = SLO\T).

4. SL(1 )\T)—l—SCO\T).

Definition 2.12. [11, 25] Let (X, 71, 72) be a smooth bts, let X € I and r € Iy. Then
A is called

1. r(i,7)-fuzzy semiopen set (r(i, j)-fso, for short) if there exists v € I™* with 7;(v) >
randv <A< Cr(v,r), 0,5 =1,2,i# j.

2. 1(i,j)-fuzzy semiclosed set (r(i,j)-fsc, for short) if there exists v € I* with 7;(1 —
v) >rand I (v,r) <A<, i,j=1,2,i# j.

Definition 2.13. Let (X, 7) and (Y, 7*) be smooth topological spaces. A mapping f :
(X,7) — (Y, 7%) s said to be
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1. fuzzy semicontinuous (fs-continuous, for short) iff f~1(u) is r-fso set in X for
each p € IV, 7(u) > r [17].

2. fuzzy semiopen (fs-open, for short)(resp., semiclosed (fs-closed, for short)) iff f(\)
is T-fso (resp., r-fsc) set in'Y for each pu € I, 7(u) > r (resp., 7(1 — pu) >r)

[17].

3. fuzzy irresolute (f-irresolute, for short) iff f~1(u) is r-fso set in X for each u is
r-fso set in'Y [24].

4. fuzzy irresolute open (f-irresolute open, for short) (resp., irresolute closed (f-
irresolute closed, for short)) iff f(\) is r-fso(resp., r-fsc) set in Y for each u
is r-fso(resp., r-fsc) set in X [24].

3 (C9-supra fuzzy semiclosure operator

In this section we use smooth supra topological space (X, 715) which induced from
smooth bts (X, 7, 7), to introduce and study the concept of fuzzy semiopen sets in
smooth bts (X, 71, 72). By using this new class of fuzzy semiopen sets we introduce the
supra fuzzy semiclosure operator.

Definition 3.1. Let (X, 71, 72) be a smooth bts, A € I* and r € Iy. Then X is called

1. r-Tio-fuzzy semiopen set (r-Tya-fso set, for short) in X if there is p € I with
T12(p) > 7 such that p < X\ < Cio(u,r).

2. r-Ty9-fuzzy semiclosed set (r-Tio-fsc set , for short) in X if there is p € I with
Tio(1 — p) > 7 such that Iis(p,r) < X < p.

Proposition 3.2. Let (X, 7, 7) be a smooth bts, A € I* and r € I.
1. If 112(X\) > r then X is r-Ti2-fs0 set.
2. If Tio(1 — X\) > 1 then X is r-Tio-fsc set.
3. If (X)) > 1 or To(N\) > 1 then X is r-Tia-fso set.
4. If (1= X)) >7 or (1 — \) > 1 then X is r-Tia-fsc set.

Proof. (1) Let A € I* such that 715(A\) > 7. Since, A < X and A < Cj»(A,r) then
A < A < Ca()r), implies X is r-mio-fso set. To proof (2), let A\ € I¥ such that
T12(1 — A) > 7. Since I15(\,7) < X < X then A is r-7yo-fsc set. Finally, the proof of (3)
and (4) are obtained from Theorem 2.6 that is 715 finer than 7;, i = 1,2 and then by
using part (1) and (2) respectively. ]

Remark 3.3. Let (X, 71,72) be a smooth bts, \ € I and r € I.
1. The converse of Proposition 3.2 is not true for all it’s parts.
2. If X is r-fso set in (X, 1) or (X, ) then X need not r-tio-fso set, and conversely.
3. If Xis r(i,j)-fso set in (X, 71, T2) then X\ need not r-tia-fso set, and conversely
(that is mean the concept of r(i,j)-fso set and r-Tio-fso set are independent).

Now, we give an Examples to explain Remark 3.3.
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Example 3.4. Let X = {a,b}. Define A\, Ay € IX as follows:

Alza%\/b% , )\Qza%\/b%
We define smooth topologies 11,7 : IX — I as follows:
1 ifA=0,1 1 ifA=0,1
1(A) =02 ifA=X\ , To(A) =<03 if A=)\
0 0.W 0 0.W

The associated smooth supra topological space of (X, T1,Ts), is defined as follows: T3 :
I* — I such that

(1 ifr=0,1
02 ifA=X\
T12(A) =2 0.3 if A=\
0.2 ifA=X\VX\

0 0.W

\

To show the converse of Proposition 3.2 part (1) is not true, let p = ag4 V b% e Ix,
it is clear that p is 0.3-715-fso set, since there exists Ay € I such that T12(A2) > 0.3 and
Ay < p < C1a(X,0.3) = az V by. But p is not 0.3-open fuzzy set since 115(p) = 0 % 0.3.
Also, the converse of Proposition 3.2 part (3) is not true, since there exists p = a0_4vb% €
I is 0.3-1y5-fs0 set, but 71(p) = 0 # 0.3 and 75(p) = 0 # 0.3.

