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Abstract – In this paper, we give some basic properties of
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1 Introduction

Some problems in economy, engineering, environmental science and social science may
not be successfully modeled by methods of classical mathematics because of various
types of uncertainties. There are some well known mathematical theories for dealing
with uncertainties such that; fuzzy set theory [29], soft set theory [25], intuitionistic
fuzzy set theory [4], fuzzy soft set theory [21] and so on.

In 1999, Molodtsov [25] firstly introduced the soft set theory as a general math-
ematical tool for dealing with uncertainty. Since then some authors studied on the
operations of soft sets [2, 8, 23]. By using these operations, soft group [3, 5, 6, 11],
soft BCK/BCI-algebras [18, 19], soft ordered semigroups [20], soft rings [1, 13, 27] are
defined and investigated their properties.

Many interesting results of soft set theory have been obtained by embedding the
ideas of fuzzy sets. For example, fuzzy soft sets [9, 10, 14, 21, 24], fuzzy soft groups [7],
intuitionistic fuzzy soft sets [16, 17, 22].

Algebraic structures on fuzzy set were firstly studied by the definiton of Rosenfeld
[26]. Flep [15] investigated structure and construction of fuzzy subgroup of a group.
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Intuitionistic fuzzy group is defined by Fathi and Sallah [12] . Zhou et al. [30] applied
the concept of intuitionistic fuzzy soft set to semigroup. Yaqoob et al. [28] defined
intuitionistic fuzzy soft group induced by (t, s)-norm.

In this paper, we give some basic properties of intuitionistic fuzzy soft set and (α, β)-
level set. Then, we define image of an intuitionistic fuzzy soft set under a function and
product of two intuitionistic fuzzy soft sets. Moreover, we introduce the notion of
intuitionistic fuzzy soft group and investigate its properties analogues to fuzzy groups.

2 Preliminaries

In this section, we have presented the basic definitions and results of fuzzy sets, soft
sets, fuzzy soft sets, intuitionistic fuzzy set and intuitionistic fuzzy soft sets which are
necessary for subsequent discussions.

Definition 2.1. [29] Let E be a crisp set. Then a fuzzy set µ over E is a function from
E into [0, 1].

Definition 2.2. [26] Let G be an arbitrary group and µ be a fuzzy set. Then, µ is
called a fuzzy subgroup of G if µ(xy) ≥ µ(x)∧µ(y) and µ(x−1) ≥ µ(x) for all x, y ∈ G.

Definition 2.3. [4] An intuitionistic fuzzy set (IFS) A in E is defined as an object of
the following form

A = {〈x, µA(x), νA(x)〉 : x ∈ E},
where the functions µA : E → [0, 1] and νA : E → [0, 1] define the degree of membership
and the degree of non-membership of the element x ∈ E, respectively, and for every
x ∈ E,

0 ≤ µA(x) + νA(x) ≤ 1.

In addition for all x ∈ E, E = {〈x, 1, 0〉 : x ∈ E} , ∅ = {〈x, 0, 1〉 : x ∈ E} are
intuitionistic fuzzy universal and intuitionistic fuzzy empty set, respectively.

Theorem 2.4. [4] Let A and B be two intuitionistic fuzzy sets. Then,

i. A v B ⇔ ∀x ∈ E, µA(x) ≤ µB(x) and νA(x) ≥ νB(x)

ii. A uB = {〈x, min{µA(x), µB(x)},max{νA(x), νB(x)}〉 : x ∈ E}
iii. A tB = {〈x, max{µA(x), µB(x)}, min{νA(x), νB(x)}〉 : x ∈ E}.

Definition 2.5. [8] Let U be an initial universe, P(U) be the power set of U, E be a
set of all parameters and A ⊆ E. Then, a soft set fA over U is a function from E into
P (U) such that fA(x) = ∅, if x 6∈ A.

Where fA is called approximate function of the soft set fA and the value fA(x) is a
set called x-element of the soft set for all x ∈ E.

