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Abstract

As a generalization of semi-invariant £&--Riemannian submersions, we introduce the generic
& Riemannian submersions. We focus on the generic ¢é-Riemannian submersions for
the Sasakian manifolds with examples and investigate the geometry of foliations. Also,
necessary and sufficient conditions for the base manifold to be a local product manifold
are obtained and new conditions for totally geodesicity are established. Furthermore, cur-
vature properties of distributions for a generic £&'-Riemannian submersion from Sasakian
space forms are obtained and we prove that if the distributions, which define a generic
¢! Riemannian submersion are totally geodesic, then they are Einstein.

Mathematics Subject Classification (2020). 53C15, 53C25, 53C80

Keywords. Riemannian submersion, Sasakian manifold, second fundamental form of a
map, Einstein manifold

1. Introduction

Let M be a submanifold of almost contact manifold M with almost contact structure
¢, then, M is invariant submanifold if (T, M) C T, M,V x € M, where T, M denotes the
tangent space to M at point x and £ € T, M, and £ is a characteristic vector. M is called an
anti-invariant submanifold if (T, M) C T;-M, ¥ x € M, where T; M denotes the normal
space to M at the point x. However, a semi-invariant submanifold is a generalization of
both the invariant and anti-invariant submanifolds. Semi-invariant submanifold is defined
by two orthogonal distributions; one invariant and the other an anti-invariant distribution.
Generic submanifolds are generalized semi-invariant submanifolds, although defined by
different distributions. A submanifold M of almost contact manifold M is called a generic
submanifold of M if D, = (T, M) N (T, M) defines a smooth distribution V z € M.

A conventional way to compare two manifolds is by defining smooth maps from one
manifold to another. One such map is submersion, whose rank equals to the dimension of
the target manifold. An isometric submersion is called a Riemannian submersion.

Riemannian submersion between Riemannian manifolds was first studied by O’ Neill and
Gray [17,23]. These studies were extended to manifolds with differentiable structures. Sev-
eral authors have studied different geometric properties of the Riemannian submersions,
anti-invariant submersions [8, 18,21, 29], semi-invariant submersions [2,4,6,24-26, 30].
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Riemannian submersions have applications in physics and mathematics, such as in su-
pergravity and superstring theories [20,22], Kaluza—Klein theory [12,19], and the Yang-
Mills theory [11,32]. Also, Frejlich and Dunn et al. [13,16] obtained submersions of Lie
algebra.

Ali and Fatima [7] introduced a generic Riemannian submersion from almost Hermit-
ian manifold onto Riemannian manifold. Several authors have studied submersions of
generic submanifolds of a Kaehler manifold [15]. Sahin studied generic Riemannian maps
[31]. Akyol introduced generic Riemannian submersions and conformal generic Riemann-
ian submersions from almost product Riemannian submanifolds and almost Hermitian
manifold, respectively [1,3]. Sayar et al. introduced generic submersion from Kaehler
manifold [28].

Recently, Akyol et al. defined and studied semi-invariant ¢--Riemannian submersions
from almost contact metric manifolds and investigated the geometry of the new submer-
sions on almost contact manifolds [5].

This work introduces a generic é--Riemannian submersions from Sasakian manifolds
onto Riemannian manifolds as a generalization of semi-invariant ¢--Riemannian submer-
sions from almost contact manifold.

The paper is organized as follows: Section 2, outlines the basic properties of Sasakian
manifold and Riemannian submersion; section 3, defines the generic ¢é--Riemannian sub-
mersions from Sasakian manifolds onto Riemanian manifolds; section 4, investigates the
geometry of distributions and show that there are certain product structures on total
space of a generic ¢ --Riemannian submersions from Sasakian manifolds onto Riemannian
manifolds; section 5, discuss new conditions for generic £--Riemannian submersions to be
totally geodesic and totally umbilical; finally, section 6, discuss the curvature properties
and Einstein conditions of distributions for a generic ¢*+-Riemannian submersion from
Sasakian space forms onto Riemannian manifolds.

