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SOME PROPERTIES OF A NEW CLASS OF ANALYTIC
FUNCTIONS DEFINED VIA RODRIGUES FORMULA
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Abstract. In this paper, we introduce and study a new family of analytic
functions via Rodrigues formula. Some main properties, the generating func-
tion, various recurrence relations and di¤erential properties of these functions
are obtained. Furthermore, the di¤erential equations are given for the sub-
classes of this family of analytic functions.

1. Introduction

Multiple orthogonal polynomials which are extensions of the orthogonal polyno-
mials have been an important research area during the last few decades (see [6], [7],
[8], [10], [11], [14]). These polynomials are closely related to Hermite-Padé approxi-
mation of a system of Markov functions [15]. Also, the multiple orthogonal polyno-
mials appear in random matrix theory, number theory, probability, approximation
theory and mathematical physics (for examples see [1], [5], [9], [13], [15], [17]). These
polynomials have some general properties such as Rodrigues formula and generat-
ing function. Very recently, the Rodrigues type generalizations of the multiple
orthogonal polynomials have been studied in the papers [12] and [16].
There are many families of multiple orthogonal polynomials [8]. One of the

classes of multiple orthogonal polynomials is the multiple Hermite polynomials
which are the extension of the classical Hermite orthogonal polynomials.
For our purpose, we start by recalling the properties of the multiple Hermite

polynomials. For the multi-index ~n = (n1; n2; :::; nr) 2 Nr and ~� = (�1; �2; :::; �r)

the multiple Hermite polynomials
�
H
(�;~�)
~n (x)

�
of degree j~nj = n1 + n2 + ::: + nr
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were given in [14] by the Rodrigues formula

H
(�;~�)
~n (x) = w�1r (wrw

�1
r�1(:::(w2w

�1
1 (w1)

(n1))(n2):::)(nr�1))(nr) (1)

where wi(x) = e
�
2x

2+�ix; � < 0; �i 6= �j for i 6= j.

The orthogonality relation for the multiple Hermite polynomials
�
H
(�;~�)
~n (x)

�
were given in [8] asZ 1

�1
H
(�;~�)
~n (x)xkwi(x)dx = 0; k = 0; 1; :::; ni � 1; i = 1; 2; :::; r;

with respect to r weight functions wi(x).
In [12], the multiple Hermite polynomials were generalized via Rodrigues formula

as

G(�;�1;�2)n1;n2 (x; k; p) = x��epx
k

e��2x
dn2

dxn2
e�2xe��1x

dn1

dxn1
x�e�px

k

e�1x; (2)

where p > 0;�; �1; �2 > �1 with �1 6= �2 and k is a natural number.
The special case of (2) when k = 2; � = 0 and p = � �

2 gives the Rodrigues

formula of the multiple Hermite polynomials H(�;�1;�2)
n1;n2 (x) given by (1).

Up to now, the generalizations of the multiple orthogonal polynomials via Ro-
drigues formula have been done by adding an extra parameter to the corresponding
Rodrigues formula (see [12], [16]).
In this study, we introduce a new family of analytic functions via Rodrigues

formula as

Hn1;n2;:::;nr (x) = B
	r+1(x)�	0(x)DnrB	r(x):::B	3(x)Dn2B	2(x)Dn1B	0(x)+	1(x);

(3)
where 	i(x); i = 0; 1; :::; r + 1 are analytic functions and B > 1 is a constant. In
particular case r = 2, the Rodrigues formula (3) becomes

Hn1;n2(x) = B
	3(x)�	0(x)Dn2B	2(x)Dn1B	0(x)+	1(x): (4)

Note that, this type generalizations were done for some classical orthogonal poly-
nomials by many authors (see [2], [3], [4]).

