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Abstract
As a generalization of semi-invariant ξ⊥-Riemannian submersions, we introduce the generic
ξ⊥- Riemannian submersions. We focus on the generic ξ⊥-Riemannian submersions for
the Sasakian manifolds with examples and investigate the geometry of foliations. Also,
necessary and sufficient conditions for the base manifold to be a local product manifold
are obtained and new conditions for totally geodesicity are established. Furthermore, cur-
vature properties of distributions for a generic ξ⊥-Riemannian submersion from Sasakian
space forms are obtained and we prove that if the distributions, which define a generic
ξ⊥-Riemannian submersion are totally geodesic, then they are Einstein.
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1. Introduction
Let M be a submanifold of almost contact manifold M with almost contact structure

φ, then, M is invariant submanifold if φ(TxM) ⊂ TxM , ∀ x ∈ M, where TxM denotes the
tangent space to M at point x and ξ ∈ TxM , and ξ is a characteristic vector. M is called an
anti-invariant submanifold if φ(TxM) ⊂ T ⊥

x M , ∀ x ∈ M, where T ⊥
x M denotes the normal

space to M at the point x. However, a semi-invariant submanifold is a generalization of
both the invariant and anti-invariant submanifolds. Semi-invariant submanifold is defined
by two orthogonal distributions; one invariant and the other an anti-invariant distribution.
Generic submanifolds are generalized semi-invariant submanifolds, although defined by
different distributions. A submanifold M of almost contact manifold M is called a generic
submanifold of M if Dx = (TxM) ∩ φ(TxM) defines a smooth distribution ∀ x ∈ M .

A conventional way to compare two manifolds is by defining smooth maps from one
manifold to another. One such map is submersion, whose rank equals to the dimension of
the target manifold. An isometric submersion is called a Riemannian submersion.

Riemannian submersion between Riemannian manifolds was first studied by O’ Neill and
Gray [17,23]. These studies were extended to manifolds with differentiable structures. Sev-
eral authors have studied different geometric properties of the Riemannian submersions,
anti-invariant submersions [8, 18,21,29], semi-invariant submersions [2, 4, 6, 24–26,30].
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Riemannian submersions have applications in physics and mathematics, such as in su-
pergravity and superstring theories [20, 22], Kaluza–Klein theory [12, 19], and the Yang-
Mills theory [11, 32]. Also, Frejlich and Dunn et al. [13, 16] obtained submersions of Lie
algebra.

Ali and Fatima [7] introduced a generic Riemannian submersion from almost Hermit-
ian manifold onto Riemannian manifold. Several authors have studied submersions of
generic submanifolds of a Kaehler manifold [15]. Şahin studied generic Riemannian maps
[31]. Akyol introduced generic Riemannian submersions and conformal generic Riemann-
ian submersions from almost product Riemannian submanifolds and almost Hermitian
manifold, respectively [1, 3]. Sayar et al. introduced generic submersion from Kaehler
manifold [28].

Recently, Akyol et al. defined and studied semi-invariant ξ⊥-Riemannian submersions
from almost contact metric manifolds and investigated the geometry of the new submer-
sions on almost contact manifolds [5].

This work introduces a generic ξ⊥-Riemannian submersions from Sasakian manifolds
onto Riemannian manifolds as a generalization of semi-invariant ξ⊥-Riemannian submer-
sions from almost contact manifold.

The paper is organized as follows: Section 2, outlines the basic properties of Sasakian
manifold and Riemannian submersion; section 3, defines the generic ξ⊥-Riemannian sub-
mersions from Sasakian manifolds onto Riemanian manifolds; section 4, investigates the
geometry of distributions and show that there are certain product structures on total
space of a generic ξ⊥-Riemannian submersions from Sasakian manifolds onto Riemannian
manifolds; section 5, discuss new conditions for generic ξ⊥-Riemannian submersions to be
totally geodesic and totally umbilical; finally, section 6, discuss the curvature properties
and Einstein conditions of distributions for a generic ξ⊥-Riemannian submersion from
Sasakian space forms onto Riemannian manifolds.

2. Preliminaries
Let (N, φ, ξ, η, g) be an almost contact manifold, where φ is a tensor field of type (1, 1), η

is a 1-form, ξ is a characteristic vector field, g is the Riemannian metric, such that

φ2 = −I + η ⊗ ξ and η(ξ) = 1, (2.1)

g(φU, φV ) = g(U, V ) − η(U)η(V ) (2.2)
where φξ = 0, ηoφ = 0, g(φU, V ) = −g(U, φV ) and ∀ U, V ∈ Γ(TN) [10].

Similarly, an almost contact manifold is normal if

[φ, φ] + 2dη ⊗ ξ = 0

where [φ, φ] is Nijenhuis tensor of φ.
A normal almost contact manifold is Sasakian manifold if and only if

(∇U φ)V = g(U, V )ξ − η(V )U and ∇U ξ = −φU, (2.3)

where ∇ is the connection of Levi-Civita covariant differentiation [27].
Let (N, gN ) and (B, gB) be Riemannian manifolds, where dim(N) = k, dim(B) = l and

k > l. A Riemannian submersion π : N → B is a map of N onto B satisfying the following
axioms:

(i) π has maximal rank.
(ii)The differential π∗ preserves the lenghts of horizontal vectors.

