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Abstract — In this paper, author establish some new interest- Keywords — Converity, s-
ing inequalities for product of convex and s-convex functions in  convezity, Product of two convez
the second sense. Also several applications to special means for  functions, Hadamard’s inequal-

positive number are given. ity.

1 Introduction

A largely applied inequality for convex functions, due to its geometrical significance, is
Hadamard’s inequality (see [1] or [2]) which has generated a wide range of directions for
extension and a rich mathematical literature. The following definitions are well known
in the mathematical literature: A function f: I — R, () # I C R, is said to be convex
on [ if inequality
flte+(1—t)y) <tf(z)+(1—1)f(y) (1)

holds for all x,y € I and ¢ € [0,1]. Geometrically, this means that if P, and R are
three distinct points on the graph of f with (Q between P and R, then () is on or below
chord PR.

In the paper [3], Hudzik and Maligranda considered, among others, the class of
functions which are s-convex in the second sense. This class is defined in the following
way: A function f :[0,00) — R is said to be s-convex in the second sense if

flla+ A =t)y)<t°f (@) +(1—-1) f(y) (2)

holds for all z,y € [0,00), t € [0, 1], and for some fixed s € (0,1]. For s € (0,1], it is
obvious that

tf () + (L= fy) <tf (@) + (1 —1)f(y). (3)
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The class of s-convex functions in the second sense is usually denoted with K?2.

It can be easily seen that for s = 1, s-convexity reduces to ordinary convexity of
functions defined on [0, 00).

In the same paper [3], Hudzik and Maligranda proved that if s € (0,1), f € K?
implies f ([0, 00)) C [0,0), i.e., they proved that all functions from K2, s € (0,1), are
nonnegative.

Example 1.1. [3] Let s € (0,1) and a,b,c € R. We define function f :]0,00) — R as

CRE v g

It can be easily checked that
(1) Ifb>0 and 0 < c < a, then f € K2
(2) If b > 0 and ¢ < 0, then f ¢ K2.

Many important inequalities are established for the class of convex functions, but
one of the most famous is so called Hermite-Hadamard inequality (or Hadamard’s
inequality). This double inequalities are stated as follows [5]: Let f be a convex function
on [a,b] C R, where a # b. Then

f(“*b)sbia/:m)dxsw. 5)

2 2

For some recent results connected with integral inequalities for different type con-
vex functions see [1]-[5] and [7]-[11]. The main purpose of this paper is to establish
new inequalities for the class of s-convex functions in the second sense by using the
elementary inequalities.

2 Main Results

In the next our theorem, we will also make use of Beta function of Euler type, which is
for u,v > 0 defined as

[T (v)

B (u,v) :/0 (1 =) dt = Tluto)

and

ﬁ(u7v) :60}7“)'

Theorem 2.1. Let f: 1 — R, I C [0,00), a,b € I, with a < b be an increasing and

s-convex function in the second sense for some s € (0,1]. Then the following inequality
hold;

f(a—zf—b) {f(az—i—i_—{(b)_i_f(a);f(b) + U (a,b) (6)

1 b
< 5 [ P,
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where
_ @)+ f20) , 2f(a) f(D)
¥ (a,b) = s+2 +(5+1)(8+2)
and
@ (a,) = 32&121)) (/2 (@) + 2 (8) +2f (a) F (B) E (;‘Z . ;)) ; é]
Proof. Since f is an s-convex function on I, we have that
flta+t(1=8)b) <t°f(a) + (1 =1)" f(b) <tf(a)+ (1—1) f(b) (7)

for all a,b € I, and t € [0,1]. Using the elementary inequality ([6], p.8) zy + yz + zx <
22+ y* + 22 (z,y,2 € R), we have that

f*(ta+ (1 —1)b)

+1% f% (a) + 2t (1= )" f (a) f (b) + (1 — ) f* (b)
+2 £ (a) + 2t (1 —t) £ (a) f (b) + (1 —1)° £ (b)
flta+ (1=1)b)(t°f (a) + (1 —1)° f (b))

+ 2 (a) + (1 =) 2 ()

+E (L=t +t(1—=1)°) f(a) f (D)
+f(ta+(1=)b) (tf(a) + (1 1) f (D).