Remark 1. The particular case of Eq. (4) when B = e, 	0(x) = �
2x

2, 	1(x) =
�1x, 	2(x) = (�2��1)x and 	3(x) = ��2x gives the multiple Hermite polynomials
which was studied by D.W. Lee (see [14], Eq. (6)). Also, in the case B = e,
	0(x) = �pxk, 	1(x) = �1x, 	2(x) = (�2��1)x and 	3(x) = ��2x the family of
analytic functions given in (4) reduces to the special case (� = 0) of the generalized
multiple Hermite polynomial which is given in (2).

The paper is organized as follows: In section 2 we present the generating function,
various recurrence relations and some di¤erential properties for Hn1;n2(x) which is
given in Eq.(4). The di¤erential equations for the particular cases of these functions
are given in Section 3.
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2. Generating Function and Recurrence Relations

In this section we obtain generating function and various recurrence relations for
the family de�ned in Eq.(4). The �rst result is given by the following theorem.

Theorem 2. Let Hn1;n2(x) be the family of analytic functions de�ned by (4). Then
the generating function is given by

G(x; t1; t2) =
1X

n1;n2=0

Hn1;n2(x)
tn11
n1!

tn22
n2!

(5)

= B	0(x+t1+t2)�	0(x)+	1(x+t1+t2)+	2(x+t2)+	3(x);

where 	0(x), 	1(x), 	2(x) and 	3(x) are analytic functions and B > 1 is a con-
stant.

Proof. By the Cauchy integral formula and the Rodrigues formula (4), we get

1X
n1;n2=0

Hn1;n2(x)
tn11
n1!

tn22
n2!

=
1X

n2=0

1X
n1=0

B	3(x)�	0(x)Dn2B	2(x)Dn1B	0(x)+	1(x)
tn11
n1!

tn22
n2!

=
1X

n2=0

B	3(x)�	0(x)Dn2B	2(x)
tn22
n2!

1

2�i

I
C1

B	0(z)+	1(z)

z � x

1X
n1=0

�
t1
z � x

�n1
dz

=

1X
n2=0

B	3(x)�	0(x)Dn2B	2(x)
tn22
n2!

1

2�i

I
C1

B	0(z)+	1(z)

z � (x+ t1)
dz

=
1X

n2=0

B	3(x)�	0(x)Dn2B	2(x)+	0(x+t1)+	1(x+t1)
tn22
n2!

= B	3(x)�	0(x)
1

2�i

I
C2

B	0(�+t1)+	1(�+t1)+	2(�)

� � x

1X
n2=0

�
t2

� � x

�n2
d�

= B	0(x+t1+t2)�	0(x)+	1(x+t1+t2)+	2(x+t2)+	3(x);

where C1 is a circle in the complex z-plane, cut along the negative real axis, centered
at z = x+t1 with radius � > 0 (su¢ ciently small), which is described in the positive
direction (counter-clockwise) and C2 is a circle, centered at � = x+t2 in the complex
�-plane, cut along the negative real axis, with su¢ ciently small radius which is
described in the positive direction (counter-clockwise) and j t1z�x j < 1, j t2��x j < 1.
Whence the result. �
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Remark 3. Assume B = e, 	0(x) = �
2x

2, 	1(x) = �1x, 	2(x) = (�2 � �1)x
and 	3(x) = ��2x in Eq. (5) then we get the generating function for the multiple
Hermite polynomials which was already found by D.W. Lee [14].

The main recurrence relations of this paper are given in the following theorem.
As a consequence of these recurrence relations we are going to �nd the di¤erential
equation for the special cases of the class of analytic functions Hn1;n2(x).