Let π−1(q) be a (k − l) dimensional submanifold of N, for any q ∈ B. Then, the
submanifolds π−1(q) are called fibers.
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A vector field on N is referred to as vertical if the fibers are tangent and referred to
as horizontal if the fibers are orthogonal. A vector field U on N is called basic if U is
horizontal and π−related to a vector field U on B, i.e., π∗Up = Uπ∗(p) for all p ∈ N . We
denote the projection morphisms on the distributions kerπ∗ and (kerπ∗)⊥ by V and H,
respectively.

We recall that the sections of V and H are called vertical vector fields and horizontal
vector fields, respectively. A Riemannian submersion π : N → B determines two (1, 2)
tensor fields T and A on N , by the formulas:

T(E, F ) = TEF = H∇N

VEVF + V∇N

VEHF (2.4)
and

A(E, F ) = AEF = V∇N

HEHF + H∇N

HEVF (2.5)
for any E, F ∈ Γ(TN), where V and H are the vertical and horizontal projections [23].
Using (2.4) and (2.5), we have

∇N

V W = TV W + ∇̂V W, (2.6)

∇N

V X = TV X + H(∇N

V X), (2.7)
∇N

XV = V(∇N

XV ) + AXV, (2.8)
∇N

XY = AXY + H(∇N

XY ) (2.9)
for any V, W ∈ Γ(kerπ∗) and X, Y ∈ Γ((kerπ∗)⊥). Furthermore, if X is a basis then

H(∇N

V X) = AXV. (2.10)
We note that for V, W ∈ Γ(kerπ∗), TV W coincides with the second fundamental form of

the immersion of the fiber submanifolds and T is symmetric on the vertical distribution:
TV W = TW V, for V, W ∈ Γ(kerπ∗). Furhermore, AXY = 1

2V[X, Y ], which shows the
complete integrability of the horizontal distribution H, for X, Y ∈ Γ((kerπ∗)⊥). Moreover,
A alternates on the horizontal distribution, AXY = −AY X, for X, Y ∈ Γ((kerπ∗)⊥).

Lemma 2.1 ([14],[23]). If π : N → B is a Riemannian submersion and U, V are basic
vector fields on N, π−related to U ′ and V ′ on B, then we get

(1) H[U , V ] is a basic vector field and π∗H[U , V ] = [U ′, V ′] ◦ π,

(2) H(∇N

U V ) is a basic vector field π−related to (∇B

U ′′V ′), where ∇N and ∇B are the
Levi-Civita connections on N and B, respectively,

(3) [E, K] ∈ Γ(kerπ∗), for any K ∈ Γ(kerπ∗) and for any basic vector field E.

Let π : N → B be a Riemannian submersion. Then the second fundamental form of π
is given by

(∇π∗)(U, V ) = ∇N

U π∗V − π∗(∇M

U V ) (2.11)
for U, V ∈ Γ(TN). Moreover, π is called a totally geodesic map if (∇π∗)(U, V ) = 0 for
U, V ∈ Γ(TN) [9].

Let π : N → B be a Riemannian submersion. O’Neill ([23]), defined the Riemannian
curvature R of N, such that

R(V, W, U, S) = R̂(V, W, U, S) + g(TV U,TW S) − g(TW U,TV S) (2.12)
and

R(V, W, U, X) = g((∇V T)U W, X) − g((∇UT)V W, X) (2.13)
where R̂ is Riemannian curvature tensor of any fiber (π−1(x), gx). If {V, W} is an or-
thonormal basis of the vertical 2-plane, then from equation (2.12), we have

K(V, W ) = K̂(V, W ) + ∥TV W∥ − g(TV V, TW W ) (2.14)

where K and K̂ are sectional curvatures of M and π−1(x).
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A plane section in the tangent space TpN at p ∈ N is called a φ-section if it is spanned
by a vector X orthogonal to ξ and φX. The sectional curvature of a φ-section is called
the φ-sectional curvature. A Sasakian manifold with constant φ-sectional curvature c is
called a Sasakian space form and is denoted by N(c). The Riemannian curvature tensor
of a Sasakian space form N(c) is given by

R(V, W, U, S) = c + 3
4

{gN (W, U)gN (V, S) − gN (V, U)gN (W, S)}

+c − 1
4

{gN (W, S)η(V )η(U) − gN (V, S)η(W )η(U)

+gN (V, U)η(W )η(S) − gN (W, U)η(V )η(S)
+gN (φW, U)gN (φV, S) − gN (φV, U)gN (φW, S)
−2gN (φV, W )gN (φU, S)} (2.15)

for all V, W, U, S ∈ Γ(TN)[10].

3. Generic ξ⊥-Riemannian submersions
We define generic ξ⊥-Riemannian submersion from a Sasakian manifold onto a Rie-

mannian manifold with examples. We begin with the following definition:
Let π : (N, φ, ξ, η, g) −→ (B, g) be a Riemannian submersion such that N is a Sasakian

manifold, B is a Riemannian manifold and ξ is normal to kerπ∗. Then, the complex
subspace of the vertical subspace Vx is defined by

Dx = (ker π∗x ∩ φ(ker π∗x))
where x ∈ N.

Definition 3.1. Let π : (N, φ, ξ, η, g) −→ (B, g) be a Riemannian submersion such that
N is a Sasakian manifold, B is a Riemannian manifold and ξ is normal to kerπ∗. For
D ⊂ ker π∗ such that

ker π∗ = D ⊕ D⊥, φ(D) = D

π is called a generic ξ⊥−Riemannian submersion, where D⊥ is the orthogonal complement
of D in ker π∗, and purely real distribution on the fibers of the submersion π.