Now, to show part (2) in Remark 3.3 , let n = ai Vb2 € I it’s clear that 7 is
0.2-fso set in (X, 7). But not 0.2-75-fso set in (X, 7y2).

Finally, to explain part (3) in Remark 3.3 , let v = az Vv b% € IX it is clear that v is
0.2(1,2)-fso set in (X, 71, 72). But v is not 0.2-75-fso set, since V A € I ;7y5(A\) > 0.2
such that A <), implies n £ C12(X,0.2).

Example 3.5. Let X = {a,b,c}. Define i, Ay, A3, \s € I as follows:
A =ay;, A=b Ve, A3=b, M=a1Vc

We define smooth topologies 11,7 : IX — I as follows:

1 ifA=0,1 1 ifA=0,1
Loyfa=2) Loyfa=2)

Ay = TAEN ) ={i TA=N
Loifa=X Loif A=
0 ow 0 ow

The associated smooth supra topological space of (X, T, 72), is defined as follows: Ty :
I*X — I such that

(1 ifA=0,1
Loifa= 2

T12(A) = % if A= Xa, A4
éll if/\:>\1V/\3:a1Vb1
\O o.w




Journal of New Results in Science 6 (2014) 76-94 83

To explain the conversely of part (2) and (3), respectively in Remark 3.3. Consider
A=a; Vb is }1—712—fso set but it is not %—Ti-fSO set and not r(i, j)-fso set in (X, 7, 7),
i=1,2.

Theorem 3.6. Let (X,7,75) be a smooth bts, let X\ € I and r € I,. Then the
following statements are equivalent.

1. X is r-Ta-fso set.

2. A S 012(112(/\,7“),7“).

3. _C’u(/\,?“) = 012(]12<)\,T’),7").

4. 1 — X\ is r-Tia-fsc set.

5. Lia(Cra(1 = A1), r) < L — A

6. Io(1—X\,r) = 112(012(1 A1), 7).

Proof. (1) = (2) Let X is r-7jo-fso set. Then there exists p € IX, with 7y5(u) > r
such that u < XA < Cia(p, 7). Since pp < A then I1o(u, ) < I1a(A,r), this mean p <
I5(A,7), implies Cha(p,7) < Cia(l12(A,7),7) and since A < Cia(p, 7). Then, we have
A S 012(]12<>\,7”>,7”).

(2) = (3) Since A < Cia(l12(A,7), 7). Then, we have Cia(A,
On the other hand since I12(A,r) < A, then Cio(l12(A,7),7)
012()\,7”) Cm([m()\,?"), )

(3) = (1) Let u = I12(A\,r) implies g < A, then we have p < A\ < Cpp(\,r) =
Cra(I12(A, 1), 7) = Cia(p, ), implies g < A < Cia(p, r). Hence \ is r-1y2-fs0 set.

The implications, (1) <= (4), (2) < (5), (3) < (6) follow immediately by
taking the complement of two sides. O

r) < Cra(la(A 1), 7).
< Ci2(A,r). Hence

Theorem 3.7. Let (X, 7, 73) be a smooth bts and r € Iy. Then
1. any union of r-Tia-fso sets is r-Ti2-fso set.
2. any intersection of r-Tia-fsc sets is r-Tio-fsc set.

Proof. (1) Let {\aJao € A} be a family of r-79-fso sets. Then, for each o € A there
exists f1o, € I with T19(ps) > 7 such that g, < Ao < Cha(fta, 7). Since {pqla € A} is -
Tio—fuzzy open sets, then 712(\V cp fta) = Apen T12(1a). Then, \/ oot is 1-1o—fuzzy
open set. Let pu = \/ o tta such that \/ .y tla < Vioen Ao < Vaer Cr2(fta,r) <
Cr2(V e ta)- Implies 1 <\ cp Aa < Cra(p, 7). Thus \/ o\ Aa 1-T12-fs0 set.

(2) Let {\o|a € A} be a family of r-7y5-fsc sets. For each « € A, since A, is r-71o-fsc
set, then 1 — ), is r-71o-fso set, from part (1) we get Vaen 1 — A, is r-Tio-fso set, implies
L= (Vaea = Aa) = Apen Ao is 1-mio-fsc set. O

Remark 3.8. 1. The intersection of any two r-Ti3-fso sets need not to be r-tia-fso set

2. The union of any two r-T15-fsc sets need not to be r-Ti5-fsc set .

In Example 3.4, let p; = ap4 V b% and py = a V bos € I, such that p; and py are
0.2-15-fs0 sets, since 3 Ay < p; < C12(Ng,0.2) = ay \/b% and 3\ < py < C12(A,0.2) =
a V b%. But p1 A p2 = ag4 V bos is not 0.2-1y9-fso set, since 0 is the only 0.2-75-open
fuzzy set such that 0 < p; A ps £ C12(0,0.2) = 0.
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Proposition 3.9. Let (X, 7, 72) be a smooth bts, let \ € I and r € Iy. Then
1. Lia(A,7r) is r-Ti9-fso set.
2. Cia(\, 1) is r-Ti9-fsc set.
3. if X is r-ia-fso set and Iia(\, 1) < pu < Cha(\,r), then u is r-Ti9-fso set.
4. if X is r-mia-fsc set and Iia(\, 1) < p < Cia(A, 1), then p is r-Tia-fsc set.