Theorem 4. For the family of functions Hn1;n2(x) given in Eq. (4), we have the
following recurrence relations

Hn1+1;n2(x)

= lnB

� n1X
p=0

n2X
p1=0

�
n1
p

��
n2
p1

�
Hn1�p;n2�p1(x)

@p+p1+1(	0(x) + 	1(x))

@tp+11 @tp12

�
;

Hn1;n2+1(x)

= lnB

� n1X
p=0

n2X
p1=0

�
n1
p

��
n2
p1

�
Hn1�p;n2�p1(x)

@p+p1+1(	0(x) + 	1(x))

@tp1@t
p1+1
2

+

n2X
m=0

�
n2
m

�
Hn1;n2�m(x)

@m+1	2(x)

@tm+12

�
and

H 0
n1;n2(x)

= lnB

� n1X
p=0

n2X
p1=0

�
n1
p

��
n2
p1

�
Hn1�p;n2�p1(x)

@p+p1+1(	0(x) + 	1(x))

@tp+11 @tp12

+

n2X
m=0

�
n2
m

�
Hn1;n2�m(x)

@(m+1)	2(x)

@t
(m+1)
2

+
�
	03(x)�	00(x)

�
Hn1;n2(x)

�
:

Proof. Let 	(x; t1; t2) be an analytic function. The Taylor series expansion of
	(x; t1; t2) around t1; t2 = 0 is de�ned and represented as

	(x; t1; t2) =
1X
n=0

1

n!

nX
k=0

�
n

k

�
@n	(x; t1; t2)

@tn�k1 @tk2

����
(t1=0;t2=0)

tn�k1 tk2 :

For convenience let @
n	(x;t1;t2)

@tn�k1 @tk2

����
(t1=0;t2=0)

= @n	(x)

@tn�k1 @tk2
.

The generating function G(x; t1; t2) gives a way to derive the recurrence relations.
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By di¤erentiating Eq. (5) with respect to t1, one has

@

@t1
G(x; t1; t2) = lnB

�
	00(x+ t1 + t2) + 	

0
1(x+ t1 + t2)

�
G(x; t1; t2):

Now, if we substitute the Taylor series of the analytic functions 	00(x+ t1+ t2) and
	01(x+ t1 + t2) around t1; t2 = 0 into the above equation we get

1X
n1;n2=0

Hn1+1;n2(x)
tn11
n1!

tn22
n2!

= lnB

� 1X
p=0

1

p!

pX
p1=0

�
p

p1

�
@p+1	0(x)

@tp�p1+11 @tp12
tp�p11 tp12

+

1X
k=0

1

k!

kX
k1=0

�
k

k1

�
@k+1	1(x)

@tk�k1+11 @tk12
tk�k11 tk12

� 1X
n1;n2=0

Hn1;n2(x)
tn11
n1!

tn22
n2!

= lnB

� 1X
n1;n2=0

1X
p=0

1X
p1=0

1

(p+ p1)!

�
p+ p1
p1

�
Hn1;n2(x)

@p+p1+1	0(x)

@tp+11 @tp12

tn1+p1

n1!

tn2+p12

n2!

+
1X

n1;n2=0

1X
k=0

1X
k1=0

1

(k + k1)!

�
k + k1
k1

�
Hn1;n2(x)

@k+k1+1	1(x)

@tk+11 @tk12

tn1+k1

n1!

tn2+k12

n2!

�
:

If we set n1 ! n1 � p and n2 ! n2 � p1 for the �rst set of series and if we set
n1 ! n1 � k and n2 ! n2 � k1 for the second set of series to the right of the last
equation we get

1X
n1;n2=0

Hn1+1;n2(x)
tn11
n1!

tn22
n2!

= lnB

� 1X
n1;n2=0

n1X
p=0

n2X
p1=0

1

(p+ p1)!

�
p+ p1
p1

�

� Hn1�p;n2�p1(x)
@p+p1+1	0(x)

@tp+11 @tp12

tn11
(n1 � p)!

tn22
(n2 � p1)!

+

1X
n1;n2=0

n1X
k=0

n2X
k1=0

1

(k + k1)!

�
k + k1
k1

�

� Hn1�k;n2�k1(x)
@k+k1+1	1(x)

@tk+11 @tk12

tn11
(n1 � k)!

tn22
(n2 � k1)!

�
:

If we compare the coe¢ cients of tn11 and tn22 then we get

1

n1!n2!
Hn1+1;n2(x)
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= lnB

� n1X
p=0

n2X
p1=0

1

(p+ p1)!