We provide examples that guarantee the existence of generic ξ⊥-Riemannian submer-
sions in Sasakian manifolds and demonstrate the effectiveness of the method presented.
Note that, (R2n+1, φ, η, ξ, g) denotes the manifold R2n+1, with its Sasakian structure given
by

η = 1
2

(dz −
n∑

i=1
yidxi), ξ = 2 ∂

∂z
,

g = η ⊗ η + 1
4

n∑
i=1

(dxi ⊗ dxi + dyi ⊗ dyi),

φ(
n∑

i=1
(Xi

∂

∂xi
+ Yi

∂

∂yi
) + Z

∂

∂z
) =

n∑
i=1

(Yi
∂

∂xi
− Xi

∂

∂yi
)

where (x1, .., xn, y1, ..., yn, z) denotes the Cartesian coordinates on R2n+1, and will be used
throughout this section.

Example 3.2. Every semi-invariant ξ⊥-Riemannian submersion from a Sasakian manifold
onto a Riemannian manifold is a generic ξ⊥-Riemannian submersion such that D⊥ is total
real distribution.

Example 3.3. Every slant ξ⊥-Riemannian submersion from a Sasakian manifold onto a
Riemannian manifold is a generic ξ⊥-Riemannian submersion such that D = {0} and D⊥
is a slant distribution.
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Example 3.4. Every semi-slant ξ⊥-Riemannian submersion from a Sasakian manifold
onto a Riemannian manifold is a generic ξ⊥-Riemannian submersion such that D⊥ is a
slant distribution.

Example 3.5. Let R9 and R5 be a Sasakian and Riemannian manifold, respectively. We
denote Riemannian metric and Cartesian coordinates on R5 such that gR5 = 1

4
∑2

i=1(dui ⊗
dui + dvi ⊗ dvi) + dz ⊗ dz and (u1, u2, v1, v2, z), respectively. We define a map π by

π : R9 −→ R5

(x1, x2, x3, x4, y1, y2, y3, y4, z) (y1, x1, y2+x3+y3√
3 , x3−y3√

2 , z) .

Then it follows that

ker π∗ = Sp{V1 = ∂

∂y4
, V2 = ∂

∂x4
, V3 = ∂

∂x2
, V4 = −2 ∂

∂y2
+ ∂

∂x3
+ ∂

∂y3
}

and

ker π⊥
∗ = Sp{W1 = ∂

∂x1
, W2 = ∂

∂y1
, W3 = ∂

∂y2
+ ∂

∂x3
+ ∂

∂y3
, W4 = ∂

∂x3
− ∂

∂y3
, W5 = ∂

∂z
}.

After some basic calculations, we get that π is submersion. Hence we have φV1 = V2, φV3 =
1
3(W3−V4) and φV4 = 2V3+W4. Thus it follows that D = sp{V1, V2} and D⊥ = sp{V3, V4}.
Also direct computations, we obtain

gR9(Wi, Wi) = gR5(π∗Wi, π∗Wi)
where gR9 and gR5 are metrics of R9 and R5, for all i = 1, ..., 5. Thus, π is a generic
ξ⊥-Riemannian submersion.

Example 3.6. Let R7 and R3 be a Sasakian and Riemannian manifold, respectively. We
denote Riemannian metric and Cartesian coordinates on R3 such that gR3 = 1

4(du ⊗ du +
dv ⊗ dv) + dz ⊗ dz and (u, v, z), respectively. We define a map by

π : R7 −→ R3

(x1, x2, x3, y1, y2, y3, z) (x1 + x2 + y2, x1 − y2, z)
Then

ker π∗ = Sp{V1 = ∂

∂y1
, V2 = ∂

∂x1
− ∂

∂y2
, V3 = ∂

∂x3
, V4 = ∂

∂y3
}

and
ker π⊥

∗ = Sp{W1 = ∂

∂x1
+ ∂

∂x2
+ ∂

∂y2
, W2 = ∂

∂x1
+ ∂

∂y2
, W3 = ∂

∂z
}

After some computation, we get that π is Riemannian submersion. Also, we have φV1 =
1
2W2 + 1

2V2, φV2 = −V1 − W1 + W2 and φV3 = −V4. Then, π is generic ξ⊥-Riemannian
submersion such that D = sp{V3, V4} and D⊥ = sp{V1, V2}.

Let π : (N, φ, ξ, η, gN ) −→ (B, gB) be a generic ξ⊥-Riemannian submersion such that
N and B are Sasakian and Riemannian manifolds, respectively. For Z ∈ Γ(TN), we have

Z = VZ + HZ (3.1)
where VZ ∈ Γ(kerπ∗) and HZ ∈ Γ(kerπ∗)⊥. For K ∈ Γ(kerπ∗), we write

φK = ϕK + ωK (3.2)
where ϕK and ωK are vertical (resp. horizontal) components of φK, respectively.

Alternately, let µ be the complementary distribution to wD⊥ in (kerπ∗)⊥. Then, we
give

ϕD⊥ ⊂ D⊥, (kerπ∗)⊥ = wD⊥ ⊕ µ,

where φ(µ) ⊂ µ. Hence, µ contains ξ. Similarly, for X ∈ Γ((kerF∗)⊥), we have
φX = BX + CX, (3.3)
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where BX and CX are vertical (resp. horizontal) components of φX, respectively.
Then using (2.6), (2.7), (3.2) and (3.3), we get

(∇M

V ϕ)W = BTV W − TV ωW, (3.4)

(∇M

V ω)W = CTV W − TV ϕW (3.5)
for V, W ∈ Γ(kerπ∗), where

(∇M

V ϕ)W = ∇̂V ϕW − ϕ∇̂V W

and
(∇M

V ω)W = H∇M

V ωW − ω∇̂V W.