2. Preliminaries

Let (N, p,&,m, g) be an almost contact manifold, where ¢ is a tensor field of type (1,1),n
is a 1-form, & is a characteristic vector field, ¢g is the Riemannian metric, such that

o =-T+n®¢ and n(€) =1, (2.1)

9(pU, V) = g(U,V) = n(U)n(V) (2.2)
where o€ =0, nop =0, g(pU, V)= —g(U,oV)and ¥ U,V € T'(TN) [10].
Similarly, an almost contact manifold is normal if
[p,0] +2dn© & =0

where [p, ¢] is Nijenhuis tensor of ¢.
A normal almost contact manifold is Sasakian manifold if and only if

(Vup)V =g(U,V)§ =n(V)U and Vy& = —pU, (2.3)

where V is the connection of Levi-Civita covariant differentiation [27].

Let (N, gn) and (B, gg) be Riemannian manifolds, where dim (V) = k, dim(B) = [ and
k > l. A Riemannian submersion 7 : N — B is a map of N onto B satisfying the following
axioms:

(i) 7 has maximal rank.
(ii) The differential 7, preserves the lenghts of horizontal vectors.

Let 7= %(g) be a (k — [) dimensional submanifold of N, for any ¢ € B. Then, the
submanifolds 7~1(q) are called fibers.
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A vector field on N is referred to as vertical if the fibers are tangent and referred to
as horizontal if the fibers are orthogonal. A vector field U on N is called basic if U is
horizontal and 7m—related to a vector field U on B, i.e., m.Uy, = Uy, () for allp € N. We
denote the projection morphisms on the distributions kerm, and (kerm,)®™ by V and K,
respectively.

We recall that the sections of V and H are called vertical vector fields and horizontal
vector fields, respectively. A Riemannian submersion 7 : N — B determines two (1,2)
tensor fields T and A on N, by the formulas:

T(E,F) = TgF = HVypVEF + VVypHF (2.4)
and N N
for any E,F € T'(T'N), where V and H are the vertical and horizontal projections [23].
Using (2.4) and (2.5), we have

VoW =Ty W + Vi W,
Vo X =Ty X + H(Vy X),
ViV =V(VxV)+ AxV,
VY = AxY + H(VyY)
for any V,W € T'(kerm,) and X,Y € I'((kerm,)*). Furthermore, if X is a basis then

H(VyX) = AxV. (2.10)

We note that for V, W € I'(kern,), Ty W coincides with the second fundamental form of
the immersion of the fiber submanifolds and T is symmetric on the vertical distribution:
TyW = TwV, for VW € T'(kerm,). Furhermore, AxY = %V[X, Y], which shows the
complete integrability of the horizontal distribution 3, for X, Y € I'((kerm,)*). Moreover,
A alternates on the horizontal distribution, AxY = —Ay X, for X, Y € T'((kerm,):).

Lemma 2.1 ([14],(23]). If 7 : N — B is a Riemannian submersion and U,V are basic
vector fields on N, m—related to U' and V' on B, then we get
(1) H[U, V] is a basic vector field and m,H[U, V] = [U', V'] o,
(2) %(VZV) is a basic vector field m—related to (VBU/,V’), where V" and VB are the
Levi-Civita connections on N and B, respectively,
(3) [E, K] € I'(kermy), for any K € I'(kerm,) and for any basic vector field E.

Let 7 : N — B be a Riemannian submersion. Then the second fundamental form of 7
is given by
(Vr) (U, V) = VpmV — m(Vy V) (2.11)
for U,V € T'(TN). Moreover, 7 is called a totally geodesic map if (Vm,)(U, V) = 0 for
UV eI(TN) [9].
Let m : N — B be a Riemannian submersion. O’Neill ([23]), defined the Riemannian
curvature R of N, such that

R(V,W,U,S) = R(V,W,U,S) + g(TvU,TwS) — g(TwU, TyS) (2.12)
and
R(V,W.U,X) = g(VvT)uW,X) — g(VuT)v W, X) (2.13)
where R is Riemannian curvature tensor of any fiber (771(z),g,). If {V,W} is an or-
thonormal basis of the vertical 2-plane, then from equation (2.12), we have

o~

K(V,W) = K(V.W) + | Ty W] - g(Ty V. Ty W) (2.14)

where K and K are sectional curvatures of M and 7 1(x).
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A plane section in the tangent space T, N at p € N is called a ¢-section if it is spanned
by a vector X orthogonal to & and ¢ X. The sectional curvature of a y-section is called
the ¢-sectional curvature. A Sasakian manifold with constant p-sectional curvature c is
called a Sasakian space form and is denoted by N(c¢). The Riemannian curvature tensor
of a Sasakian space form N(c) is given by