�
p+ p1
p1

�

� Hn1�p;n2�p1(x)
@p+p1+1	0(x)

@tp+11 @tp12

1

(n1 � p)!
1

(n2 � p1)!

+

n1X
k=0

n2X
k1=0

1

(k + k1)!

�
k + k1
k1

�

� Hn1�k;n2�k1(x)
@k+k1+1	1(x)

@tk+11 @tk12

1

(n1 � k)!
1

(n2 � k1)!

�
;

which gives the proof of the �rst part. On the other hand, if we consider the partial
derivatives, we obtain

@

@t2
G(x; t1; t2) = lnB(	

0
0(x+ t1 + t2) + 	

0
1(x+ t1 + t2) + 	

0
2(x+ t2))G(x; t1; t2)

and

@

@x
G(x; t1; t2) = lnB(	

0
0(x+ t1 + t2)�	00(x)

+ 	01(x+ t1 + t2) + 	
0
2(x+ t2) + 	

0
3(x))G(x; t1; t2);

respectively and use similar techniques as in the proof of �rst part then we prove
second and third parts. �

In the following corollary, we give more recurrence relations for Hn1;n2(x).

Corollary 5. The following recurrence relations hold true for Hn1;n2(x),

Hn1+1;n2(x) = H
0
n1;n2(x) + lnB

�
	00(x)�	03(x)

�
Hn1;n2(x)

� lnB
� n2X
l=0

�
n2
l

�
Hn1;n2�l(x)	

(l+1)
2 (x)

�
;

Hn1;n2+1(x) = H
0
n1;n2(x) + lnB

�
	00(x)�	03(x)

�
Hn1;n2(x);

and

Hn1+1;n2(x) = Hn1;n2+1(x)� lnB
� n2X
l=0

�
n2
l

�
Hn1;n2�l(x)	

(l+1)
2 (x)

�
:

Proof. We have

@

@x
G(x; t1; t2) =

@

@t1
G(x; t1; t2) + lnB

�
	02(x+ t2)�	00(x) + 	03(x)

�
G(x; t1; t2);
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if we consider the Taylor series of 	02(x+ t2) around t2 = 0 then we get
1X

n1;n2=0

H 0
n1;n2(x)

tn11
n1!

tn22
n2!

=
1X

n1;n2=0

Hn1+1;n2(x)
tn11
n1!

tn22
n2!

+ lnB

 1X
n1;n2=0

1X
l=0

Hn1;n2(x)	
(l+1)
2 (x)

tn11
n1!

tn2+l2

n2!l!

!

+ lnB
�
	03(x)�	00(x)

� 1X
n1;n2=0

Hn1;n2(x)
tn11
n1!

tn22
n2!
:

If we replace n2 with n2 � l into the second set of sums on the right and compare
the coe¢ cients of tn11 t

n2
2 we have

1

n1!

1

n2!
Hn1+1;n2(x) =

1

n1!

1

n2!
H 0
n1;n2(x)

+
1

n1!

1

n2!
lnB(	00(x)�	03(x))Hn1;n2(x)

� lnB
 

n2X
l=0

Hn1;n2�l(x)	
(l+1)
2 (x)

1

n1!

1

(n2 � l)!
1

l!

!
;

which proves the �rst equality. Furthermore, if we consider the relations

@

@x
G(x; t1; t2) =

@

@t2
G(x; t1; t2) + lnB(	

0
3(x)�	00(x))G(x; t1; t2)

and
@

@t1
G(x; t1; t2) =

@

@t2
G(x; t1; t2) + lnB	

0
2(x+ t2)G(x; t1; t2);

respectively then similar calculations help us to prove the another two results. Note
that the another way to prove this corollary is to compare the recurrence relations
which are given in Theorem 4. �

3. Some particular results and Differential Equation

It should be noted that, if the functions 	0(x), 	1(x), 	2(x) and 	3(x) are
selected by means of analytic functions then a set of recurrence relations and di¤er-
ential properties can be given for the corresponding Hn1;n2(x). As a consequence
of these results the di¤erential equation for Hn1;n2(x) can be obtained.
The �rst set of particular results is given in the following corollary.