Definition 2.6. [8] Let fA, fB be two soft sets over U. Then, fA is a soft subset of fB,
denoted by fA⊆̃fB, if fA(x) ⊆ fB(x) for all x ∈ E.
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Definition 2.7. [8] Let fA, fB be two soft sets over U. Then, union and intersection
of fA and fB, denoted by fA∪̃fB and fA∩̃fB, are soft sets defined by the approximate
function, for all x ∈ E, fA∪̃B(x) = fA(x)∪ fB(x) and fA∩̃B(x) = fA(x)∩ fB(x), respec-
tively.

Definition 2.8. [8] Let fA be a soft set over U. Then, complement of fA, denoted by
f c̃

A, is a soft set defined by the approximate function fAc̃(x) = f c̃
A(x) for all x ∈ E,

where f c̃
A is complement of the set fA(x), that is, f c̃

A = U \ fA(x) for all x ∈ E.
It must be noted that to keep clear of confusion, we use two different symbols c̃ and

c which represent the complement of a soft set and classical set, respectively. But, in
the subscripts, the symbol c̃ indicates that fAc̃ is the approximate function of f c̃

A but not
a set operation.

Definition 2.9. [11] Let G be an arbitrary group and fG be a soft set over U. Then fG

is called a soft-int group over U, if fG(xy) ⊇ fG(x) ∩ fG(y) and fG(x−1) = fG(x) for
all x, y ∈ G.

Definition 2.10. [21] Let U be an initial universe, F(U) be the set of all fuzzy sets
over U, E be a set of parameters and A ⊆ E. Then, a fuzzy soft set (f,A) over U is a
function from E into F(U).

Definition 2.11. [22] Let U be an initial universe, IF(U) be the set of all intuitionistic
fuzzy sets over U , E be a set of all parameters and A ⊆ E. Then, an intuitionistic fuzzy
soft set (IFS-set) γA over U is a function from E into IF(U).

Where, the value γA(x) is an intuitionistic fuzzy set over U. That is, γA(x) =
{〈u/γA(x)(u)/γ

A(x)
(u)〉 : x ∈ E, u ∈ U}, where γA(x)(u) and γ

A(x)
(u) are the membership

and non-membership degrees of u for the parameter x, respectively.

Note that, the set of all intuitionistic fuzzy soft sets over U is denoted by IFS(U).

Definition 2.12. [22] Let A,B ⊆ E, γA and γB be two IFS-sets. Then, γA is said to
be an intuitionistic fuzzy soft subset of γB if
(1) A ⊆ B and
(2) γA(x) is an intuitionistic fuzzy subset of γB(x), ∀x ∈ A.

This relationship is denoted by γAṽγB. Similarly, γA is said to be an intuitionistic
fuzzy soft superset of γB, if γB is an intuitionistic fuzzy soft subset of γA and denoted
by γAw̃γB.

Definition 2.13. [22] Let γA and γB be two intuitionistic fuzzy soft sets over U. Then,
γA and γB are said to be intuitionistic fuzzy soft equal if and only if γA is an intuitionistic
fuzzy soft subset of γB and γB is an intuitionistic fuzzy soft subset of γA, and written
by γA=γB.

Definition 2.14. [22] Let γA be an IFS-set over U . If γA(x) = ∅ for all x ∈ E, then
γA is called empty IFS-set and denoted by γφ.

Definition 2.15. [22] Let γA be an IFS-set over U . If γA(x) = {〈u/1/0〉 : ∀u ∈ U} for
all x ∈ A, then γA is called A-universal IFS-set and denoted by γÂ.

If A=E, then the A-universal IFS-set is called universal IFS-set and denoted by γÊ.
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Definition 2.16. [22] Let γA and γB be two IFS-sets over U . Union of γA and γB,
denoted by γAt̃γB, and is defined by

γAt̃γB = {(x, γAt̃B(x)) : x ∈ E}
where

γAt̃B(x) = {〈u/max{γA(x)(u), γB(x)(u)}/min{γ
A(x)

(u), γ
B(x)

(u)}〉 : u ∈ U}.

Definition 2.17. [22] Let γA and γB be two IFS-set over U . Intersection of γA and
γB, denoted by γAũγB, and is defined by

γAũγB = {(x, γAũB(x)) : x ∈ E}
where

γAũB(x) = {〈u/min{γA(x)(u), γB(x)(u)}/max{γ
A(x)

(u), γ
B(x)

(u)}〉 : u ∈ U}.