Proof. The proof of part(1) and (2) are direct.

(3) Let X is r-Tyo-fso set, implies there exists € I with 712(n) > r such that
n < A< Cia(n,r). It implies n = I15(n,7) < I15(A, ) and since A < Cia(n, ), then
Cra(A, 1) < Cia(n,r). Thus, n < p < Cia(n, ). therefore, p is r-1o-fso set.

(4) Let X is -yo-fsc set implies 1 — X is r-7yo-fso set. Since Ijo(\,7) < pu < Cia(A, 1),
then by take the complement of the last inequality we get, I12(1 — A7) <1 —p <
Ci2(1 — A,7). And by applying (3) we have 1 — p is r-7y-fso set which is mean p is
r-T1o-ISC set. O

Next the concepts of fuzzy semiclosure (resp., semiinterior) are given in following
definition.

Definition 3.10. Let (X,7y,7) be a smooth bts, for X\ € I* and r € Iy. The fuzzy
semiclosure Cy(\, 1) of a fuzzy set X is defined by

Ch(\r) = /\{p cI* | p> )\ pisr-t-fsc set},
and the fuzzy semiinterior I%,(\, 1) of a fuzzy set X is defined by
I\ r) = \/{p e I* | p< )\ pisr-Ta-fso set}.

The following proposition gives the basic properties of Cj, and I3,

Proposition 3.11. Let (X, 7, 7) be a smooth bts, let p, \ € I* and r € I. Then
ST =) =1—Cn(\ ).

if i < N, then IDy(p,7) < I (A, 7).

if 1 < N, then C%(u,r) < O (A, 7).

.\ is m-Tia-fso set if and only if I5(\, 1) = \.

.\ is r-Tia-fsc set if and only if C2(\, 1) = \.

G Lo de

Proof. (1) From Definition 3.10, we have

1-Co(\r) = T—/\{pEIX\ p >N, pisr-Tio-fsc set}
= V{i—pEIX\i—pST—)\,i—pz’sr—ﬁg—fsoset}
= I5(1—\r)
2) Let a; € IS (u, 7). Then there exists p € IX such that z; € < p and p is
( (s P P, p < p p
r-T1o-fso set. Since p < p < A, then there exists p is r-11o-fso set such that p < A and

xy € p. Hence x; € I5H(\, 7).
(3) Follows by taking the complement of (2) and using (1).
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(4) Suppose ) is r-7ya-fso set. From Definition of I,(\, ), we have, I%(\,r) < .
On the other hand. Since X is 1-7y-fso set and A < X, then A < I5(\,r). Thus

I5(\r) = A
Conversely, follows direct from Definition of I2,(\, 7).
(5) Taking 1 — X as a r-7y5-fso then apply (4), we get the result. O

Definition 3.12. Let (X, 7y, 72) be a smooth bts, let x; € Pt(X) and r € Iy. Then

Q712(13t,7”) = {M € IX| Ty q ,u,7'12(,u) > T}‘
N5 (1) ={p € IX |y € p, pis r-Tia-fs0 set}.

T12

Qfm(fftﬂ“) ={pe X | ©p q p, pis r-ma-fso set}.

Theorem 3.13. A fuzzy set A in a smooth bts (X, 1, 72) is r-Tia-fso set if and only if
for each fuzzy point x, € X there exists p € N5_(x,,7) such that p < \.

T12

Proof. (=) It is obvious.

(«<=) Since, for each fuzzy point z; € A there exists p; € /\/'TS12 (x¢,7) such that
w; < A, then from Theorem 3.7 part(1), \/ p; is r-T12-fso set. That means for each fuzzy
point x; € \ there exists p; € N;”:Q (x4,7) such that z; € u; <\ i, implies A < \/ ;.

On the other hand let x5, € \/ p; implies x5 € p; for some i, and since p; < A, then
Ts € p; < A, this yields \/ g; < A. Thus A = \/ y; and hence \ is r-12-fs0 set. O

Theorem 3.14. Let (X, 71, 75) be a smooth bts, let \ € I* and r € Iy. Then x; €
C2 (A, ) if and only if for each p € QF (w4, 1), 1 q M.

T12

Proof. Let z, € CP(\,r) and suppose there exists p € Q2 (x,,r) such that u q A,

implies A < 1 — p and since pu is r-mo-fso set, then 1 — p is r-7po-fsc set, implies
Co(\r) < C5(1 — p,r) = 1 — p, this yields C5 (A, r)(x) < 1 — p(zr) < t, thus
xy & C2 (A, r) which is a contradiction.

Conversely, Suppose z; ¢ C7y(\,7), then 3 p is r-myp-fsc set such that p > X and
x; & p, implies 7; ¢ 1 — p, and since p > X then, A § 1 — p such that 1 — p is r-71o-fso set.
That mean, there exists 1 —p € Q% (x;,7) such that 1 — p ¢ A which is a contradiction.