Corollary 6. Assume that 	0(x) is a polynomial of degree 2 and 	1(x), 	2(x),
	3(x) are polynomials of degree 1. Then the family of analytic functions Hn1;n2(x)
satis�es the folllowing recurence relations:

Hn1+1;n2(x) = H 0
n1;n2(x) + lnB

�
	00(x)�	03(x)�	02(x)

�
Hn1;n2(x);
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Hn1;n2+1(x) = H 0
n1;n2(x) + lnB

�
	00(x)�	03(x)

�
Hn1;n2(x);

H 0
n1+1;n2(x) = H 00

n1;n2(x) + lnB

�
	000(x)

�
Hn1;n2(x)

+ lnB

�
	00(x)�	03(x)�	02(x)

�
H 0
n1;n2(x);

H 0
n1;n2+1(x) = H 00

n1;n2(x) + lnB

�
	000(x)

�
Hn1;n2(x)

+ lnB

�
	00(x)�	03(x)

�
H 0
n1;n2(x);

H 00
n1+1;n2(x) = H 000

n1;n2(x) + 2 lnB

�
	000(x)

�
H 0
n1;n2(x)

+ lnB

�
	00(x)�	03(x)�	02(x)

�
H 00
n1;n2(x);

H 00
n1;n2+1(x) = H 000

n1;n2(x) + 2 lnB

�
	000(x)

�
H 0
n1;n2(x)

+ lnB

�
	00(x)�	03(x)

�
H 00
n1;n2(x);

Hn1+1;n2+1(x) = H 00
n1;n2(x) + lnB

�
2	00(x)� 2	03 �	02(x)

�
H 0
n1;n2(x)

+ lnB

�
	000(x) + lnB

�
	00(x)�	03(x)

�	02(x)
��
	00(x)�	03(x)

��
Hn1;n2(x);

H 0
n1+1;n2+1(x) = H 000

n1;n2(x) + lnB

�
2	00(x)� 2	03(x)�	02(x)

�
H 00
n1;n2(x)

+ lnB

�
3	000(x) + lnB

�
	00(x)�	03(x)

�	02(x)
��
	00(x)�	03(x)

��
H 0
n1;n2(x)

+ lnB

�
lnB(	000(x))(	

0
0(x)�	03(x))

+lnB(	00(x)�	03(x)�	02(x))(	000(x))
�
Hn1;n2(x):

Proof. The results can be easily seen by substituting 	0(x), 	1(x), 	2(x) and
	3(x) into the relations which are given in Theorem 4 and Corollary 5. �
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Note that, under the assumptions given in Remark 1, we can easily write the
above recurrence relations for the multiple Hermite polynomials which some of them
were also calculated in [14].
In the following theorem, we give a di¤erential equation for the special case of

Hn1;n2(x) which is de�ned in Eq. (4).

Theorem 7. Let 	0(x) be a polynomial of degree 2 and let 	1(x), 	2(x), 	3(x)
be polynomials of degree 1. Then the family of functions Hn1;n2(x) satis�es the
following di¤erential equation

H 000
n1;n2(x) + lnB

�
2	00(x)� 3	03(x)� 2	02(x)�	01(x)

�
H 00
n1;n2(x)

+ lnB

�
3	000(x) + lnB

�
	00(x)�	03(x)�	02(x)

��
	00(x)�	03(x)

�
� lnB

�
	01(x) + 	

0
2(x) + 	

0
3(x)

��
2	00(x)� 2	03(x)�	02(x)

�
�(n2 + 1)	000(x)� (n1 + 1)	000(x)

�
H 0
n1;n2(x)