4. Geometry of foliations
This section, investigates the integrability and totally geodesicness of distributions in-

volved in the definition of a generic ξ⊥-Riemannian submersion. Furhermore, we obtain
decomposition theorems of this submersion.

Theorem 4.1. Let π : (N, φ, ξ, η, gN ) −→ (B, gB) be a generic ξ⊥-Riemannian submer-
sion such that N and B are Sasakian and Riemannian manifolds, respectively. Then, the
distribution D is integrable if and only if

TKφL = TLφK

for any K, L ∈ Γ(D).

Proof. For K, L ∈ Γ(D), Z ∈ Γ(D⊥), X ∈ Γ((kerπ∗)⊥), since [K, L] ∈ Γ(kerπ∗), we have
that gN ([K, L], X) = 0. Thus, D is integrable if and only if gN ([K, L], X) = 0. Firstly, for
any U, V, W ∈ Γ(TN), from (2.2) and (2.3), we have

gN (∇U V, W ) = gN (∇U φV, φW ). (4.1)

For K, L ∈ Γ(D), Z ∈ Γ(D⊥),using (2.2) and (4.1) we have

gN ([K, L], Z) = gN (∇KφL, φZ) − gN (∇LφK, φZ). (4.2)

Then, by (2.3),(2.6) and(4.2) we conclude that,

gN ([K, L], Z) = gN (∇̂KφL + TKφL − gN (K, L)ξ − η(L)K − ∇̂KφL

−TKφL + gN (K, L)ξ + η(L)K, Z).

By elementary calculations, we get

gN ([K, L], Z) = gN (TKφL − TLφK, Z)

which gives proof. �

Theorem 4.2. Let π : (N, φ, ξ, η, gN ) −→ (B, gB) be a generic ξ⊥-Riemannian submer-
sion such that N and B are Sasakian and Riemannian manifolds, respectively. Then, the
distribution D⊥ is integrable if and only if

∇̂W ϕZ − ∇̂ZϕW + TW wZ − TZwW ∈ Γ(D⊥)

for any Z, W ∈ Γ(D⊥), K ∈ Γ(D).

Proof. For Z, W ∈ Γ(D⊥), K ∈ Γ(D), using (2.2),(2.6),(2.7) and (4.2), we have,

gN ([Z, W ], K) = −gN (φ(∇̂ZϕW + TZϕW + H(∇ZwW ) + TZwW ), K)
+gN (φ(∇̂W ϕZ + TW ϕZ + H(∇W wZ) + TW wZ), K).
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By virtue of (3.2),(3.3), we arrive

gN ([Z, W ], K) = gN (ϕ(−∇̂ZϕW − TZwW + ∇̂W ϕZ + TW wZ)
+B(−TZϕW − H(∇ZwW ) + TW ϕZ + H(∇W wZ)), K)
+gN (w(−∇̂ZϕW − TZwW + ∇̂W ϕZ + TW wZ)
+C(−TZϕW − H(∇ZwW ) + TW ϕZ + H(∇W wZ)), K).

After some calculations, we get
gN ([Z, W ], K) = gN (ϕ(−∇̂ZϕW − TZwW + ∇̂W ϕZ + TW wZ)

+B(−TZϕW − H(∇ZwW ) + TW ϕZ + H(∇W wZ)), K).
Since B(−TZϕW − H(∇ZwW ) + TW ϕZ + H(∇W wZ)) ∈ Γ(D⊥), we conclude that

gN ([Z, W ], K) = gN (ϕ(−∇̂ZϕW − TZwW + ∇̂W ϕZ + TW wZ), K)
which proves the assertion. �
Theorem 4.3. Let π : (N, φ, ξ, η, gN ) −→ (B, gB) be a generic ξ⊥-Riemannian submer-
sion such that N and B are Sasakian and Riemannian manifolds, respectively. Then, the
distribution D defines a totally geodesic foliation on N if and only if

ϕ(∇̂KϕL − TKwL) = −B(TKwL + H∇KwL)
and

gB((∇π∗)(K, φL), π∗CX) = gN (∇KφL, BX)
for any K, L ∈ Γ(D), X ∈ Γ((ker π∗)⊥).

Proof. The distribution D defines a totally geodesic foliation on N if and only if
gN (∇KL, Z) = 0 and gN (∇KL, X) = 0 for any K, L ∈ Γ(D), Z ∈ Γ(D⊥), X ∈ Γ((ker π∗)⊥).
For K, L ∈ Γ(D), Z ∈ Γ(D⊥) using (2.2),(2.3) and (3.2) we have

gN (∇KL, Z) = gN (φ∇KL, φZ).
By virtue of (2.3) and (3.2) imply that

gN (∇KL, Z) = gN (φ(∇KϕL + ∇KwL), Z).
Then, from (2.6),(2.7),(3.2) and (3.3), we have

gN (∇KL, Z) = −gN (ϕ∇̂KϕL + BTKϕL + ϕTKwL + BH∇KwL, Z).
On the other hand, for X ∈ Γ((ker π∗)⊥), using (2.7),(2.11) and (3.3), we arrive

gN (∇KL, X) = gN (∇KφL, φX)
= gN (∇KφL, BX + CX).