R,W,U.8) = S {on (W 0)gn(V,8) = gu (V, U)g (W, S)}
+ = o (W, 8)n(V)(U) — gn (V, 8)n(Wn(D)

4
+an (V,U)n(W)n(S) — gn (W, U)n(V)n(S)
+gn (W, U)gn (¢V, S) — gn (V. U)gn (W, S)
—2gn(pV, W)gn (U, S)} (2.15)
for all VW, U, S € T'(T'N)[10].

3. Generic {'-Riemannian submersions

We define generic ¢*+-Riemannian submersion from a Sasakian manifold onto a Rie-
mannian manifold with examples. We begin with the following definition:

Let m: (N, p,&,m,9) — (B, g) be a Riemannian submersion such that N is a Sasakian
manifold, B is a Riemannian manifold and £ is normal to kerm,. Then, the complex
subspace of the vertical subspace V, is defined by

D, = (ker m.; N @(ker myy))
where x € N.

Definition 3.1. Let 7 : (N,¢,&,1,9) — (B, g) be a Riemannian submersion such that
N is a Sasakian manifold, B is a Riemannian manifold and £ is normal to kermw,. For
D C ker m, such that

kerm,=D®D,, p(D)=D
7 is called a generic £ —Riemannian submersion, where D is the orthogonal complement
of D in ker 7., and purely real distribution on the fibers of the submersion 7.

We provide examples that guarantee the existence of generic ¢+-Riemannian submer-
sions in Sasakian manifolds and demonstrate the effectiveness of the method presented.
Note that, (R?"1 », 7, £, g) denotes the manifold R+ with its Sasakian structure given
by

1= 5= Lv), e=25
1> ‘ . . .
g=7]®77+EZ(dm‘Z@)dﬂ—del@dyl),
i=1
“ 0 0 0 " 0 0
Xjm 4+ Vi )+ Z) = S (Vi — X
(’D(Z( ox’ + 8y’)+ &z) Z( ox’ ayz)

i=1 i=1
where (21, .., Zn, Y1, .-, Yn, 2) denotes the Cartesian coordinates on R?"*!1 and will be used
throughout this section.

Example 3.2. Every semi-invariant £&--Riemannian submersion from a Sasakian manifold
onto a Riemannian manifold is a generic é--Riemannian submersion such that D is total
real distribution.

Example 3.3. Every slant £&'-Riemannian submersion from a Sasakian manifold onto a
Riemannian manifold is a generic £&--Riemannian submersion such that D = {0} and D
is a slant distribution.
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Example 3.4. Every semi-slant ¢--Riemannian submersion from a Sasakian manifold
onto a Riemannian manifold is a generic £&'-Riemannian submersion such that D is a
slant distribution.

Example 3.5. Let R? and R® be a Sasakian and Riemannian manifold, respectively. We
denote Riemannian metric and Cartesian coordinates on R® such that ggs = % 2 (duf®
du® + dv' ® dv') + dz ® dz and (u1,ug,v1,v2, ), respectively. We define a map 7 by

T RY — R®
(w1, 22,23, T4, Y1, Y2, Y3, Y4, Z) (%ﬂ%%,%%) '
Then it follows that
0 0 0 0 0 0
kermy =Sp{Vi=—,Vo=— V3=—- V) =-2— + — + —
o Vi Oy 0 Owy’ Omy 8y2+8x3+8y3
and
0 0 0 0 0 0 0 0
ker s = Sp{W, = — Wy = —— - 4+ = — = .
er T p{W1 EITh 2 o1’ 3 8y2+8x3+8y3’ 4 Dz Oys’ 5= 55

After some basic calculations, we get that 7 is submersion. Hence we have pV) = Vs, V3 =
%(Wg—VL;) and ¢Vy = 2Va3+W,. Thus it follows that D = sp{V1,Va} and D) = sp{V3, V4}.
Also direct computations, we obtain

gro (Wi, Wi) = ggs (Wi, mW5)
where ggo and ggs are metrics of R? and R?, for all 4 = 1,...,5. Thus, 7 is a generic

¢+-Riemannian submersion.