+ lnB

�
lnB	000(x)(	

0
0(x)�	03(x)) + lnB(	00(x)�	03(x)�	02(x))	000(x)

� lnB
�
	01(x) + 	

0
2(x) + 	

0
3(x)

�
�
�
	000(x) + lnB

�
	00(x)�	03(x)�	02(x)

��
	00(x)�	03(x)

��
� lnB(n2 + 1)	000(x)

�
	00(x)�	03(x)�	02(x)

�
� lnB(n1 + 1)	000(x)

�
	00(x)�	03(x)

��
Hn1;n2(x)

= 0:

Proof. Consider the third relation in Theorem 4 then

1

n1!n2!
H 0
n1;n2(x) = lnB

�
(	01(x) + 	

0
2(x) + 	

0
3(x))Hn1;n2(x)

1

n1!

1

n2!

+Hn1;n2�1(x)	
00
0(x)

1

n1!

1

(n2 � 1)!

+Hn1�1;n2(x)	
00
0(x)

1

(n1 � 1)!
1

n2!

�
:

Setting n1 ! n1 + 1 and n2 ! n2 + 1 then

H 0
n1+1;n2+1(x) = lnB

�
(	01(x) + 	

0
2(x) + 	

0
3(x))Hn1+1;n2+1(x)
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+(n2 + 1)Hn1+1;n2(x)	
00
0(x) + (n1 + 1)Hn1;n2+1(x)	

00
0(x)

�
:

The results which were found in Corollary 6 give,

H 000
n1;n2(x) + lnB

�
2	00(x)� 2	03(x)�	02(x)

�
H 00
n1;n2(x)

+ lnB

�
3	000(x) + lnB

�
	00(x)�	03(x)�	02(x)

��
	00(x)�	03(x)

��
H 0
n1;n2(x)

+ lnB

�
lnB(	000(x))(	

0
0(x)�	03(x)) + lnB(	00(x)�	03(x)�	02(x))(	000(x))

�
Hn1;n2(x)

= lnB

�
(	01(x) + 	

0
2(x) + 	

0
3(x))

�
H 00
n1;n2(x) + lnB

�
2	00(x)� 2	03(x)�	02(x)

�
H 0
n1;n2(x)

+ lnB

�
	000(x) + lnB

�
	00(x)�	03(x)�	02(x)

��
	00(x)�	03(x)

��
Hn1;n2(x)

�
+ (n2 + 1)	

00
0(x)

�
H 0
n1;n2(x) + lnB

�
	00(x)�	03(x)�	02(x)

�
Hn1;n2(x)

�
+ (n1 + 1)	

00
0(x)

�
H 0
n1;n2(x) + lnB

�
	00(x)�	03(x)

�
Hn1;n2(x)

��
:

Then the simple calculations yield that

H 000
n1;n2(x) + lnB

�
2	00(x)� 3	03(x)� 2	02(x)�	01(x)

�
H 00
n1;n2(x)

+ lnB

�
3	000(x) + lnB

�
	00(x)�	03(x)�	02(x)

��
	00(x)�	03(x)

�
� lnB

�
	01(x) + 	

0
2(x) + 	

0
3(x)

��
2	00(x)� 2	03(x)�	02(x)

�
� (n2 + 1)	

00
0(x)� (n1 + 1)	000(x)

�
H 0
n1;n2(x)

+ lnB

�
lnB	000(x)(	

0
0(x)�	03(x)) + lnB(	00(x)�	03(x)�	02(x))	000(x)

� lnB

�
	01(x) + 	

0
2(x) + 	

0
3(x)

�
�

�
	000(x) + lnB

�
	00(x)�	03(x)�	02(x)

��
	00(x)�	03(x)

��
� lnB(n2 + 1)	

00
0(x)

�
	00(x)�	03(x)�	02(x)

�
� lnB(n1 + 1)	

00
0(x)

�
	00(x)�	03(x)

��
Hn1;n2(x)
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= 0:

Hence the result. �

Corollary 8. Let 	0(x) = a0x2 + b0x + c0, 	1(x) = b1x + c1, 	2(x) = b2x + c2
and 	3 = b3x+ c3, (a0; b0; b1; b2; b3; c0; c1, c2 and c3 are constants) then the family
of functions de�ned by the Rodrigues formula

Hn1;n2(x) = B
b3x+c3�(a0x2+b0x+c0)Dn2Bb2x+c2Dn1Ba0x

2+b0x+c0+b1x+c1

satis�es the following di¤erential equation

H 000
n1;n2(x) + lnB

�
2(2a0x+ b0)� 3b3 � 2b2 � b1

�
H 00
n1;n2(x)

+ lnB

�
6a0 + lnB

�
2a0x+ b0 � b3 � b2

��
2a0x+ b0 � b3

�
� lnB

�
b1 + b2 + b3

��
2(2a0x+ b0)� 2b3 � b2

�
� (n2 + 1)2a0 � (n1 + 1)2a0

�
H 0
n1;n2(x)

+ lnB

�
lnB(2a0)(2a0x+ b0 � b3) + lnB(2a0x+ b0 � b3 � b2)(2a0)

� lnB

�
b1 + b2 + b3

��
2a0

+ lnB

�
2a0x+ b0 � b3 � b2

��
2a0x+ b0 � b3

��
� lnB(n2 + 1)2a0

�
2a0x+ b0 � b3 � b2

�
� lnB(n1 + 1)2a0

�
2a0x+ b0 � b3

��
Hn1;n2(x)

= 0

In the special case, it is obvious that the di¤erential equation in Theorem 7
reduces to the di¤erential equation of the multiple Hermite polynomials, which was
also mentioned in [6].

Corollary 9. (see [6]) The di¤erential equation for the multiple Hermite polyno-
mials y = H(�;�1;�2)

n1;n2 (x) is given by

y000(x) +

�
2�x+ �2 + �1

�
y00(x) +

�
3�

+

�
�x+ �1)

��
�x+ �2

�
� (n2 + 1)� � (n1 + 1)�

�
y0(x)
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+

�
�(�x+ �2) + (�x+ �1)� � (n2 + 1)�

�
�x+ �1

�
� (n1 + 1)�

�
�x+ �2

��
y(x)

= 0:

Note that, for every suitable choices of the analytic functions 	0(x), 	1(x),
	2(x) and 	3(x), the relations in Corollary 6 and Theorem 7 can be recalculated
and then these relations can be applied in order to give a di¤erent order di¤erential
equation for the corresponding family of analytic functions.

4. Concluding Remarks

In this paper, the family of analytic functions Hn1;n2(x) via Rodrigues formula
has been introduced and studied. In the particular case, the analytic function
Hn1;n2(x) is a Rodrigues formula type extension of the known multiple Hermite
polynomials. We obtained various general recurrence relations and di¤erential prop-
erties for these functions. In the particular case, we showed that our results are
consistent with the known results which were found before for the multiple Hermite
polynomials. Furthermore, in Section 3 we observe that if 	0(x), 	1(x), 	2(x)
and 	3(x) are selected by means of analytic functions then we have di¤erent class
of analytic functions de�ned by Rodrigues formula and it is possible to �nd dif-
ferent order linear homogeneous di¤erential equation for the corresponding class
of analytic functions. In this study, we have considered r = 2 case of the class of
polynomials given in Eq. (3). For di¤erent r values, it is possible to use similar
techniques to obtain the calculated relations. But, it is complicated to �nd this
type long formulas.

Authors Contribution Statement All authors jointly worked on the results and
they read and approved the �nal manuscript.

Declaration of Competing Interests The authors declare that they have no
competing interest.

References

[1] Adler, M., Van Moerbeke, P., Vanhaecke P., Moment matrices and multi-component KP,
with applications to random matrix theory, Comm. Math. Phys, 286 (2009), 1-38.
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