Since π is generic ξ⊥-Riemannian submersion, we have
gN (∇KL, X) = gN (∇KφL, BX) − gB(π∗∇KφL, π∗CX).

Then, using (2.11), we get
gN (∇KL, X) = gN (∇KφL, BX) − gB(∇π∗)(K, φL), π∗CX)

which proves the assertion. �
Theorem 4.4. Let π : (N, φ, ξ, η, gN ) −→ (B, gB) be a generic ξ⊥-Riemannian submer-
sion such that N and B are Sasakian and Riemannian manifolds, respectively. Then, the
distribution D⊥ defines a totally geodesic foliation on N if and only if

(∇π∗)(Z, φW ) ∈ Γ(µ)
and

gB(π∗(Z, CX), π∗wW ) = gN (∇̂ZBX, ϕW ) + gN (TZBX, wW ) + gN (TZCX, ϕW )
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for any Z, W ∈ Γ(D⊥), X ∈ Γ((ker π∗)⊥).

Proof. For Z, W ∈ Γ(D⊥), K ∈ Γ(D), X ∈ Γ((ker π∗)⊥) using (2.2) and (3.2), we have
gN (∇ZW, K) = gN (∇ZφW, ϕK + wK).

Then, from (3.1), we arrive
gN (∇ZW, K) = gN (H∇ZφW, wK).

Taking into account that π is generic ξ⊥-Riemannian submersion and from (2.11), we
conclude that

gN (∇ZW, K) = gB((∇π∗)(Z, φW ), π∗wK).
Similarly, by virtue of (2.2) and (4.1), we have

gN (∇ZW, X) = gN (∇ZφX, φW ).
Then, using (2.6),(2.7) and (3.3), we arrive

gN (∇ZW, X) = gN (∇̂ZBX, ϕW ) + gN (TZBX, wW ) + gN (H∇ZCX, wW )
+gN (TZCX, ϕW ).

Furthermore, using (2.11), we get

gN (∇ZW, X) = gN (∇̂ZBX, ϕW ) + gN (TZBX, wW ) + gB(π∗(∇ZCX), π∗wW )
+gB(TZCX, ϕW )

which gives proof. �
Corollary 4.5. Let π : (N, φ, ξ, η, gN ) −→ (B, gB) be a generic ξ⊥-Riemannian submer-
sion such that N and B are Sasakian and Riemannian manifolds, respectively. Then, the
fibers of π are the locally product Riemannian manifold of leaves of D and D⊥ if and only
if

ϕ(∇̂KϕL − TKwL) = −B(TKwL + H∇KwL),
gB((∇π∗)(K, φL), π∗CX) = gN (∇KφL, BX)

and
(∇π∗)(Z, φW ) ∈ Γ(µ),

gB(π∗(Z, CX), π∗wW ) = gN (∇̂ZBX, ϕW ) + gN (TZBX, wW ) + gN (TZCX, ϕW )
for any K, L ∈ Γ(D), Z, W ∈ Γ(D⊥), X ∈ Γ((ker π∗)⊥).

Theorem 4.6. Let π : (N, φ, ξ, η, gN ) −→ (B, gB) be a generic ξ⊥-Riemannian submer-
sion such that N and B are Sasakian and Riemannian manifolds, respectively. Then ker π∗
defines a totally geodesic foliation on N if and only if

∇̂U ϕV + TU wV ∈ Γ(D),
and

TU ϕV + H∇U wV ∈ Γ(D⊥)
for any U, V ∈ Γ(ker π∗).

Proof. For all U, V ∈ Γ(ker π∗), we have
(∇U φ)V = ∇U φV − φ∇U V.

Then, using (2.1) and (2.3), we arrive
∇U V = −φ∇U φV. (4.3)

On the other hand, using (3.2),(2.6),(2.7),(3.3) in (4.3), we conclude that

∇U V = −(ϕ∇̂U ϕV + w∇̂U ϕV + BTU ϕV + CTU ϕV

+BH∇U wV + CH∇U wV + ϕTU wV + wTU wV ).
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Then, ker π∗ defines a totally geodesic foliation if and only if

C(TU ϕV + H∇U wV ) + w(∇̂U ϕV + TU wV ) = 0.

Hence, ∇U V ∈ Γ(ker π∗) if and only if

C(TU ϕV + H∇U wV ) = 0

and
w(∇̂U ϕV + TU wV ) = 0.

�

Theorem 4.7. Let π : (N, φ, ξ, η, gN ) −→ (B, gB) be a generic ξ⊥-Riemannian submer-
sion such that N and B are Sasakian and Riemannian manifolds, respectively. Then,
(ker π∗)⊥ defines a totally geodesic foliation on N if and only if

V∇XBY + AXCY ∈ Γ(D⊥),

and
AXBY + H∇XCY ∈ Γ(µ)

for any X, Y ∈ Γ((ker π∗)⊥).

Proof. For X, Y ∈ Γ((ker π∗)⊥), by virtue of (4.3)

∇XY = −φ∇XφY.

By using (2.8),(2.9), (3.1),(3.3), we arrive

∇XY = −(BAXBY + CAXBY + ϕV∇XBY + w∇XBY + BH(∇XY )
+CH(∇XY ) + ϕAXCY + wAXCY ).

On the other hand, from ∇XY ∈ Γ((ker π∗)⊥), we have

BAXBY + ϕV∇XBY + BH(∇XY ) + ϕAXCY = 0.

Then, ∇XY ∈ Γ((ker π∗)⊥) if and only if

B(AXBY + H(∇XY )) = 0

and
ϕ(V∇XBY + AXCY ) = 0.

