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SOME PROPERTIES OF A NEW CLASS OF ANALYTIC
FUNCTIONS DEFINED VIA RODRIGUES FORMULA
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Cyprus International University, Faculty of Arts and Sciences, Department of Basic Sciences and
Humanities, Nicosia, Mersin 10, TURKEY

ABSTRACT. In this paper, we introduce and study a new family of analytic
functions via Rodrigues formula. Some main properties, the generating func-
tion, various recurrence relations and differential properties of these functions
are obtained. Furthermore, the differential equations are given for the sub-
classes of this family of analytic functions.

1. INTRODUCTION

Multiple orthogonal polynomials which are extensions of the orthogonal polyno-
mials have been an important research area during the last few decades (see [6], |7,
[8], [10], [11], [14]). These polynomials are closely related to Hermite-Padé approxi-
mation of a system of Markov functions [15]. Also, the multiple orthogonal polyno-
mials appear in random matrix theory, number theory, probability, approximation
theory and mathematical physics (for examples see [1], [5], [9], [13], |15], [17]). These
polynomials have some general properties such as Rodrigues formula and generat-
ing function. Very recently, the Rodrigues type generalizations of the multiple
orthogonal polynomials have been studied in the papers |12] and [16].

There are many families of multiple orthogonal polynomials [§]. One of the
classes of multiple orthogonal polynomials is the multiple Hermite polynomials
which are the extension of the classical Hermite orthogonal polynomials.

For our purpose, we start by recalling the properties of the multiple Hermite
polynomials. For the multi-index 7 = (n1,na,...,n,) € N” and @ = (aq, as, ..., o)

the multiple Hermite polynomials {Hg’&)(w)} of degree |7i| = ny +n2 + ... + 0,
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were given in [14] by the Rodrigues formula
HY D (@) = wp (wpeo !y (o (wawy ! (wg) 1))y )y o) (1)
where w;(z) = esTtaT § <0, q; # a; for i # j.
The orthogonality relation for the multiple Hermite polynomials {H éé’a)(x)}

were given in [§] as
/ Héé’a)(x)kai(x)da: =0,k=0,1,....n;, — 1;4=1,2,...,1,

with respect to r weight functions w;(x).
In [12], the multiple Hermite polynomials were generalized via Rodrigues formula
as

( ) k an dnl k
a,a,Q T _ —a, pr” —asT QT  —QiT a,_ —px” _ajx
Gy (w5 k;p) = 2 %eP™ em 2 T e P eNT (2)
where p > 0; o, ag, g > —1 with a1 # as and k is a natural number.
The special case of (2) when k¥ = 2, = 0 and p = 7% gives the Rodrigues

formula of the multiple Hermite polynomials H,({i’%g’aﬂ(m) given by (1).

Up to now, the generalizations of the multiple orthogonal polynomials via Ro-
drigues formula have been done by adding an extra parameter to the corresponding
Rodrigues formula (see [12], [16]).

In this study, we introduce a new family of analytic functions via Rodrigues
formula as

Hn1 ng,...,n (.13) - B\Ijr+1(z)7\1/0(x)Dan\Ilr(z)...Bws(m)DnQqu(z)DnlB\IIO(I)+\I/1(I)’
3)
where ¥;(x),i = 0,1,...,r + 1 are analytic functions and B > 1 is a constant. In
particular case r = 2, the Rodrigues formula (3) becomes

Hnl s (SL') — B\Ilg(x,)—\llo(an) D" B\I/2 ((L‘)D’nl B‘I’o(.L)-‘r‘I’l(.L) (4)

Note that, this type generalizations were done for some classical orthogonal poly-
nomials by many authors (see [2], [3], [4])-

Remark 1. The particular case of Eq. (4) when B = e, Uo(z) = 22, Uy(z) =
a1z, Us(z) = (ae—aq)x and P3(x) = —asx gives the multiple Hermite polynomials
which was studied by D.W. Lee (see [14], Eq. (6)). Also, in the case B = e,
Uo(z) = —pzk, Ui (z) = aqz, Uy(x) = (g — 1)z and U3(x) = —anx the family of
analytic functions given in (4) reduces to the special case (o = 0) of the generalized
multiple Hermite polynomial which is given in (2).

The paper is organized as follows: In section 2 we present the generating function,
various recurrence relations and some differential properties for H,,, ,,(z) which is
given in Eq.(4). The differential equations for the particular cases of these functions
are given in Section 3.
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2. GENERATING FUNCTION AND RECURRENCE RELATIONS

In this section we obtain generating function and various recurrence relations for
the family defined in Eq.(4). The first result is given by the following theorem.

Theorem 2. Let Hy,, ,,(x) be the family of analytic functions defined by (4). Then
the generating function is given by

ny no
h' by

n1! na!

G(mytlatQ) = Z Hnl,ng(x)

ni,na =0
— BY%o (z+t1+t2)—Po(z)+ V1 (a4t +t2)+ V2 (z+t2)+Ps(x)
3

(5)

where Wo(x), ¥1(x), Ya(z) and ¥3(z) are analytic functions and B > 1 is a con-
stant.