Example 3.6. Let R” and R3 be a Sasakian and Riemannian manifold, respectively. We
denote Riemannian metric and Cartesian coordinates on R? such that ggs = i(du ® du +
dv ® dv) + dz ® dz and (u,v, z), respectively. We define a map by

T R7 — R3
(551733273337191792:%,2) ($1+$2+y27$1—y2a2)
Then 0 0 0 0 0
kerm, = Sp{Vi = — Vo= 0 — — Vo= — Vi = —
e p{ ! 8y1 2 6.%'1 8y2 3 8$3 4 6y3
and 0 0 0 0 0 0
e p{m 0z + 0z + oya’ 2 0z + Oya’ 3 8,2}

After some computation, we get that 7 is Riemannian submersion. Also, we have ¢V; =
%WQ + %Vg, pVo = =V — W1 4+ Ws and Vs = —Vjy. Then, 7 is generic fL—Riemannian
submersion such that D = sp{V3,V4} and D = sp{V1, Va}.

Let 7 : (N, p,&,n,g98) — (B,gp) be a generic £&--Riemannian submersion such that
N and B are Sasakian and Riemannian manifolds, respectively. For Z € T'(T'N), we have

7 =VZ+HZ (3.1)
where VZ € I'(kerm,) and HZ € T'(kern,)*. For K € I'(kerm.), we write
oK = oK +wK (3.2)

where ¢ K and wK are vertical (resp. horizontal) components of @K, respectively.
Alternately, let u be the complementary distribution to wD, in (kerm,)*. Then, we
give
¢D, c D,  (kerm,)t =wD, ®p,
where () C p. Hence, p1 contains €. Similarly, for X € T'((kerF.)*), we have

X = BX + CX, (3.3)
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where BX and CX are vertical (resp. horizontal) components of ¢ X, respectively.
Then using (2.6), (2.7), (3.2) and (3.3), we get

(Vy )W = BTy W — TywW, (3.4)
(Vyw)W = CTyW — Ty ¢W (3.5)

for VW e I'(kerm,), where
(Vv o)W = VyoW — ¢Vy W

and
(Vyw)W = HVywlW — wVyW.

4. Geometry of foliations

This section, investigates the integrability and totally geodesicness of distributions in-
volved in the definition of a generic é--Riemannian submersion. Furhermore, we obtain
decomposition theorems of this submersion.

Theorem 4.1. Let 7 : (N, ¢,&,m,98) — (B, gB) be a generic £&+-Riemannian submer-
sion such that N and B are Sasakian and Riemannian manifolds, respectively. Then, the
distribution D is integrable if and only if

TkeL =TreK
for any K, L € T'(D).

Proof. For K,L ¢ T'(D),Z € T'(D}), X € I'((kerm.)"), since [K, L] € T'(kerr.,), we have
that gy ([K, L], X) = 0. Thus, D is integrable if and only if gy ([K, L], X) = 0. Firstly, for
any U,V,WW € T'(T'N), from (2.2) and (2.3), we have

gN(VUV, W) = gN(VUQOV, QOW). (4.1)
For K,L € I'(D), Z € I'(D_ ),using (2.2) and (4.1) we have
gN([K, L], Z) = gn(VipL, 0Z) — gn (VLK. pZ). (4.2)

Then, by (2.3),(2.6) and(4.2) we conclude that,
gn([K, L), Z) = gn(VieL+TxeL — gn(K,L)é —n(L)K — VoL
—TxeL+gn(K, L) +n(L)K, Z).
By elementary calculations, we get
gn([K, L], Z) = gn(Tr L — TrpK, Z)
which gives proof. O

Theorem 4.2. Let 7 : (N, ¢,&,m,98) — (B, gB) be a generic £+-Riemannian submer-
sion such that N and B are Sasakian and Riemannian manifolds, respectively. Then, the
distribution D is integrable if and only if