Definition 2.18. [17] Let γA ∈ IFS(U) and α, β ∈ [0, 1] such that α + β ≤ 1. Then,
(α, β)-level set of γA is α

βγA(x) = {u ∈ U : γA(x)(u) ≥ α and γ
A(x)

(u)) ≤ β} for all

x ∈ A.

Proposition 2.19. [17] Let γA, γB ∈ IFS(U). Then, the following assertions hold:

i. γAṽγB ⇒α
β γA⊆̃ α

βγB, for all α, β ∈ [0, 1]

ii. If α1 ≤ α2 and β2 ≤ β1, then α2
β2

γA⊆̃ α1
β1

γA, for α1, α2, β1 and β2 ∈ [0, 1]

iii. γA = γB ⇔α
β γA =α

β γB, for all α, β ∈ [0, 1].

3 Some results of intuitionistic fuzzy soft sets on a

group

In this section, firstly, we give some results of IFS-sets on a group G and relations
between level subsets of IFS-sets.

Theorem 3.1. Let A and B are two subsets of E and γA, γB be two IFS-sets over U.
Then

i. α
βγA∪̃α

βγB =α
β γA∪̃B

ii. α
βγA∩̃α

βγB =α
β γA∩̃B.

Proof. i. For all x ∈ E,

(α
βγA∪̃α

βγB)(x) = (α
βγA)(x) ∪ (α

βγB)(x)
= {u : γA(x)(u) ≥ α and γ

A(x)
(u) ≤ β}

∪{u : γB(x)(u) ≥ α and γ
B(x)

(u)) ≤ β}
= {u : (γA(x)(u) ≥ α or γB(x)(u)) ≥ α)

and (γ
A(x)

(u) ≤ β or γ
B(x)

(u)) ≤ β)}
= {u : γ(A∪̃B)(x)(u) ≥ α and γ

(A∪̃B)(x)
(u) ≤ β}

= α
βγ(A∪̃B)(x).
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ii. Similar to the proof of (i).

Theorem 3.2. Let γA ∈ IFS(U) and, {αi : i ∈ I} and {βj : j ∈ I} be two non-empty
subsets of [0, 1]. If α = min{αi : i ∈ I}, α = max{αi : i ∈ I}, β = min{βj : j ∈ I} and

β = max{βj : j ∈ I}, then the following assertions hold,

i. ∪̃(i∈I)
αi
βj

γA⊆̃ α

β
γA

ii. ∩̃(i∈I)
αi
βj

γA =α
β γA.

Proof. The proof is clear from Definition 2.18.

Definition 3.3. Let γA be an IFS-set over U. Image of A, denoted Im(γA), is a set of
intuitionistic fuzzy sets, consist of image of all x ∈ A under γA.

The image of x ∈ A, Im(γA(x)), is the set of all ordered pairs (γA(x)(u), γ
A(x)

(u))

for all u ∈ U . Union of images of all elements in A is denoted by Im(γA)(U).

Proposition 3.4. Let (αi, βj) ∈ γG(U), such that β1 ≤ β2 ≤ ... , α1 ≤ α2 ≤ ... and
(θ, θ) ∈ [0, 1]× [0, 1].

i. If αi ≤ θ ≤ αi+1 and βj ≤ θ ≤ βj+1, then, αi
βj

γG =θ
θ γG.

ii. (θ, θ)−level set is equal to one of (αi, βj)−level set, for any ordered pairs (θ, θ)
such that θ ≤ γG(e)(u) and θ ≥ γG(e)(u) for all u ∈ U .

Definition 3.5. Let f be a function from A into B and γA, γB be two IFS-sets over
U. Then, the intuitionistic fuzzy soft subsets f(γA) and f−1(γB) over U are defined,
respectively, as follow

f(γA)(y) =

{ t{γA(x) : x ∈ A, f(x) = y}, if f(x) ∈ f(A)
γ∅, otherwise

for all y ∈ B and f−1(γB)(x) = γB(f(x)) for all x ∈ A. Here, f(γA) is called the image
of γA under f and f−1(γB) is called the preimage (or inverse image) of γB under f .