�

Corollary 4.8. Let π : (N, φ, ξ, η, gN ) −→ (B, gB) be a generic ξ⊥-Riemannian submer-
sion such that N and B are Sasakian and Riemannian manifolds, respectively. Then,
the total space N is a locally product manifold of the leaves of ker π∗ and (ker π∗)⊥, i.e.
N = Nker π∗ × N(ker π∗)⊥ if and only if

∇̂U ϕV + TU wV ∈ Γ(D), TU ϕV + H∇U wV ∈ Γ(D⊥)

and
V∇XBY + AXCY ∈ Γ(D⊥), AXBY + H∇XCY ∈ Γ(µ)

for any U, V ∈ Γ(ker π∗), X, Y ∈ Γ((ker π∗)⊥).
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5. Totally umbilical and totally geoedesicness of π

This section, we investigate new conditions for generic ξ⊥-Riemannian submersion to
be totally geodesic and totally umbilical.

A Riemannian submersion between two Riemannian manifolds is called totally geodesic
if and only if ∇π∗ = 0. On the other hand, let π be Riemannian submersion. Then π is
called Riemannian submersion with totally umbilical fiber if

TU V = g(U, V )H (5.1)
for all U, V ∈ Γ(ker π∗) and H is mean curvature vector fields of fiber.

Theorem 5.1. Let π : (N, φ, ξ, η, gN ) −→ (B, gB) be a generic ξ⊥-Riemannian submer-
sion such that N and B are Sasakian and Riemannian manifolds, respectively. Then π is
totally geodesic if

∇Xπ∗Z = π∗(w(AXHZ) − V∇XVZ) + C(H∇XZ − AXVZ)
−η(Z)CX + η(AXVZ)ξ + η(H∇XZ)ξ)

for any X ∈ Γ((ker π∗)⊥), Z ∈ Γ(TN).

Proof. For Z ∈ Γ(TN), X ∈ Γ((ker π∗)⊥) using (2.3), (2.11), and (3.1), we have
(∇Xπ∗)Z = ∇Xπ∗Z − π∗(−η(Z)φX − φ∇XVZ+φ∇XHZ+η(∇XZ)ξ).

Then, by virtue of (2.8),(2.9),(3.2),(3.3), we have
(∇Xπ∗)Z = ∇Xπ∗Z − π∗(−η(Z)CX − ϕV∇XVZ−wV∇XVZ − BAXVZ

−CAXVZ + ϕAXHZ + wAXHZ + BH∇XZ + CH∇XZ

+g(V∇XVZ+AXVZ, ξ)ξ + g(AXVZ + H∇XZ, ξ)ξ.

Thus, taking into account that the vertical parts, we get
(∇Xπ∗)Z = ∇Xπ∗Z − π∗(−η(Z)CX − wV∇XVZ − CAXVZ + wAXHZ

+CH∇XZ + g(V∇XVZ+AXVZ, ξ)ξ
+g(AXVZ + H∇XZ, ξ)ξ

which proves the assertion. �
Theorem 5.2. Let π : (N, φ, ξ, η, gN ) −→ (B, gB) be a generic ξ⊥-Riemannian sub-
mersion with totally umbilcal fibres such that N and B are Sasakian and Riemannian
manifolds, respectively, then H ∈ Γ(wD⊥).

Proof. For any U, V ∈ Γ(D), using (2.3), (2.6), (3.2) and (3.3), we have
gN (U, V )ξ − η(V )U = TU ϕV + ∇̂U ϕV − BTU ϕV − CTU ϕV − ϕ∇̂U V − w∇̂U V.

Taking inner product in above equation with Z ∈ Γ(µ), we arrive
gN (U, V )η(Z) = gN (TU ϕV, Z) − gN (CTU ϕV, Z).

Since π is totally umbilical, using (3.2), we conclude that
gN (U, V )η(Z) = gN (U, ϕV )gN (H, Z) − gN (U, V )gN (H, φZ).

Interchanging U and V in last equation and subtracting this two equation, we get
gN (H, Z) = 0

which completed that proof. �
Theorem 5.3. Let π : (N(c), gN ) −→ (B, gB) be a generic ξ⊥-Riemannian submersion
with totally umbilical fibres such that N(c) and B are Sasakian space form and Riemannian
manifold, respectively. Then c = 1.

Proof. Taking into account that (2.13), (2.15) and (5.1) we obtain our assertion. �
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6. Generic ξ⊥-Riemannian submersions with Sasakian space form
This section, we study curvature properties and Einstein conditions of generic ξ⊥-

Riemannian submersion.
Let π : (N(c), gN ) −→ (B, gB) be a generic ξ⊥-Riemannian submersion such that N(c)

and B are Sasakian space form and Riemannian manifold, respectively. Then, using (2.12)
and (2.15)

R̂(V, W, U, S) = c + 3
4

{gN (W, U)gN (V, S) − gN (V, U)gN (W, S)}

+c − 1
4

{gN (W, S)η(V )η(U) − gN (V, S)η(W )η(U)

+gN (V, U)η(W )η(S) − gN (W, U)η(V )η(S)
+gN (φW, U)gN (φV, S) − gN (φV, U)gN (φW, S)
−2gN (φV, W )gN (φU, S)}
+g(TV U,TW S) − g(TW U,TV S) (6.1)

for all V, W, U, S ∈ Γ(TN).
Now, we choose an orthonormal frame on N by {e1,..., e2p, e2p+1, ..., e2p+2q, e2p+2q+1}.