VwoZ — VoW + TwwZ — T,wW e T(D))
forany ZW € T'(D,),K € T'(D).
Proof. For Z,W € I'(D, ), K € I'(D), using (2.2),(2.6),(2.7) and (4.2), we have,

gn([Z, W], K) = —gn(p(Vz9W + TzoW + H(V z0W) + TzwW), K)

p(V
+on (P (VwoZ + TwoZ + H(VwwZ) + TwwZ), K).
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By virtue of (3.2),(3.3), we arrive
gN([Z,W],K) = gN((ﬁ(—ﬁz(ﬁW — TzwW + ﬁw(ﬁz + TwwZ)
+B(=Tz¢oW — H(VzuW) + TwoZ + H(VwwZ)), K)
+gn(W(=V2¢W — TzwW + Vi ¢Z + TywwZ)
+C(=TzoW — H(VzuW) + TwoZ + H(VwwZ)), K).
After some calculations, we get
gN([Z W], K) = gn(o(=VzoW — TzuW + V¢ Z + TywZ)
+B(=TzoW — H(VzuW) + TwoZ + H(VwwZ)), K).
Since B(—Tz¢W — H(VzwW) + TwoZ + H(VwwZ)) € T(D), we conclude that
gn([Z. W], K) = gn(¢(=V 2¢W — TzuwW + Vo Z + TwwZ), K)
which proves the assertion. O

Theorem 4.3. Let 7 : (N, ¢,&,m,98) — (B, gB) be a generic £+-Riemannian submer-
siton such that N and B are Sasakian and Riemannian manifolds, respectively. Then, the
distribution D defines a totally geodesic foliation on N if and only if

¢(VrdL — Txwl) = —B(TxwL + HV gwl)
and

9((V) (K, L), m.CX) = gn(VikpL, BX)
for any K, L € T(D), X € T'((kerm,)%).
Proof. The distribution D defines a totally geodesic foliation on N if and only if
gn(ViL,Z) =0and gy(VgL,X) =0forany K,L € I'(D),Z € T'(D_), X € T'((ker m.)*).
For K,L € I'(D),Z € I'(D_ ) using (2.2),(2.3) and (3.2) we have

IN(VKL,Z) = gn(eV kL, 02Z).

By virtue of (2.3) and (3.2) imply that

gn(ViL, Z) = gn(o(VEOL + Vrwl), Z).
Then, from (2.6),(2.7),(3.2) and (3.3), we have

gN(VikL,Z) = —gN(¢§K¢L + BT oL + ¢TgwL + BHV gwL, 7).

On the other hand, for X € T'((ker 7)), using (2.7),(2.11) and (3.3), we arrive

gn(VKL, X) = gn(VkeL, pX)

= gn(VreL, BX + CX).
Since 7 is generic £é+-Riemannian submersion, we have
gN(VrL,X) =gn(VreL, BX) — gp(m:VgoL, 1.CX).
Then, using (2.11), we get
gN(VkL, X) = gn(VikeL, BX) — gp(Vm) (K, pL), m.CX)

which proves the assertion. O

Theorem 4.4. Let 7 : (N, ¢,&,m,98) — (B, gB) be a generic £+-Riemannian submer-
siton such that N and B are Sasakian and Riemannian manifolds, respectively. Then, the
distribution D, defines a totally geodesic foliation on N if and only if

(Vm)(Z, W) € ()
and
98(m(Z,CX), mewW) = gn(VzBX, ¢W) + gn(TzBX, wW) + gy (T7CX, ¢W)
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for any Z,W € T(Dy), X € I'((ker m,)™+).
Proof. For Z,W € T'(D,),K € T(D), X € I'((ker 7,)") using (2.2) and (3.2), we have
gN(VzW, K) = gn(VzoW, 9K + wK).
Then, from (3.1), we arrive
gN(Vzw, K) = gN(HngO‘/V, U)K).
Taking into account that 7 is generic ¢ -Riemannian submersion and from (2.11), we
conclude that
gn(VzW, K) = gg(Vm)(Z, W), mwK).
Similarly, by virtue of (2.2) and (4.1), we have
gN(VzW, X) = gn(VzX, pW).
Then, using (2.6),(2.7) and (3.3), we arrive

aN(V W, X) = gn(VzBX,oW) + gn(TzBX, wW) + gy (HV2CX, wW)
+gn(TZCX, ¢W).