Example 3.6. Assume that U = {u1, u2, u3} is a universal set. Let A = {−1, 0, 1, 2}
and B = {0, 1, 2, 3, 4} be two subsets of set of parameters, and f : A → B, f(x) = x2.
We define an IFS-set over U

γA = {(−1, {〈u1/0.5/0.3〉, 〈u2/0.6/0.1〉, 〈u3/0.4/0.5〉}),
(0, {〈u1/0.7/0.2〉, 〈u2/0.4/0.3〉, 〈u3/0.2/0.6〉}),
(1, {〈u1/0.7/0.1〉, 〈u2/0.8/0.2〉, 〈u3/0.5/0.3〉}),
(2, {〈u1/0.3/0.6〉, 〈u2/0.5/0.2〉, 〈u3/0.4/0.5〉})}

and

γB = {(0, {〈u1/0.4/0.3〉, 〈u2/0, 6/0.1〉, 〈u3/0.7/0.2〉}),
(1, {〈u1/0.5/0.3〉, 〈u2/0.6/0.2〉, 〈u3/0.1/0.7〉}),
(2, {〈u1/0.3/0.5〉, 〈u2/0.4/0.2〉, 〈u3/0.4/0.4〉}),
(3, {〈u1/0/1〉, 〈u2/0/1〉, 〈u3/0/1〉}),
(4, {〈u1/0.5/0.5〉, 〈u2/0.4/0.3〉, 〈u3/0.3/0.5〉})}.
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Then,

f(γA) = {(0, {〈u1/0.7/0.2〉, 〈u2/0.4/0.3〉, 〈u3/0.2/0.6〉}),
(1, {〈u1/0.7/0.1〉, 〈u2/0.8/0.1〉, 〈u3/0.5/0.3〉}),
(2, {〈u1/0/1〉, 〈u2/0/1〉, 〈u3/0/1〉}),
(3, {〈u1/0/1〉, 〈u2/0/1〉, 〈u3/0/1〉}),
(4, {〈u1/0.3/0.6〉, 〈u2/0.5/0.2〉, 〈u3/0.4/0.5〉})}

and

f−1(γB) = {(1, {〈u1/0.5/0.3〉, 〈u2/0.6/0.2〉, 〈u3/0.1/0.7〉}),
(0, {〈u1/0.4/0.3〉, 〈u2/0, 6/0.1〉, 〈u3/0.7/0.2〉}),
(−1, {〈u1/0.5/0.3〉, 〈u2/0.6/0.2〉, 〈u3/0.1/0.7〉}),
(2, {〈u1/0.5/0.5〉, 〈u2/0.4/0.3〉, 〈u3/0.3/0.5〉})}.

Theorem 3.7. Let f be a function from A into B, Ai ⊆ A, Bi ⊆ B and γAi
, γBi

∈
IFS(U) for all i ∈ I. Then

i. f(t̃i∈IγAi
) = t̃i∈If(γAi

)

ii. γA1ṽγA2 ⇒ f(γA1)ṽf(γA2)

iii. γB1ṽγB2 ⇒ f−1(γB1)ṽf−1(γB2).

Proof. i. For all i ∈ I, IFS-sets γAi
and y ∈ B

f(t̃i∈IγAi
)(y) = t{γAi

(x) : x ∈ Ai, f(x) = y}
= t{tγAi(x)(u) : x ∈ Ai, f(x) = y, u ∈ U}
= ti∈I{γAi

(x) : x ∈ Ai, f(x) = y}
= ti∈If(γAi

)(y).

ii. Let γA1ṽγA2 , so A1 ⊆ A2, then

f(γA1)(y) = t{γA1(x) : x ∈ A1, f(x) = y}
v t{γA2(x) : x ∈ A2, f(x) = y}
= f(γA2)(y).

iii. Let γB1ṽγB2 then, for all x ∈ A

f−1(γB1)(x) = γB1(f(x))
v γB2(f(x))
= f−1(γB2(x))
= f−1(γB2)(x).

Theorem 3.8. Let f be a function from A into B, I be a nonempty index set, Bi ⊆ B
and γBi

∈ IFS(U) for all i ∈ I. Then,

i. f−1(t̃i∈IγBi
) = t̃i∈If

−1(γBi
)
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ii. f−1(ũi∈IγBi
) = ũi∈If

−1(γBi
).