Then, we get,

D = sp{e1,..., e2p}, D⊥ = sp{e2p+1, ..., e2p+2q} and ξ = sp{e2p+2q+1}

where dimD = 2p and dimD⊥ = 2q.

Theorem 6.1. Let π : (N(c), φ, ξ, η, gN ) −→ (B, gB) be a generic ξ⊥-Riemannian submer-
sion such that N and B are Sasakian space form and Riemannian manifold, respectively.
Then, we have

R̂(V, W, U, S) = c + 3
4

{gN (W, S)gN (V, U) − gN (V, S)gN (W, U)}

+c − 1
4

{gN (ϕW, U)gN (ϕV, S) − gN (ϕV, U)gN (ϕW, S)

−2gN (ϕV, W )gN (ϕU, S)}
+gN (TW U, TV S) − gN (TV U, TW S) (6.2)

and

K̂(V, W ) = c + 3
4

{gN (V, W )2 − 1} + c − 1
4

3g(V, ϕW )

+gN (TW V, TV W ) − gN (TV V, TW W ) (6.3)

for any V, W, U, S ∈ Γ(D⊥).

Proof. For V, W, U, S ∈ Γ(D⊥), using (3.2), (6.1) and η(V ) = 0, then we have

R(V, W, U, S) = c + 3
4

{gN (W, S)gN (V, U) − gN (V, S)gN (W, U)}

+c − 1
4

{gN (ϕW, U)gN (ϕV, S) − gN (ϕV, U)gN (ϕW, S)

−2gN (ϕV, W )gN (ϕU, S)}. (6.4)

Therefore, from (2.12) and (6.4), we obtain (6.2).
Similarly, by elementary calculations in (6.2), we obtain (6.3). �

Theorem 6.2. Let π : (N(c), φ, ξ, η, gN ) −→ (B, gB) be a generic ξ⊥-Riemannian submer-
sion such that N and B are Sasakian space form and Riemannian manifold, respectively.
If D⊥ is totally geodesic, the distribution D⊥ is Einstein.
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Proof. For any V, W ∈ Γ(D⊥), we recall

Ŝ⊥(V, W ) =
2q∑

i=1
R̂(Ei, V, W, Ei)

where Ŝ is Ricci tensor. Let D⊥ is totally geodesic. Then, using (6.2), we have

Ŝ⊥(V, W ) =
2q∑

i=1
{c + 3

4
{gN (V, Ei)gN (Ei, W ) − gN (Ei, Ei)gN (V, W )}

+c − 1
4

{gN (ϕV, W )gN (ϕEi, Ei) − gN (ϕEi, W )gN (ϕV, Ei)

−2gN (ϕEi, V )gN (ϕW, Ei)}}.

Then, by elementary calculations, we get

Ŝ⊥(V, W ) = (c + 3)(1 − 2q) + 3(c − 1)
4

gN (V, W ) (6.5)

which proves the assertion. �

Proposition 6.3. Let π : (N(c), φ, ξ, η, gN ) −→ (B, gB) be a generic ξ⊥-Riemannian
submersion such that N and B are Sasakian space form and Riemannian manifold, re-
spectively. If the distribution D⊥ is totally geodesic, then

τ̂⊥ = q
(c + 3)(1 − 2q) + 3(c − 1)

2
where τ̂⊥ is the scalar curvature of D⊥.

Theorem 6.4. Let π : (N(c), φ, ξ, η, gN ) −→ (B, gB) be a generic ξ⊥-Riemannian submer-
sion such that N and B are Sasakian space form and Riemannian manifold, respectively.
Then, we get

R̂(K, L, M, N) = c + 3
4

{gN (L, M)gN (K, N) − gN (K, M)gN (L, N)}

+c − 1
4

{gN (φL, M)gN (φK, N) − gN (φK, M)gN (φL, N)

−2gN (φK, L)gN (φM, N)}
+gN (TLM, TKN) − gN (TKM, TLN) (6.6)

and

K̂(K, L) = c + 3
4

{gN (K, L)2 − 1} − 3c − 1
4

gN (φK, L)2

+gN (TLK, TKL) − gN (TKK, TLL) (6.7)

for any K, L, M, N ∈ Γ(D).

Proof. For K, L, M, N ∈ Γ(D), using (2.12),(2.14),(6.1), we obtain equations (6.6) and
(6.7). �

Theorem 6.5. Let π : (N(c), φ, ξ, η, gN ) −→ (B, gB) be a generic ξ⊥-Riemannian submer-
sion such that N and B are Sasakian space form and Riemannian manifold, respectively.
If D is totally geodesic, the distribution D is Einstein.

Proof. For any K, L ∈ Γ(D), using (6.6), we get

Ŝ(K, L) = c + 3
4

(2p − 1)gN (K, L) + 3c − 1
4

gN (K, L) (6.8)

which gives proof. �
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Proposition 6.6. Let π : (N(c), φ, ξ, η, gN ) −→ (B, gB) be a generic ξ⊥-Riemannian
submersion such that N and B are Sasakian space form and Riemannian manifold, re-
spectively. If the distirbution D is totally geodesic, then we get

τ̂ = p
(c + 3)(2p − 1) + 3(c − 1)

2
,

where τ̂ is scalar curvature of D.

Acknowledgment. This paper is supported by Amasya University research project
(FMB-BAP 18-0335).