T12

Hence z; € Cy(\, 7). O

Theorem 3.15. Let (X, 7, 72) be a smooth bts. Then

1. C% is a supra fuzzy closure operator such that C3y(\,r) < Cia(\,7), for all
N € TX and r € I.

2. Iy, is a supra fuzzy interior operator such that Io(\,7) < I%5(\,7), for all
e IX and r € 1.

Proof. We show (1) and in a similar way one can obtain (2). To prove (1), we need to
satisfy conditions (C1), (C2),(C3)*, (C4) and (C5) in Definition 2.4.

(C1) Since 0 is r-71o-fsc, then by Proposition 3.11 part (5), C7,(0,7) = 0.

(C2) Follows immediately from the Definition of C7,.

(C3)* Since A < AV p and g < AV pu, then from Proposition 3.11 part (3),

Ci(A\ 1) < CR(AV 7)) and CH(p,r) < CHAV 7).

This implies, C5y (A, 1) V C (1, 17) < C2H(AV i, 7).
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(C4) Assume that C%,(\,r) > C2(),s) for r < s. Then, there exists 7, € Pt(X)
such that z, € CH(A,r) and 2, ¢ C(\, ). This means, there exists p € Q2 (¢, s)
such that u g A. Since r < s, then p € Q7 (x4, r) implies z, ¢ C{(\, ), which is a
contradiction.

(C5) From (C2), we have that
052(/\7 7’) S 052(0192<)\7 T)? T)‘

Suppose now C3, (C7y (A, 7),7) > C2(A,r), then there exists x; € Pt(X) such that
zy € C2(CHL(\,1),r) and z; ¢ C5 (A, r). Hence, 3 r-mio-fsc p, such that z; ¢ pu and
@ > A Since C5(\,7)(z) < p(x) < t, then from Proposition 3.11 part (3) and (5), we
have that
CR(CH(A\r),r)(x) < Chyp,r)(x) = p(z) < t.

Consequently, we get z; ¢ Cp5(C%(\,r),r) which is a contradiction. Thus Cy, is
a supra fuzzy closure operator. Since every r-tis-closed fuzzy set is r-7io-fsc, then
Oigz()\,’/’) S 012(/\77“). ]
Theorem 3.16. Let (X,71,7) be a smooth bts. Define a mapping 715 : [ —
I on X by

N =\{re | CLA-Ar) =1-X} = \/{r e I| I}(\r) = \}.
Then 133, is a smooth supra topology on X such that T12(\) < 75(N\), for all X € I, The
pair (X, 75) is called semi smooth supra topological space (S-smooth supra topological
space, for short).

Proof. By Theorem 3.15, C%, is supra fuzzy closure operator. Thus by Definition 2.4,

75, is a smooth supra fuzzy topology on X. Now, to prove 712(\) < 7i5(\). By Theorem

3.15, since C2, (A, 1) < Cia(A, 7). So, if Cio(1—\,7) = 1=\, then C5,(1— A\, r) =1—\.
Thus 712(A) < 75(A) for all A € IX. O
Remark 3.17. Let (X, 71, 72) be a smooth bts, let yu,n € I'X and r € Iy, then O,y (p, 1)V
Ciy(n,r) # Cip(p V).

Example 3.18. Let X = {a,b,c}. Define \;, s € I* as follows:

A1 =apgVborVer Ay =ags Vbog V1
We define smooth topologies 11,7, : IX — I as follows:
1 if A=0,1 1 if A=0,1
1(A)=<03 ifA\=X\ , (A\)=1¢04 if A=)
0 o0.w 0 0.W

The associated smooth supra topological space of (X, T1,Ts), is defined as follows: T3 :
I*X — I such that

1 ifx=0,1
0.3 if A=)\
T12(A) =< 0.4 if A=)y
0.3 if A=AV XA

0 o.w
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The S-smooth supra topological space (X, 75) defined as follows:

1 ifA=0,1

S0 = 0.3 ifA={a, Vb,Vec;08<r; <1, 07<ry <09}
04 ifAx={a, Vb,Vec;;05<r <1, 09<r<1}
0 o.w

Let r =0.3, and p = ag2 V bo3 Vo, n =agps V bo1 V cg. Then
C2(11,0.3) = p, Cy(n,0.3) = n and Ch(1n V1, 0.3) = 1, therefore we have
Cy(n V1, 0.3) # CHy(p, 0.3) V Ciy(n,0.3).

4

Fuzzy semi continuous and fuzzy irresolute map-
pings in smooth bts

In this section we use smooth supra topological spaces (X, 7y2) and (Y, 7]5) which
are induced from smooth bitopological spaces (X, 7, 7) and (Y, 7], 75) respectively, to
introduce and study fuzzy semi continuous (resp., open, closed) mappings and fuzzy
irresolute, fuzzy irresolute open (resp., closed) mappings in smooth bitopological spaces.
Throughout this section the supra fuzzy closure operators of (X, 715) and (Y, 7,) are
denoted by Cj, and C7F,, respectively.