Proof. For all x ∈ A,

i. f−1(t̃i∈IγBi
)(x) = ti∈IγBi

(f(x)) = ti∈If
−1(γBi

)(x)

ii. f−1(ũi∈IγBi
)(x) = ui∈IγBi

(f(x)) = ui∈If
−1(γBi

)(x).

Theorem 3.9. Let f be a function from A into B. Then, f−1(f(γA))w̃γA for all
γA ∈ IFS(U). In particular, if f is an injective function, then f−1(f(γA)) = γA.

Proof. For all x ∈ A,

f−1(f(γA))(x) = f(γA)(f(x))
= f(γA(f(x)))
= t{γA(x′) : x′ ∈ A, f(x′) = f(x)}
w γA(x)

thus f−1(f(γA))w̃γA.
It is clear that if f is one to one function, then f(x′) = f(x) implies x′ = x and the

last inclusion is reduced to equality.

Theorem 3.10. Let f be a function from A into B. For all γB ∈ IFS(U), f(f−1(γB))ṽγB.
In particular, if f is an surjective function, then f(f−1(γB)) = γB.

Proof. For all x ∈ A,

f(f−1(γB))(y) = t{f−1(γB)(x) : x ∈ A, f(x) = y}
= t{(γB)(f(x)) : ∀x ∈ A, f(x) = y}
=

{
γB(y), if y ∈ f(A)
γ∅, otherwise

v γB(y).

Thus f(f−1(γB))ṽγB. If f is an onto function, then y ∈ f(A) for all y ∈ B and so
f(f−1(γB)) = γB.

Theorem 3.11. Let f be a function from A into B. Then, f(γA)ṽγB ⇔ γAṽf−1(γB)
for all γA, γB ∈ IFS(U).

Proof. We know from Theorem 3.7 that, f(γA)ṽγB ⇒ f−1(f(γA))ṽf−1(γB) and from
Theorem 3.9, γAṽf−1(f(γA)), so γAṽf−1(γB).
Conversely, let γAṽf−1(γB). Then from Theorem 3.7 and 3.10, f(γA)ṽf(f−1(γB)ṽγB.

Theorem 3.12. Let f be a function from A into B and g be a function from B into
C. Then,

i. g(f(γA)) = (g ◦ f)(γA), for all γA ∈ IFS(U).

ii. f−1(g−1(γC)) = (g ◦ f)−1(γC), for all γC ∈ IFS(U).
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Proof. Consider any γA ∈ IFS(U) and any z ∈ C, then

i.
g(f(γA))(z) = t{f(γA)(y) : y ∈ B, g(y) = z}

= t{t{(γA)(x) : x ∈ A, f(x) = y} : y ∈ B, g(y) = z}
= t{(γA)(x) : x ∈ A, (g ◦ f)(x) = z}
= (gof)γA(z).

ii. For any γC ∈ IFS(U) and for all x ∈ A,

(g ◦ f)−1(γC)(x) = γC(g(f(x)))
= g−1(γC)(f(x))
= f−1(g−1(γC))(x).

Definition 3.13. Let G be an arbitrary group and γG, βG be two IFS-sets over U .
Then, product of γG and βG is defined as follow, for all x ∈ G,

(γG ∗ βG)(x) = t{γG(y) u βG(z) : y, z ∈ G and yz = x}

and inverse of γG is
γ−1

G (x) = γG(x−1).

Theorem 3.14. The product, defined in Definition 3.13, is associative.

Proof. Let G be a group and γG, βG, θG ∈ IFS(U). Then,

[(γG ∗ βG) ∗ θG](x)
= t{(γG ∗ βG)(y) u θG(z) : yz = x, y, z ∈ G}
= t{t{(γG(u) u βG(v)) : uv = y} u θG(z) : yz = x, y, z ∈ G}
= t{(γG(u) u βG(v)) u θG(z) : uvz = x, u, v, z ∈ G}
= t{γG(u) u (βG(v) u θG(z)) : uvz = x, u, v, z ∈ G}
= t{γG(u) u {βG(v) u θG(z) : vz = t, v, z ∈ G} : ut = x, u, t ∈ G}
= t{γG(u) u (βG ∗ θG)(t) : ut = x, u, t ∈ G}
= [γG ∗ (βG ∗ θG)](x)

so it is associative.