Rewriting this inequality, we have

P (ta+ (L =1)b) + f*(a) [t*° + 7]

+2f (@) FO) (1= 1)" + (1= 6)] + £ (0) [(1 = 8)* + (1 - 1)°]
flta+(1=8)b) ([ f(a)+ (1—-1)" f (D))

+HH 2 (@) + (1 =) 2 ()

+@ (A=) +t(1=1)) f(a) f (D)

+f(ta+ (1 =1)b) (tf(a) + (1 —1) f(b)).

Integrating this inequality over ¢ on [0, 1], we deduce

Y

v

(A ::)/OlfQ(ta—l—(l—t)b)dt+f2(a)/01 (> +¢%) dt

+2f(a)f(b)/ (5 (1= )+ (1— 1)) dt

0

fﬂwxé(a—ﬁfﬂ+u—w%dt

v

w;jlfw+a—wMWN@+u—Wf@Mt (8)
—I—f2(a)/1ts+1dt—|—f2(b)/l (1—t)5+1dt
+f(a)f(b)/0 (1 —t)+t(1—1t)")dt

5Afm+u—mwww+a—wﬂww.
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A and B expressions to analyze respectively and using increasing of f, and by substi-
tuting ta + (1 — t) b = z, it is easy to observe that

/f2 (ta+ (1—1t)b = b—a/f2

f*(a) /O (= + %) dt = 3 (283121) f2(a),
2f(a)f(b)/0 (1=t +t(1—t)dt = 2f(a)f(b){11:(§i—j:;)) é}
fz(b)/0 (L=t)*+(1—t))dt = 32((283121))#@)’

then, we get
A :)/1f2(ta—|—(1—t)b)dt+f2(a)/1(t28+t2)dt
+2f(a)f(b)/0 (1=t +t(1—t)dt
L f (b)/o (1= 0™+ (1—t)2) dt

1, GRS
_ m/af (m)dm+2f(a)f(b){r(28+2)+6}

2(s+2) 2

3(2s+1) P+ 70,

For proof of the right of (8), by using increasing of f and by substituting ta+ (1 — t) b =
x, it is easy to observe that:

tAf@+ﬂ—ﬂ®Wﬂ@+O—Wf@Mt

v

/1f ta + 1—t)b)dt/1(tsf(a)+(1—t)sf(b))dt

B 3+1 b—a/f

and
f2<(l)/0 ts+1dt—|—f ()/O (1_ )8+1dt _ f (as):::2f (b>
b oo o 2f(a) f(b)
r@re [ wa-nrea-gya - L0
and

| s a—0ner@+a-ns o)
> [ e a-npi [ ar@+a-nso)a

fl@+fo 1
= 5 b_a/Qf(@da:
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then, we get
o) [t Q=095 @+ (-1 )
+f%(a) /01 T dt + £ (b) /01(1—t)5+1 dt
fﬂ@ﬂwAVfu—w+ur¢ﬂﬁ
—l—/lf(ta—i—(l—t)b) (tf(a)+ (1 —1t)f(b))dt

SEICEILC b—a/ﬂf s L@ L)
2f (a) f () a)+ f(b
(s+1 3+2) 2 b—a/f

- [r@u [0 S0 0)

2
f a)+f*(b)  2f(a) f(b)
T2 TG+

When above equalities and inequalities are taken into account, (B < A), and by using
the left half of the Hadamard’s inequality given in (5) on the left side of the inequality
(B < A), then the inequality (6) is proved. 1

Corollary 2.2. With the above assumptions, and under the condition that s =1, one
has the inequality:

2f(a+b) {f();—f(b)] o)
< m/ fz@dﬂf2(a)+f(a)3f(b)+f2(b)_

Theorem 2.3. Let f: 1 — R, I C [0,00), a,b € I, with a < b be an increasing and
s-convex function in the second sense for some s € (0,1]. Then the following inequality

hold:
a+b\ f(a)+f(b) 1 /1 s
< d b 10
() M s s [ @ ety (10)
o)+ 3f2(a) f2(b)T'2(2s+1 f(a)f(B)|f2(a)+12(b) (SS+1)F(S+1)+2F(48+2)
where a (a,b) = (32)s+8( : ( )4r((42+2§ L+ | 211(4s+2)

Proof. Since f is an s-convex function on I, we have

flta+(1—1)b) <EF (@) + (1 —1)° £ ()

for all a,b € I, and ¢ € [0,1]. Using the elementary inequality ([6], p.9) 8zy < z*+y?+8
(z,y € R), we have

t)b) (°f (@) + (1 —1)" f (b)) (11)
£)b) + (¢ (@) + (L= 1) f (0)* +8,
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Integrating this inequality over ¢ on [0, 1], we deduce

8/0 £ (ta+ (1= £)b) (F () + (1 — £)° £ (b)) dt
< /1f4(ta+(1—t)b)dt+/1(tsf(a)+(1—t)8f(b))4dt+8.