References
[1] M.A. Akyol, Generic Riemannian submersions from almost product Riemannian

manifolds, Gazi Univ. J. Sci. 30 (3), 89-100, 2017.
[2] M.A. Akyol, Conformal Semi-Invariant Submersions from Almost Product Riemann-

ian Manifolds, Acta Math. Vietnam. 42, 491-507, 2017.
[3] M.A. Akyol, Conformal generic submersions, Turkish J. Math. 45, 201-219, 2021.
[4] M.A. Akyol and Y. Gündüzalp, Semi inavariant semi-Riemannian submersion, Com-

mun. Fac. Sci. Univ. Ank. Ser. A1 Math. Stat. 67 (1), 80-92, 2018.
[5] M.A. Akyol, R. Sarı and E. Aksoy, Semi-invariant ξ⊥−Riemannian submersions from

almost contact metric manifolds, Int. J. Geom. Methods Mod. Phys. 14 (5), 1750074,
2017.

[6] M.A. Akyol and B. Şahin, Conformal semi-invariant submersions, Commun. Con-
temp. Math. 19 (2), 1650011, 2017.

[7] S. Ali and T. Fatima, Generic Riemannian submersions, Tamkang J. Math. 44 (4),
395-409, 2013.

[8] S. Ali and T. Fatima, Anti-invariant Riemannian submersions from nearly Kaehler
manifolds, Filomat, 27 (7), 1219-1235, 2013.

[9] P. Baird and J.C. Wood, Harmonic morphisms between Riemannian manifolds, Lon-
don Mathematical Society Monographs 29, Oxford University Press, The Clarendon
Press. Oxford, 2003.

[10] D.E. Blair, Contact manifold in Riemannain geometry, Lect. Notes Math. 509,
Springer-Verlag, Berlin-New York, 1976.

[11] J.P. Bourguignon and H.B. Lawson, Stability and isolation phenomena for Yang-mills
fields, Commun. Math. Phys. 79, 189-230, 1981.

[12] J.P. Bourguignon and H.B. Lawson, A mathematician’s visit to Kaluza-Klein theory,
Rend. Sem. Mat. Univ. Politec. Torino, Special Issue, 143-163, 1989.

[13] C. Dunn, P. Gilkey and J. H. Park, The spectral geometry of the canonical Riemannian
submersion of a compact Lie group, J. Geom. Phys. 57 (10), 2065-2076, 2007.

[14] M. Falcitelli, S. Ianus and A.M. Pastore, Riemannian submersions and related Topics,
World Scientific, River Edge, NJ, 2004.

[15] T. Fatima and S. Ali, Submersions of generic submanifolds of a Kaehler manifold,
Arab J. Math. Sci. 20 (1), 119-131, 2014.

[16] P. Frejlich, Submersions by Lie algebroids, J. Geom. Phys. 137, 237-246, 2019.
[17] A. Gray, Pseudo-Riemannian almost product manifolds and submersions, J. Math.

Mech. 16, 715-737, 1967.
[18] Y. Gündüzalp, Anti-invariant semi-Riemannian submersions from almost para-

Hermitian manifolds, J. Funct. Spaces, 720623, 2013.
[19] S. Ianus and M. Visinescu, Kaluza-Klein theory with scalar fields and generalized Hopf

manifolds, Class. Quantum Gravity, 4, 1317-1325, 1987.
[20] S. Ianus and M. Visinescu, Space-time compaction and Riemannian submersions, The

Mathematical Heritage of C. F. Gauss, 358-371, River Edge, World Scientific, 1991.



Generic ξ⊥-Riemannian submersions 403

[21] J.W. Lee, Anti-invariant ξ⊥−Riemannian submersions from almost contact mani-
folds, Hacettepe J. Math. Stat. 42 (3), 231-241, 2013.

[22] M.T. Mustafa, Applications of harmonic morphisms to gravity, J. Math. Phys. 41,
6918-6929, 2000.

[23] B. O’Neill, The fundamental equations of a submersion, Mich. Math. J. 13, 458-469,
1966.

[24] F. Özdemir, C. Sayar and H.M. Taştan, Semi-invariant submersions whose total man-
ifolds are locally product Riemannian, Quaest. Math. 40 (7), 909-926, 2017.

[25] K.S. Park, H-semi-invariant submersions, Taiwan. J. Math. 16 (5), 1865-1878, 2012.
[26] R. Prasad and S. Kumar, Conformal semi-invariant submersion from almost contact

manifolds onto Riemannian manifolds, Khayyam J. Math. 5 (2), 77-95, 2019.
[27] S. Sasaki and Y. Hatakeyama, On differentiable manifolds with contact metric struc-

ture, J. Math. Soc. Jpn. 14, 249-271, 1961.
[28] C. Sayar, H.M. Tastan, F. Özdemir and M.M. Tripathi, Generic submersion from

Kaehler manifold, Bull. Malays. Math. Sci. Soc. 43, 809-831, 2020.
[29] B. Şahin, Anti-invariant Riemannian submersions from almost Hermitian manifolds,

Cent. Eur. J. Math. 3, 437-447, 2010.
[30] B. Şahin, Semi-invariant Riemannian submersions from almost Hermitian manifolds,

Canad. Math. Bull. 56, 173-183, 2011.
[31] B. Şahin, Generic Riemannian Maps, Miskolc Math. Notes, 18 (1), 453-467, 2017.
[32] B. Watson, G, G’-Riemannian submersions and nonlinear gauge field equations of

general relativity, Global Analysis - Analysis on manifolds, Teubner-Texte Math.
Teubner, Leipzig, 57, 324-349, 1983.