Theorem 3.15. Let γG, βG, γiG ∈ IFS(U) for all i ∈ I. Then the following assertions
hold,

i. (γG ∗ βG)(x) = ty∈G{γG(y) u βG(y−1x)} = ty∈G{γG(xy−1) u βG(y)}
ii. [(γ−1

G )]−1 = γG

iii. γGṽγ−1
G ⇔ γ−1

G ṽγG ⇔ γ−1
G = γG

iv. γGṽβG ⇔ γ−1
G ṽβ−1

G

v. (t̃i∈IγiG)−1 = t̃i∈Iγ
−1
iG

vi. (ũi∈IγiG)−1 = ũi∈Iγ
−1
iG
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vii. (γG ∗ βG)−1 = β−1
G ∗ γ−1

G .

Proof. i. For all y ∈ G, y(y−1x) = x or (xy−1)y = x includes all alternatives of
components of x, so equality holds.

ii. For all x ∈ G,
(γ−1

G )−1(x) = γ−1
G (x−1) = γG((x−1)−1) = γG(x).

iii. Let γGṽγ−1
G . Then, for all x ∈ G,

γG(x) v γ−1
G (x) = γG(x−1)

In last expression substituting x−1 instead of x we get

γG(x−1) v γG((x−1)−1) ⇔ γ−1
G (x) v γG(x)

⇔ γ−1
G ṽγG

therefore γ−1
G = γG.

iv. The proof is direct from (3).

v. For all x ∈ G,
(t̃i∈IγiG)−1(x) = (t̃i∈IγiG)(x−1)

= ti∈IγiG(x−1)
= ti∈Iγ

−1
iG

(x).

vi. The proof is similar to 3.

vii. For all x ∈ G,

(γG ∗ βG)−1(x) = (γG ∗ βG)(x−1)
= t{γG(y) u βG(z) : y, z ∈ Gand yz = x−1}
= t{γG(y) u βG(z) : y, z ∈ Gand (yz)−1 = (x−1)−1}
= t{βG(z−1)−1 u γG(y−1)−1 : y−1, z−1 ∈ Gand z−1y−1 = x}
= t{β−1

G (z−1) u γ−1
G (y−1) : y−1, z−1 ∈ Gand z−1y−1 = x}

= (β−1
G ∗ γ−1

G )(x).

4 Intuitionistic fuzzy soft groups

In this section, we introduce notion of intuitionistic fuzzy soft group (IFS-group) by
inspiring from the fuzzy group of Rosenfefld [26].

Troughout this section G denotes an arbitrary group with identity element e.

Definition 4.1. Let G be an arbitrary group and γG ∈ IFS(U). γG is called intu-
itionistic fuzzy soft groupoid if γG(xy) w γG(x) u γG(y) for all x, y ∈ G and is called
intuitionistic fuzzy soft group (IFS-group) if γG(x−1) = γG(x) for all x ∈ G.

From now on, set of all intuitionistic fuzzy soft groups on G over U is denoted by
IFS(GU).
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Definition 4.2. Let γG ∈ IFS(GU) and e be the identity of G. Then e-set of γG,
denoted by γe

G, is defined by

γe
G = {x ∈ G : γG(x) = γG(e)}.

Example 4.3. Assume that U = {u1, u2, u3} is a universal set and G = Z4 is a set of
parameters. We define an IFS-set γG by

γG γG(0) γG(1) γG(2) γG(3)
u1 (0.6, 0.2) (0.4, 0.5) (0.5, 0.3) (0.4, 0.5)
u2 (0.5, 0.4) (0.3, 0.6) (0.4, 0.5) (0.3, 0.6)
u3 (0.7, 0.1) (0.4, 0.3) (0.6, 0.2) (0.4, 0.3)

Table 1. An IFS-group

which satisfies all conditions of IFS-group.

Proposition 4.4. Let γG ∈ IFS(GU). Then,

i. γG(xn) w γG(x) for all x ∈ G

ii. γG(e) w γG(x) for all x ∈ G

iii. γG(xy) w γG(y) for all x, y ∈ G if and only if γG(x) = γG(e).