Since f is an increasing function, we have

/0 f(ta+ (1= £)b) (t°F (a) + (1 — £)° £ (b)) dt
> [ e a-nvi [ @@= e) e

then

8/0 f(ta+(1—t)b)dt/0 (t°F (a) + (1 — t)° f (b)) dt
< /1f4(ta+(1—t)b)dt+/1(tsf(a)+(1—t)sf(b))4dt+8.

As it is easy to see that
/ fla

/f (ta+ (1 —1)b
a) + f(b)

[ s a—nroya=00

| ws@+a—orenta
= f@ [ arar@re [ ea-oa
+6/%(a) £ (b) /0 21—t dt

+4f (a )f3(b)/Olts(l—t)3sdt+f4(b)/01(1—t)4sdt

- 141)1+4f3( )F(B)B(Bs+1,s+1)

+6£%(a) 2 (b) B (25 + 1,25 + 1)
+4f(a) f2(0)B(Bs+ 1,5+ 1)+

— JM(Z—W—FGJCQ(@)]‘Q(?))B(%—F1,2s+1)
+4f (a) f(0) B(3s + 1,5+ 1) [f* (a) + [ (b)]
fA(a) + f2(b) ) 5, L (2s+1)'(2s+1)

BT a AL ORI e w7 vy

'Bs+1)I'(s+1)

I'(4s +2)

/1)
4s+1

+4f (a) £ (b) [f* (@) + f* ()]
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respectively, then the following inequality is obtain

Y TRPRIUES U 1

b—a J, s+1
1 @)+ £ (0)
< b_a/0f4(x)dm+ T
s 2 ) PO

a0 0) [ 0+ ) DD

+ 8,

and by using the left half of the Hadamard’s inequality given in (5) on the left side the
above inequality (12), then the inequality (10) is proved. 1

Corollary 2.4. With the above assumptions, and under the condition that s = 1, one
has the inequality:

f<a+b>f( );rf(b)

(e / e (13)

) ()’ F (b)) + f(a)” F ()" + f (a) f (D) + f* (D)
40

Theorem 2.5. Let f,g: I — R, I C [0,00), a,b € I, with a < b be increasing and
s-convex functions in the second sense. If f is si-convex in the second sense and g is
So-conver in the second sense for some s1,s9 € (0, 1], then

IN

+ 1.

fla)+f®) (a+b\ gla)+g(), (a+b

(s1+1) g( 2 )+ (so+1) f( 2 ) (14)

1 M(a,b)  T(s;+1)T (sy+1)
b_a’/f 51+32+1+ F(81+82+2> N(CL?b)’

where M (a,b) = f (a) g (a) + f (0) g (b) and N (a,b) = f(a)g(b) + f (b) g (a).

Proof. Since f is an sj-convex and g is an sy—convex on [a, b] , we have

flta+(1—1)b) < tf(a)+ (1 —1)" f(b)
glta+(1—1t)d) < t2g(a)+ (1—-1)*g(b)

foralla,b € I, and t € [0, 1]. Now, using the elementary inequality ([6], p.4) (¢ — b) (¢ — d) >
0 (a,b,c,d € R and a < b, c < d), we get inequality

tf(a)g(ta+ (1 —1)b) + (1 =) f(b)g(ta+ (1 —1t)b)
+t2g (a) f (ta+ (1 —t)b) + (1 — )2 g (b) f (ta+ (1 —t)b)
flta+(1—=1)b)g(t

+H (1 =1)"f(a)g
+(1 =) f(b)g

IN

a+ (1—=1t)b) +t7%2f (a) g (a)
(0) +t= (1 =) f(b) g (a)
().
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Integrating this inequality over ¢ on [0, 1], we deduce
(A=) f (a) /Oltslg(ta—l—(l—t) b)dt
+f(b)/01(1—t)slg(taJr(l—t)b)dt
+g(a)/01t52f(ta+(1—t)b)dt