Definition 4.1. A mapping [ : (X, 7, 72) — (Y, 7], 75) is said to be

1.

4.
b.
0.

FP*-semi continuous (FP*S-continuous, for short) iff if f~'(n) is r-Tia-fso set
in X forall p € IV, m55(u) > r.

FP*-semi open (FP*S-open, for short) iff f(11) is r-j5-fso set in'Y for all p € 1%,
7'12(/1) Z T.

FP*-semi closed (FP*S-closed, for short) iff f(u) is r-miy-fsc set in'Y for all
peIX, mo(1—p) >,

FP*-irresolute iff f~(u) is r-Tia-fso set in X for each r-tiy-fso set p in Y.
F P*-irresolute open iff f(u) is r-1j5-fso set in'Y for each r-Ti9-fso set p in X.

F P*-irresolute closed iff f(u) is r-1iy-fsc set in' Y for each r-12-fsc set p in X.

Proposition 4.2. Let f: (X, 7, 7) — (Y, 7, 7) be a mapping. Then

1.

2.

3.
/

f is FP*S-continuous iff f: (X, m2) — (Y, 7]y) is fs-continuous.

f is FP*S-open (resp., FP*S-closed) iff f : (X, 112) — (Y, 73) is fs-open (resp.,

fs-closed).

f is FP*-irresolute iff f: (X, 12) — (Y, 7]5) is f-irresolute.

f is F'P*-irresolute open (resp., F'P*-irresolute closed) iff f : (X, m12) — (Y, 7]5)
is f-irresolute open (resp., f-irresolute closed).
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Proof. Follows direct from Definition 4.1. ]

Theorem 4.3. Let f: (X, 7, 7) — (Y, 7, 75) be a mapping. Then the following are
equivalent.

1. f is FP*S-continuous.

2. [N u) is r-Tia-fsc set in X for each Ti5(1 — p) > 7.

Proof. 1t is clear. O
Theorem 4.4. Let f: (X, 1,72) — (Y, 77, 75) be a mapping.

1. If f is FP*- continuous then it’s F'P*S- continuous.

2. If f is FP*- open (resp., closed) then it’s F P*S- open (resp., FP*S- closed).
Proof. (1) Let u € IY such that 75, (u) > r. Since f is F'P*- continuous then 7y5(f~!(1)) >
r, implies f~1(u) is r-Ty2-open fuzzy set in X and therefore f~!(u) is r-mio-fso set in X.
Thus f is F'P*S- continuous.

(2) We prove f is F'P*S- open and the prove of f is F'P*S- closed is similar. Let
p € I* such that 7y5(p) > 7, since f is FP*—open, then 755(f(1)) > r, implies f(u) is
r-7;5-fso set in Y. Thus f is F'P*S- open. [

The following example show the converse of Theorem 4.4 part(1) is not true.

Example 4.5. Let X = {a,b} and Y = {p,q}. Define \;, \s € I* and py, pus € IV as
follows:

Alza%\/b% , )\2:a§\/b%
P =pzVar p2 =Dp1Vqz
We define smooth topologies 71,75 : I — I and 7,75 : IY — I as follows:
1 ifA=0,1 1 ifA=0,1
7'1<)\): % Zf)\:)\l 5 7'2()\): % Zf)\:)\Q
0 ow 0 ow
1 ifpu=0,1 1 ifu=0,1
() =935 fp=m , () =35 ifp=p
0 ow 0 ow

From smooth bts’s (X, 1, ) and (Y, 7y, 75) we can induce smooth supra topologies T2
and 715 as follows:

(1 ifA=0,1 (1 ifpu=0,1

3 ifA=X\ 5 i p=qn
T12(A) = % if A=) 3 T1o(p) = % if = po

s A=V 5 =V

kO 0.w \0 0.W

consider the mapping f : (X, 11, 72) — (Y, 77, 75) defined by f(a) = q, f(b) = p. Then
f is FP*S- continuous but not F'P*— continuous since there exists pi V jia 15 %-le-open
fuzzy set in' Y, but mio(f 7 (11 V po)) = Tlg(a% V b%) =0%:.
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Also, the converse of Theorem 4.4 part(2) is not true, as the following example show.

Example 4.6. Let X = {a,b} and Y = {p,q}. Define \;, s € I* and py, po € IV as
follows:

A1 =aop3Vbor Ay = ap7 V by

1 =Ppo1V Qo3 M2 = Po.s V qoa

We define smooth topologies 11, To : IX — I and 7,75 : IY — I as follows:

1 ifA=0,1 1 ifA=0,1
(N = % A=A, Ta(N) = % if A= Ao

0 ow 0 ow

1 ifu=0,1 1 ifu=0,1
=935 fu=m , (W) =q3 fu=p

0 ow 0 ow

From smooth bts’s (X, 1, m) and (Y, 7y, 75) we can induce smooth supra topologies T2
and 715 as follows:

-~

1 ifA=0,1 1 ifp=0,1

% if A=\ % if =
T12(A) = % if A=A 5 T1a(p) = % if = po

% A=AV A % if =1V g

kO o0.w 0 ow

\
consider the mapping f : (X, 11, 7) — (Y, 7, 75) defined by: f(a) =q, f(b) =p. Then
f is FP*S- open but not F P*—open since there exists \y is %—7’12—0}7671 fuzzy set in X,
but 7i5(f(M)) = Tia(por V go3) = 0 < 3.