Furthermore, using (2.11), we get

gN(Vzw,X) = gN(ﬁzBX, (Z5W) + gN(iTZBX,wW) + gB(m(VZCX), TF*U)W)
+98(TzCX, oW)
which gives proof. O
Corollary 4.5. Let 7 : (N, ¢,£,m,98) — (B, gB) be a generic &--Riemannian submer-

sion such that N and B are Sasakian and Riemannian manifolds, respectively. Then, the
fibers of m are the locally product Riemannian manifold of leaves of D and D, if and only

if
¢(VgdpL — Txwl) = —B(TxwL + HV gwl),
9B((Vm ) (K, pL), m.CX) = gn(VkpL, BX)

and
(Vﬂ*)(za (pW) € F(M):
98(m(Z,CX), mwW) = gy (VzBX, pW) + gn(TzBX, wW) + gn(T2zCX, W)
for any K,L € T(D), Z,W € I'(D,), X € I'((kerm,)").
Theorem 4.6. Let m: (N, ¢,£,m,98) — (B, gB) be a generic &*--Riemannian submer-

sion such that N and B are Sasakian and Riemannian manifolds, respectively. Then ker m,
defines a totally geodesic foliation on N if and only if

VooV + TywV e T(D),
and
TyoV + HVywV e I'(D1)
for any U,V € T'(ker my).
Proof. For all U,V € I'(ker7,), we have
(Vup)V = VypV —VyV.
Then, using (2.1) and (2.3), we arrive

VoV = —pVyeV. (4.3)
On the other hand, using (3.2),(2.6),(2.7),(3.3) in (4.3), we conclude that
VoV = —(¢VueV +wVyeV + BTydV + CTyeV

+BHVywV + CHVywV + ¢TywV + wIywV).
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Then, ker 7, defines a totally geodesic foliation if and only if
C(TyoV + HVywV) + w(VyeV + TywV) = 0.
Hence, ViV € I'(ker 7ry) if and only if
C(TyoV + HVywV) =0
and
w(VydV + TywV) = 0.
O

Theorem 4.7. Let ©: (N, ¢,£,m,98) — (B, gB) be a generic £&*--Riemannian submer-
ston such that N and B are Sasakian and Riemannian manifolds, respectively. Then,
(ker ) defines a totally geodesic foliation on N if and only if

VVxBY + AxCY € T'(D4),

and
AxBY + HVxCY € T'(u)

for any X,Y € T'((ker m.)"L).

Proof. For X,Y € I'((ker,)*%), by virtue of (4.3)
VxY = —pVxeY.

By using (2.8),(2.9), (3.1),(3.3), we arrive

VxY = —(BA)(BY—I-CAxBY+QSVVXBY-FU)VXBY-}-BJ{(VXY)
+C}C(ny) + pAxCY + wAXCY).

On the other hand, from VxY € I'((ker 7)), we have
BAxBY + ¢VVxBY + BH(VxY) + ¢AxCY = 0.
Then, VxY € I'((ker w,)*) if and only if
B(AxBY + H(VxY)) =0

and
(f)(VVXBY + AXCY) = 0.
]

Corollary 4.8. Let 7 : (N, ¢,&,n,98) — (B, gB) be a generic £+-Riemannian submer-
sion such that N and B are Sasakian and Riemannian manifolds, respectively. Then,
the total space N is a locally product manifold of the leaves of ker m, and (ker m,)*, i.e.
N = Nkerr, X Nixerm,)t if and only if

VooV +TywV e T(D),  TydV + HVywV € [(DY)

and

VVxBY 4+ AxCY € T'(DY),  AxBY + HVxCY € T'(n)
for any U,V € I'(kerm,), X,Y € T'((ker m,)™4).
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5. Totally umbilical and totally geoedesicness of 7

This section, we investigate new conditions for generic £&'-Riemannian submersion to
be totally geodesic and totally umbilical.