+g(b)/01(1—t)52f(ta+(1—t)b)dt

IN

Z)/Olf(ta+(1—t)b)g(ta~l—(1—t)b)dt+f(a)g(a)/01t81+82dt
@) [ -0 s o [ 0o
e [ oo
A and B expressions to analyze respectively and using increasing of f,g and using

the left half of the Hadamard’s inequality given in (5) on the left side of the above
inequalities, we get

(A :)f(a)/otslg(ta+(1—t)b)dt+f(b)/0 (1—=t)"g(ta+ (1 —1t)b)dt

+g(a)/01ts2f(ta+(1—t)b)dt+g(b)/01(1—t)32f(ta+(1—t)b)dt

v

f(a)/ltsldtflg(taJr(1—t)b)dt

+f(b)/1( - )Sldt/1 (ta+ (1 —1t)b)dt
/t”dt/ flta+(1—1)b

+g(b)/( 82dt/fm+ (1— 1)) dt

I L R P S U N

= G Ga ) P g @

g(a) ’ g (b) ’
+(52+1)(b—a)/af<x)dx+(52+1 b—a/fxdx

R IOET IO
N (81+1)(b_a)/ag(x)d:v+ (s24+1)( b—a/f

> f((i)lj‘r]i;b) (a—zi—b)Jrg((S)Qigl)(b)f(a—;b)




Journal of New Results in Science 3 (2013) 49-59 Y

and
(B :)/Olf(ta—l—(1—t)b)g(ta—l—(l—t)b)dt—l—f(a)g(a)/01t81+32dt
@) [ -0 o [ -0
-w@wmfu—fwwt
_ /f«wg ao s L@@+ 0190

b—a S1+s9+1
b)B(s1+1,s0+1)+ f(b)g(a)B(s2+ 1,51 +1)
B L f@g(a)+F(b)g ()
b_a/fx)ga; S1+ S+ 1
(0)+ f(b)g(a)]B(s1+1,s+1)
B f(a)g(a)+ f(b)g(d)
N b—a/fm z)dv+ $1+ 8+ 1
1—‘81+1)F(82+1>
F(81+82+2)

[ (a) g (b) + 1 (b) g (a)]

respectively, (A < B) then the inequality (14) is proved. &

Corollary 2.6. With the above assumptions, and under the condition that s; = so =1,
one has the inequality

f(a);rf(b)g(a—gb)+g(a);rg(b)f<a;b> "
b . )
< [ o e Nah

3 Applications to some special means

We now consider the applications of our results to the following special means

The arithmetic mean: A = A(a,b) := %2, a,b >0,

The geometric mean: G = G (a,b) := Vab, a,b>0,
The quadratic mean: K = K (a,b) := @/# a,b>0.
The following inequality is well known in the resources:

G<A<K

In [3], the above Example 1.1 is given: Let s € (0,1) and a, b, c € R. We define function

f:]0,00) = R as
a, t=20,
f(t)_{bt8+c, t > 0.

Ifb>0and 0 <c<a,then f € K2 Consequently, fora=c=0,b=1,s=1/2, we
have f:[0,1] — [0,1], f (t) ==, f € K2,
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Proposition 3.1. Let a,b € [0,00), a < b. Then one has the inequality

7 43 20m — 17
_A1/2 A 1/2 31/2 <A avnr -t
<a7 b) (a Y b ) — 15 (a7 b) _'_ 60

3 G (a,b). (16)

Proof. The assertion follows from Theorem 2.1 applied to s-convex mapping f : I — R,
f(z) =2 2 €[a,b] and f (v) = 21/ for s = 1/2. &

Proposition 3.2. Let a,b € [0,00), a < b. Then one has the inequality

%AW (a,b) A (a/?,b"/?) (17)

K2 ?
(a,b) gG L G (@b Aad) + 1.

<

Proof. The assertion follows from Theorem 2.3 applied to s-convex mapping f : [ — R,
f(x)=2°% 2 €[a,b] and f (z) = z'/2 for s = 1/2. 1

Proposition 3.3. Let a,b € [0,00),a < b. Then one has the inequality:
§A1/2 (a,b) A (a"/?,0"?) < 24 (a,b) + %G (a,b) (18)

Proof. The assertion follows from Theorem 2.5 applied to s-convex mapping f,g: I —
R, f(z) =g (z) =2° x € [a,b] and f (v) = g (v) = 212 for s = 1/2. &

Similar inequalities may be stated for s-convex functions f(x) = z*, or f(x) =
bz + ¢, s € (0,1]. We omit the details.
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