Proof. From Definition 4.1, the results are trivial.

Theorem 4.5. An IFS-set γG over U is an IFS-group over U if and only if γG(xy−1) w
γG(x) u γG(y) for all x, y ∈ G.

Proof. Let γG ∈ IFS(GU). Then for all x, y ∈ G, γG(xy−1) w γG(x) u γG(y−1) =
γG(x) u γG(y).

Suppose that γG(xy−1) w γG(x) u γG(y) for all x, y ∈ G. Substituting x = e we get
γG(y−1) w γG(y). Thus, γG(y) = γG((y−1)−1) w γG(y−1) and so γG(y) = γG(y−1). In
addition γG(xy) = γG(x(y−1)−1) w γG(x) u γG(y−1) = γG(x) u γG(y). Therefore γG is a
IFS-group over U .

Definition 4.6. Let G be a group, H be a subgroup of G, γG be an IFS-group over
U . Then, γH is said to be an intuitionistic fuzzy soft subgroup of γG over U if γH is an
IFS-group over U . It is denoted by γH ≤ifs γG.

Example 4.7. Let γG be as in Example 4.3 and H = {0, 2}. Then, γH ≤ifs γG.

Theorem 4.8. Let γG be an IFS-group over U and, γH and γN be two intuitionistic
fuzzy soft subgroups of γG over U . Then γHũγN is an intuitionistic fuzzy soft subgroup
of γG over U .

Proof. From Definition 2.17, γAũγB = {(x, γAũB(x)) : x ∈ G}, so for x, y ∈ G,

γHũN(xy−1) = γH(xy−1) u γN(xy−1)
w (γH(x) u γH(y)) u (γN(x) u γN(y))
= (γH(x) u γN(x)) u (γH(y) u γN(y))
= γHũN(x) u γHũN(y).

Thus γHũγN is a intuitionistic fuzzy soft subgroup of γG over U .
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It is also possible to prove that the union of two intuitionistic fuzzy soft subgroup
need not be an IFS-group.

Theorem 4.9. Let γG be an IFS-group over U . Then γe
G is a subgroup of G.

Proof. Since e ∈ γe
G then γe

G 6= ∅. Let x, y ∈ γe
G, then γG(x) = γG(e) = γG(y). Firstly,

γG(xy−1) w γG(x) u γG(y)
= γG(e) u γG(e)
= γG(e).

Since γG(e) w γG(xy−1), then γG(xy−1) = γG(e). Thus xy−1 ∈ γe
G.

Therefore γe
G is an intuitionistic fuzzy soft subgroup of G.

Theorem 4.10. Let T = Im(γG)(U) ∪ {(θ, θ) : 0 ≤ θ ≤ γG(e)(u), γ
G(e)

(u) ≤ θ ≤ 1,

θ, θ ∈ R}. If γG ∈ IFS(GU), then α
βγG is a soft subgroup of G for all (α, β) ∈ T .

Proof. Suppose γG ∈ IFS(GU) and let (α, β) ∈ T . Since γG(e) w γG(x), for all x ∈ G
then e ∈α

β γG. Thus α
βγG 6= ∅. Let x, y ∈α

β γG. Then, for all u ∈ Im(γG(x)), γG(x)(u) ≥ α
and γ

G(x)
(u) ≤ β, and for all u ∈ Im(γG(y)), γG(y)(u) ≥ α and γ

G(y)
(u) ≤ β. Since γG

is an intuitionistic fuzzy soft subgroup,

γG(xy−1) w γG(x) u γG(y)
= {〈u/min{γG(x)(u), γG(y)(u)}/max{γ

G(x)
(u), γ

G(y)
(u)}〉 : u ∈ U}

w {〈u/α/β〉 : u ∈ U}.

So for all u ∈ U , γG(xy−1)(u) ≥ α and γ
G(xy−1)

(u) ≤ β, thus xy−1 ∈α
β γG. This follows

that α
βγG is soft subgroup of G.

Theorem 4.11. Let γG ∈ IFS(U). Then, γG ∈ IFS(GU) if and only if γG satisfies
the following conditions;

i. γG ∗ γGṽγG

ii. γ−1
G ṽγG (or γ−1

G w̃γG or γ−1
G = γG).