Also, in the same example we can show f is F P*S- closed but not F'P*—closed. Since
there exists 1 — Xy is 3-Tio-closed fuzzy set in X, but 75(f(1— 1)) is not 3-closed fuzzy
set inY since Ti5(1 — f(1— A1) = 155(f(M)) =0 < 1.

Theorem 4.7. If [ : (X, 7, ) — (Y,77,75) is FP*- irresolute then it is FP*S-
continuous.

Proof. Let u € IY such that 7,(u) > r, implies p is r- Tj,-fso set in ¥ and since f is
FP*- irresolute, then f~!(u) is - 7y5-fso set in X. Thus f is F'P*S- continuous. [

The converse of Theorem 4.7 is not true as the following example show.

Example 4.8. Let X = {a,b} and Y = {p,q}. Define \;, s € I’ and py, 2 € IV as
follows:
At =ap1 Vb Ay = ag2 V bo.1

M1 = pos V Qo7 M2 = Por V Qoe
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We define smooth topologies 71,75 : IX — I and 7,75 : IY — I as follows:

1 ifA=0,1 1 ifA=0,1
() = % if A=A To(N\) = }L if A= Ag
0 ow 0 ow
1 ifu=0,1 1 ifpu=01
T =93 fu=m , () =5 i p=po
0 ow 0 ow

From smooth bts’s (X, 1, 72) and (Y, 1y, 75) we can induce smooth supra topologies T13
and Ty as follows:

-

1 ifA=0,1 1 ifp=0,1

% if A=A % if =
2(A) =91 if A=\ ; (i) =1 if = pe

i A=AV A le if o= p1 VvV opo

0 ow 0 ow

\
consider the mapping f : (X, 1, 7) — (Y, 75, 75) defined by: f(a) = q, f(b) = p. Then
f is FP*S- continuous but not is F'P*- irresolute, since there exists ;1 € IY such that
= Dpoo V qoo and p is %—T{‘Q—fso set but f~1(u) = agg V bog is not %—Tlg—fSO set.

Theorem 4.9. Let f : (X, 71,72) — (Y, 77, 75) be a mapping. Then for each r € I,
the following statements are equivalent.

1. f 1s FP*S-continuous.

2. f(C(\ 1)) < Ci(f(N), 1), for each X € T*

3. CR(f~H(w),r) < f7HCh(u, 7)), for each pu e I

Proof. (1) = (2) Suppose f(C)(A\, 7)) > Ciy(f(N), 7). So there exists y € Y and t €
Iy such that

FICR () >t > CH(f(V), 7)(y). (5)

If f~X(y) =0, then f(C%(\,7))(y) = 0, which is a contradiction with (5), hence there
exists z € f~*(y) such that

FICRAN)(Y) > CR(A,r)(x) > t > CL(f(A),7)(y). (6)

Since Ciy(f(A),7m)(y) < t, then v ¢ Ci5(f(A),r). This yields, that there exists u €
IY such that 7i5(1 — p) > r, f(\) < pand y; ¢ p (ie, p(y) < t). Therefore,
Cia(F(N), 7)(y) < ply) < t which means Chy(f(N), 1)(f(@)) < u(f(x)) < t. Moreover,
fO) < p (e, A < f7H(p)). This yields, T — f~(pu) < 1=\, ie, f7H1 —p) <
1 — . From the fact that f is F/P*S—continuous, we have f~*(1 — u) is r-1y»-fso in
X. Thus, I5(f~5(1 — p),r) < I%(1 — A\, r) which yields f~1(1 — pu) < I5(1 — A\, 1),
e, 1—I5(1—X\r)<1— fY1—p). Hence, C5,(A\,r) < f~(u), and consequently,
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CEL\r)(z) < f~Yu)(x) = pu(f(z)) < t. This is a contradiction with (6). Thus
F(CR(A 1) < Chy(f(A),7)
(2) = (3), by letting A = f~1(u) in (2), we get

FCR(f (1), 7)) < Co(f(fH (), ) < Chylp, ).

Consequently, f~'(f(CR(f~ (1),7))) < f~(Cly(k, 1)) which yields CF, (f7'(u),7) <
fH(Ch(p, 7). _ _

(3) = (1), let u € IY such that 75,(p) > r. Then, Ci(1—p,r) = 1 — p. But
C;EQ(f HI=p),r) < f7H(Ch(I—p, 7)) = f~'(1—p). This implies, C}: (f HI-p),r) =
Y1 —p) =1— fY(u) which gives 1 — f~1(u) is r-myo-fsc in X. So, f~1(u) is r-11»-fso
in X. Hence, f is F'P*S—continuous. [

Theorem 4.10. Let f: (X, 1, 7)) — (Y, 77, 75) be a mapping. Then for each r € I,
the following statements are equivalent.