A Riemannian submersion between two Riemannian manifolds is called totally geodesic
if and only if Vm, = 0. On the other hand, let m be Riemannian submersion. Then 7 is
called Riemannian submersion with totally umbilical fiber if

TJuV =g(U,V)H (5.1)
for all U,V € I'(ker 7)) and H is mean curvature vector fields of fiber.

Theorem 5.1. Let 7 : (N, ¢,&,m,98) — (B, gB) be a generic £+-Riemannian submer-
sion such that N and B are Sasakian and Riemannian manifolds, respectively. Then 7 is
totally geodesic if

VxmZ = 7 (w(AxHZ)—-VVxVZ)+ C(HVxZ — AxVZ)
—n(Z)CX +n(AxVZ)E +n(HVx Z)E)
for any X € T((kerm,)t), Z € I'(TN).
Proof. For Z € T(TN), X € T'((ker w,)*) using (2.3), (2.11), and (3.1), we have
(Vxm)Z =VxmiZ — m(—n(Z)pX — oV x V24V xHZ4n(Vx Z)E).
Then, by virtue of (2.8),(2.9),(3.2),(3.3), we have
(Vxm)Z = VxmiZ —m(—n(Z2)CX — ¢VV xVZ—wVVxVZ — BAxVZ
—CAXxVZL + ¢AxHZ + wWAxHZ + BHV xZ + CHV x Z
+9(VVxVZ+AXVZ, )&+ g(AxVZ + HV x Z,€)E.
Thus, taking into account that the vertical parts, we get
(Vxm)Z = VxmiZ —m(—n(Z2)CX —wVVxVZ — CAxVZ + wAxHZ
+CHVxZ + g(VVxVZ+AxVZ, &)E
+9(AxVZ +HV xZ,€)E

which proves the assertion. U

Theorem 5.2. Let © : (N,p,&,n,98) — (B,gp) be a generic &--Riemannian sub-
mersion with totally umbilcal fibres such that N and B are Sasakian and Riemannian
manifolds, respectively, then H € T'(wD ).

Proof. For any U,V € I'(D), using (2.3), (2.6), (3.2) and (3.3), we have
gn(UV)E—n(V)U = TydV + VyeV — BTygV — CTyoV — ¢V V — wViV.
Taking inner product in above equation with Z € I'(u), we arrive
gn (U, VIN(Z) = gn(Tu eV, Z) — gy (CTy ¢V, Z).
Since 7 is totally umbilical, using (3.2), we conclude that
gn (U, VIn(Z) = gn(U, ¢V )gn(H, Z) — gn (U, V)gn (H, 9 Z).
Interchanging U and V in last equation and subtracting this two equation, we get
gn(H,Z) =0
which completed that proof. O

Theorem 5.3. Let ©: (N(c),gn) — (B, gB) be a generic &--Riemannian submersion
with totally umbilical fibres such that N(c) and B are Sasakian space form and Riemannian
manifold, respectively. Then ¢ = 1.

Proof. Taking into account that (2.13), (2.15) and (5.1) we obtain our assertion. O
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6. Generic {'-Riemannian submersions with Sasakian space form

This section, we study curvature properties and Einstein conditions of generic &*-
Riemannian submersion.

Let 7 : (N(c),gn) — (B, gg) be a generic £--Riemannian submersion such that N(c)
and B are Sasakian space form and Riemannian manifold, respectively. Then, using (2.12)
and (2.15)

RW.WUS) = “E2{gn (W, 0)gn(V,8) — gn (V. D)gn (7, 5))
FE N (W S)(V)n(U) = g(V, 8)a(W (V)

+gn (V. U)n(W)n(S) — gn (W, U)n(V)n(S)
+9n (W, U)gn (¢V, S) — gn (V. U)gn (eW, 5)
—2gn(pV, W)gn (U, S)}
+9(TvU, Tw S) — g(TwU, Ty S) (6.1)
for all V,W,U, S € T'(TN).
Now, we choose an orthonormal frame on N by {ei ..., €2y, €2p+1, s €2p42¢> €2p4+2g+1}-
Then, we get,
D= Sp{eL..., egp}, DJ_ = Sp{€2p+1, ceey €2p+2q} and f = Sp{€2p+2q+1}
where dimD = 2p and dimD | = 2q.
Theorem 6.1. Let w: (N(c), ¢,€,m,98) — (B, gB) be a generic £+ -Riemannian submer-

sion such that N and B are Sasakian space form and Riemannian manifold, respectively.
Then, we have