Proof. Let γG ∈ IFS(GU). Then,

i.
(γG ∗ γG)(x) = t{γG(y) u γG(z) : yz = x, y, z ∈ G}

v t{γG(yz) : yz = x, y, z ∈ G}
= γG(x).

ii. By the definition of IFS-group and Theorem 3.15-(iii) the necessary condition is
obvious. Conversely; suppose (γG ∗ γG)ṽγG then (γG ∗ γG)(x) v γG(x), for all
x ∈ G so

γG(x) w (γG ∗ γG)(x)
= t{γG(y) u γG(z) : yz = x, y, z ∈ G}
w {γG(y) u γG(z) : yz = x, y, z ∈ G},

as a result for any x = yz, γG(yz) w γG(y) u γG(z) and by Definition 4.1, γG ∈
IFS(GU).
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Theorem 4.12. Let γG, βG ∈ IFS(GU). Then, γG ∗ βG ∈ IFS(GU) if and only if
γG ∗ βG = βG ∗ γG.

Proof. Suppose that γG ∗ βG ∈ IFS(GU). Then,

γG ∗ βG = γ−1
G ∗ β−1

G = (βG ∗ γG)−1 = βG ∗ γG.

Conversely, suppose that γG ∗ βG = βG ∗ γG. Then,

(γG ∗ βG) ∗ (γG ∗ βG) = γG ∗ (βG ∗ γG) ∗ βG

= γG ∗ (γG ∗ βG) ∗ βG

= (γG ∗ γG) ∗ (βG ∗ βG)
ṽ γG ∗ βG

and
(γG ∗ βG)−1 = (βG ∗ γG)−1 = γ−1

G ∗ β−1
G = γG ∗ βG.

Consequently by Theorem 4.11, γG ∗ βG ∈ IFS(GU).

Theorem 4.13. Let γG ∈ IFS(GU) and f be a homomorphism of G into H. Then,
f(γG) ∈ IFS(HU).

Proof. Let u, v ∈ H. If either u /∈ f(G) or v /∈ f(G), then f(γG)(u) u f(γG)(v) = ∅̂ v
f(γG)(uv). Assume u /∈ f(G) then u−1 /∈ f(G), thus f(γG)(u) = ∅̂ = f(γG)(u−1) so
subgroup conditions are satisfied. Now suppose that u = f(x) and v = f(y) for some
x, y ∈ G. Then

(f(γG))(uv) = t{γG(z) : z ∈ G, f(z) = uv}
= t{γG(xy) : x, y ∈ G, f(xy) = uv}
w t{γG(x) u γG(y) : x, y ∈ G, f(x) = u, f(y) = v}
= (t{γG(x) : x ∈ G, f(x) = u}) u (t{γG(y) : y ∈ G, f(y) = v})
= (f(γG))(u) u (f(γG))(v).

In addition,
(f(γG))(u−1) = t{γG(z) : z ∈ G, f(z) = u−1}

= t{γG(z−1) : z ∈ G, f(z−1) = u}
= (f(γG))(u).

Hence f(γG), is an intuitionistic fuzzy soft group over U .

Theorem 4.14. Let H be a group, γH ∈ IFS(HU) and f be a homomorphism of G
into H. Then, f−1(γH) ∈ IFS(GU).

Proof. Let x, y ∈ G. Then,

f−1(γH)(xy) = γH(f(xy))
= γH(f(x)f(y))
w γH(f(x)) u γH(f(y))
= f−1(γH)(x) u f−1(γH)(y).
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In addition,
f−1(γH)(x−1) = γH(f(x−1))

= γH((f(x))−1)
= γH(f(x))
= f−1(γH)(x).

Hence f−1(γH) ∈ IFS(GU).

5 Conclusion

In this paper, we present some results of intuitionistic fuzzy soft sets on a group. In
addition, we give some properties of them. Then, we define intuitionistic fuzzy soft
groups and investigate their properties. This study affords us an opportunity to go
further on intuitionistic fuzzy soft group, that is, normal intuitionistic fuzzy soft group,
quotient group, isomorphism theorems etc.
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