1. f is FP*S-open.

2. f(L2(\,r)) < Iy (f(N), 1), A € 1%,

3. Lo(f~'(w).r) < f7H(I55 (o), pe I

Proof. (1) = (2), let A € I*. We know that I15(\,r) < A, then f(I;p(\, 7)) <
f(\). Hence, I;5(f(Lia(\ 7)) < I;i5(f(\),r). Since f is FP*S—open, this implies
f(Lia(\, 7)) < L5 (f(N),r) as required.

(2) = (3), let p € IY such that f~'(u) € I*. Set A = f~*(u). This yields,

Flha(f 7 (), r) < L5 (F(FH()or) < Iy ().

Consequently, f~1(f(L2(f~1(n), 7)) < fHI;5 (u, 7)) which means Io(f~t(u),7)
FHIE ().
(3) = (1), let u € I* such that T5(p) > 7. Then f(u) € IV, and by (3) we

) €
have that Tio(f~!(f(u),r)) < f7HI5 (f(p), 7). This yields, u < f~1 (155 (f(u),7)). By
taking the image to both side of the last equality we obtain

Fl) < FUTHIE(f (), ) < I3 (f (), 7).

Thus, f() < I§(f(),7) which gives T§(f(),7) = (). Hence, f(u) is r-rfy-fso set
inY,ie. fis FP*S—open. O]

IN

Theorem 4.11. Let f: (X, 7, 17) — (Y, 7, 75) be a mapping. Then for each r € Iy,
the following statements are equivalent.

1. fis FP*S-closed.

2. O35 (f(N),r) < f(Cra(\, 7)), X e IX.

Proof. (1) = (2), Let XA € I¥ since A < C15(A,7), then f(\) < f(Cha(N,
f(Cia(\, 7)) is T-75y-fsc set, implies C75 (f(N),7) < Ci5 (f(Cra(, 7)), by(
f(Cra(A, 7).

(2) = (1), Let A € IX such that 75(1 — X\) > 7 Then f(\) € IV, and by (2)
we have C75(f(\),r) < f(Cia(\, 7)) = f()), since X is 1-7o-fuzzy closed set, then

Ci2(f(A),7) ? f(A) but clearly f(\) < C{F(f(A),r), then CiF(f(A),r) = f(A) and

consequently f(\) is r-7j5-fsc set in Y. O

7)), such that
) O3 (F(N),7) <
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Theorem 4.12. Let f: (X, 7, 7) — (Y, 7, 75) be a mapping. Then for each r € Iy,
the following statements are equivalent.

1. f is F'P*-irresolute.

2. f(CH(A 1) < CF(f(N),r), A € I

3. CH(f M (w),r) < fHCH (o)), pe IV

Proof. The proof is similar to that of Theorem 4.9. O

Theorem 4.13. Let f: (X, m,m) — (Y, 77, 75) be a mapping. Then for each r € I,
the following statements are equivalent.

1. f is F'P*-irresolute open.

2. f(UIHA\ 7)) < L5 (f(N),r), A e I

3. Ip(f (w)r) < f7H(I55 (o), pe I

Proof. The proof is similar to that of Theorem 4.10. [

Theorem 4.14. Let f: (X, 1, 12) — (Y, 77, 75) be a mapping. Then for each r € I,
the following statements are equivalent.

1. f is FP*-irresolute closed.

2. CE(f(N),r) < fF(CR(A 1)), A e Tr.

Proof. The proof is similar to that of Theorem 4.11. O]

Theorem 4.15. Let f: (X, 1, m) — (Y, 77, 75) be a mapping. Then for each r € I,
the following statements are equivalent.

1. f (X, 7)) — (Y, (1]5) is F-continuous.

2. f(OR(\ 1)) < CIF(f(N), 1), A € TX.

3. CR(f~H(w),r) < [7HCH (), p € IV

Proof. The proof is similar to that of Theorem 4.9. [

References

[1] S. E. Abbas, A study of smooth topological spaces, ph.D. Thesis, South Vally
University, Egypt (2002).

[2] M. E. Abd El-Monsef and A. A. Ramadan, On fuzzy supra topological spaces,
Indian J. Pure Appl. Math. 18 (4)(1987), 322-329.

[3] H. Aygiin and S. E. Abbas, On characterization of some covering properties in
L-fuzzy topological spaces in Sostak sense, Information Sciences 165 (2004),221-
233.

[4] K. K. Azad, On fuzzy semicontinuity, fuzzy almost continuity and fuzzy weakly
continuity, J.Math. and Appl. 82 (1981), 14-32.

[5] R. Badard, Smooth axiomatics, First I. F. S. A. Congress: Palma de Mallorca
(July 1986).