ROW.U8) = S (gn(W,8)an(V,U) - gw (V. S)gn(W, )}

Cc —

FE o (W, 0)an (6V: S) — aw (0, U)gn (67, 5)

—2gn(¢V, W)gn (U, 5)}
—I—gN(TwU,TVs) —gN(TvU,TWs) (6.2)

and

Rw) = 4o w -1+ s om)

+gn (TwV, Ty W) — gn(TvV, Tw W) (6.3)

for any V,W,U,S € I'(D).
Proof. For V,W,U,S € I'(D,), using (3.2), (6.1) and (V) = 0, then we have

c+3
R(V,W,U,S) = 1 {gn(W, S)gn (V,U) — gn(V, S)gn (W, U)}
c—1
=l (@W, U)gn (0V, 5) — gn (V. U)gn (6, 5)
—2gn (V. W)gn (U, S)}. (6.4)
Therefore, from (2.12) and (6.4), we obtain (6.2).
Similarly, by elementary calculations in (6.2), we obtain (6.3). O

Theorem 6.2. Let 7 : (N(c),¢,&,m,98) — (B, gB) be a generic & -Riemannian submer-
sion such that N and B are Sasakian space form and Riemannian manifold, respectively.
If D is totally geodesic, the distribution D, is Einstein.
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Proof. For any V,IWW € I'(D_ ), we recall

2q
S (V,W)=> R(E;,V,W,E;)
=1

where S is Ricci tensor. Let D is totally geodesic. Then, using (6.2), we have

50 2}C+3wNvamN@mww N (E Egn (VW)

+T{9N(¢Va W)gn(OEi, Ei) — gn(SE;, W)gn (9, E;)
—29N(oE;, V)gn (oW, E;)}}.
Then, by elementary calculations, we get

(c+3)(1—2q)+3(c—1)
4
which proves the assertion. 0

SL(V,W) = gn(V, W) (6.5)

Proposition 6.3. Let m : (N(c),0,&,m,98) — (B,gg) be a generic £&--Riemannian
submersion such that N and B are Sasakian space form and Riemannian manifold, re-
spectively. If the distribution D) is totally geodesic, then

. (c+3)(1—-29)+3(c—1)
TL =4 9

where 7| 1is the scalar curvature of D .

Theorem 6.4. Let 7 : (N(c), ¢, &,m,98) — (B, gB) be a generic £+ -Riemannian submer-
sion such that N and B are Sasakian space form and Riemannian manifold, respectively.
Then, we get

ROELMN) = S22 gn (L, M)gw (K, N) — gn (K, M)gw (L, N)}

+T{9N(QOL7 M)gN(SDKa N) - gN(SDKa M)gN(QDIGN)
_29N(¢Ka L)gN((pM7N)}

—I—gN(TLM, TKN) — gN(TKM, TLN) (6.6)
and
— c + 3 c—1
K(K,L) = {on (K, L)* =1} = 3= —gn(pK, L)*
+gN<TLK, TKL) gN(TKK, TLL) (67)

for any K,L,M,N € T'(D).
Proof. For K,L,M,N € I'(D), using (2.12),(2.14),(6.1), we obtain equations (6.6) and
(6.7). 0

Theorem 6.5. Let 7 : (N(c), ¢, &,m,98) — (B, gB) be a generic &--Riemannian submer-
ston such that N and B are Sasakian space form and Riemannian manifold, respectively.
If D is totally geodesic, the distribution D is Finstein.

Proof. For any K, L € T'(D), using (6.6), we get

c+3 c—1
1 (2p —1)gn(K, L)

which gives proof. O

S(K,L) =

(K, L) (6.8)
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Proposition 6.6. Let m : (N(c),0,£&,m,98) — (B,gp) be a generic &--Riemannian
submersion such that N and B are Sasakian space form and Riemannian manifold, re-
spectively. If the distirbution D is totally geodesic, then we get

(c+3)2p—1)+3(c—1)
5 )

T=p
where T is scalar curvature of D.
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