Journal of New Results in Science 6 (2014) 76-94 93

[6]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

G. Balasubramanian and P. sundaram, On some generalizations of fuzzy contin-
uous functions, Fuzzy sets and systemes 86 (1997), 93-100.

C. L. Chang, Fuzzy topological spaces, J. Math. Anal. Apll. 24 (1968), 182-190.

K. C. Chattopadhyay, R. N. Hazar and S. K. Samanta, gradation of openness:
Fuzzy topology, Fuzzy sets and systems 94 (1992), 237-242.

K. C. Chattopadhyay, S. K. Samanta, Fuzzy closure operator, fuzzy compactness
and fuzzy connectedness, Fuzzy sets and systems 54 (1993), 207-212.

M. K. El-Gayyar, E. E. Kerre and A. A. Ramadan, Almost compactness and near
compactness in smooth topological spaces, Fuzzy sets and systems 92 (1994), 193-
202.

S. A. El-Sheikh, On smooth fuzzy bitopological spaces, The Journal of fuzzy
mathematics. 16 (1) (2008), 15-34.

M. H. Ghanim, O. A. Tantawy and F. M. Selim, Gradation of supra open-
ness:Fuzzy topology, Fuzzy sets and systems 109 (2000), 245-250.

U.Hoéhle and A.P.Sostak, A general theory of fuzzy topological spaces, Fuzzy sets
and systems 73(1995), 131-149.

A. Kandil, Biproximities and fuzzy bitopological spaces, Simon Slevin 63(1989),
45-66.

A. Kandil, A. Nouh and S. A. El-Sheikh, On fuzzy bitopological spaces, Fuzzy
sets and systemes 74 (1995), 353-363.

Y. C. Kim, r-fuzzy semi-open sets in fuzzy bitopological spaces, fuzzy sets and
systems 73 (1995), 131-149.

Y. C. Kim, A. A. Ramadan and S. E. Abbas, Weaker forms of continuity in
Sostak’s fuzzy topology, Indian J. Pure Appl. Math. 34 (2):311-333, February
2003.

T. Kubiak and A. P. Sostak, Lower set valued fuzzy topologies, Quaestions Math-
ematicas 20 (1997), 423-429.

S. J. Lee and E. P. Lee, Fuzzy r-semiopen sets and fuzzy r-semicontinuous maps,
proc. of Korea fuzzy logic and Intelligent systems society 7 (1997), 29-32.

E. P. Lee, Y. B. Im, H. Han, Semiopen sets on smooth bitopological spaces, Far
East Journal of Mathematical Sciences 3 (2001), 493-521.

A. S. Mashhour, A. A. Allam, F. S. Mohmoud, and F. H. Khedr, On supra topo-
logical spaces, Indian Journal of Pure and Applied Mathematics, 14 (4) (1983),
502-510.



Journal of New Results in Science 6 (2014) 76-94 94

22]

23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

32]

33]

[34]

E. P. Lee, Preopen sets in smooth bitopological spaces, commun Korean Math.
Soc. 18 (3) (2003), 521-532.

A. A. Ramadan, Smooth topological spaces, Fuzzy sets and systems 48 (1992),
371-375.

A. A. Ramadan, S. E. Abbas and Y. C. Kim, Fuzzy irresolute mappings in smooth
topological spaces, The J. of Fuzzy Mathematics 9 (4) (2001), 865-877.

A. A. Ramadan, S. E. Abbas, On several types of continuity in fbts’s, The J. of
Fuzzy Mathematics (9) (2) (2001), 399-412.

A A Ramadan, S. E. Abbas and A. A. Abd El-Latif, On fuzzy bitopological
spaces in Sostak’s sense, Commun. Korean Math. Soc. 21 (3)(2006), 497-514.

S. k. Samanta, R. N. Hazra and K. Chattopadhyay, Fuzzy topology redefined,
Fuzzy sets and systems 45 (1992) 79-82.

S. k. Samanta and K. C. Chattopadhyay, Fuzzy topology, Fuzzy sets and systems
54 (1993), 207-212.

S. S. Kumar, Semi-open sets, semi-continuity and semi-open mappings in fuzzy
bitopological spaces, Fuzzy sets and systems 64 (1994), 421-426.

A. P. Sostak, On a fuzzy topological structure, supp.Rend.circ.Math. Palermo
(Sec.IT) 11 (1985), 89-103.

A. P. Sostak, On the neighbourhood structure of a fuzzy topological spaces, Zb.
Rodova Univ. Nis, Ser Math 4 (1990), 7-14.

A. P. Sostak, Basic structure of fuzzy topology, J. of Math. Science 78 (6) (1996),
662-701.

O. A. Tantawy, F. Abelhalim, S. A. El-Sheikh, R. N. Majeed, Two new ap-
proaches to generalized supra fuzzy closure operators on smooth bitopological
spaces, Wulfenia Journal, 21 (5) (2014) 221-241.

L. A .Zadeh, Fuzzy sets, Inform. Control 8 (1965), 338-353.