Proof. By the Cauchy integral formula and the Rodrigues formula (4), we get

= 52
Z Hp, o (x)nT,nj,

’I’7,1,TL2:0
= Z Z B\I/3(z)f‘llo(a:)DnzB\Ifz(r)Dn1B‘Po(w)+‘P1(w)ﬁﬁ
no=0n1=0 nl! n2!
_ i B%,(w)wo(z)Dnszz(z)tzmlj{W i b\,
ng! 2mi z2—x z—x
TL2=0 Cl ?’L1=0
_ i B‘PS(w)*\IIO(I)D'”QB\I’?(w)ﬁL f B\I’O(Z)Jr‘l’l(Z) dZ
| ; _
= na! 277101 z— (x+1t1)
_ Z B\I’g(w)*\l’o(ilf)D'naB‘p2(w)+\p0(w+tl)+wl(w+tl)ﬁ
|
no=0 2
_ s L f BT 1y Y
N 2m n—x n—x K

Cy no=0
— BYo(+tit+ta)—Vo(z)+ Wi (z+ti+t2)+V2(z+t2)+Vs(x)
)

where (' is a circle in the complex z-plane, cut along the negative real axis, centered
at z = x+1t1 with radius € > 0 (sufficiently small), which is described in the positive
direction (counter-clockwise) and Cs is a circle, centered at n = z+t2 in the complex
n-plane, cut along the negative real axis, with sufficiently small radius which is
described in the positive direction (counter-clockwise) and |-2-| < 1, |-2-| < 1.

z n—x

Whence the result. O
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Remark 3. Assume B = e, ¥o(z) = 222, Ui(z) = az, Ua(2) = (2 — a1)m
and U3(z) = —asx in Eq. (5) then we get the generating function for the multiple
Hermite polynomials which was already found by D.W. Lee [1/).

The main recurrence relations of this paper are given in the following theorem.
As a consequence of these recurrence relations we are going to find the differential
equation for the special cases of the class of analytic functions H,,, n, ().

Theorem 4. For the family of functions Hy, n,(x) given in Eq. (4), we have the
following recurrence relations

Hn1+1 nz(x)
- IDB(Z > () () 2T el 1)
p=0p1=0 e oo 7
Hnl,’ﬂerl( )
PP (W () + Uy ()
= 111B<ZZ <n1>( ) ni—p,nz— Pl(x) D 1+1
et oot
3 () i)
m=0 m e atén-i_l
and
H;Ll,ng(w)
1 N2 ap+p1+1(\110(x)+\111(x))
= lnB<Z Z <n1>( ) ni—p,nz2— Pl(m) 1 1
= ootk
2 AWy (2
m= atQ

+ (\Ilé( ) \II/( ))Hnl,nz(l')>.

Proof. Let W(x,t1,t3) be an analytic function. The Taylor series expansion of
U(x,t1,t2) around tq,ty = 0 is defined and represented as

(2,1, t2) i ! i( ) (2,41, t2) gn—kh
1,t2) — — 1 ta
o \k) oot (4 =0,6.=0)

For convenience let 702\;(? ,’faljf) = 783:}' k(g,zk'
! 2 (t1=0,t2=0) ! 2

The generating function G(z,t1,t2) gives a way to derive the recurrence relations.
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By differentiating Eq. (5) with respect to t;, one has

0

aTG(ZE, tl, tz) = IHB(\I%)(ZC + tl + tz) + \IJ/I(.'L‘ + t1 + t2)> G(£E7 tl, tz).
1

Now, if we substitute the Taylor series of the analytic functions U (z +t1 +¢2) and

W) (x + t1 + t2) around ¢1,t2 = 0 into the above equation we get

th t
Z Hn1+1 no ) !

ny! no!
n1n20 2

"1 (2)

=1 p> _
= InB — gt
(Z ;: <p1 ottt

k=0 ni,n2=0
8p+p1 +1 \I/()(ZC) t7l1+17 tn2+;l71

=0
[eS) k
1 E\ 081Uy (z ) —k k) t’” th?
+ ' lt ! Hn n L
Z k' = < )8tk k1+18tk1 Z 1 2 711' n2'

oo oo oo p+p1 " ;
= InB § § § Hy, o (2
( p+p1 ( p1 ) 2 (@) ottt ot ma! my!

n1,n2=0p

+

grthki+1 \Ill(:c) tn1+k tn2+k1 )

1 k+ Kk 1 2
Hy,
> zz o W LANE e

mni, nz_Ok‘ Ok

If we set ny — n1 — p and ny — no — p; for the first set of series and if we set
n1 — ny — k and ny — ng — ky for the second set of series to the right of the last
equation we get

i t?

(o]
S Hopgr () 2 2
ni+ 7”2( )n1| n2!

77,1,712:0

- wn( > SN s ()

ny,ne=0p= Opl—O
optpi+l U, (x) t?fl t;z
ot tats (n1 —p)! (n2 —p1)!

X Hn1*p7n2 —P1 T

niy N2

Y S ()

ni,nNa= Ok Okl _0

8k+k1+1\111(x) t?l tgz )
otiots (n1 —k)! (n2 — ki)
If we compare the coefficients of ¢ and 5> then we get

1

nllng!

X Hn1*k7n2*k1(m)

Hn1+1,n2 (.’,E)
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& p+p1
- mp(X Y s (")

par o P
3p+p1+1\1;0(x) 1 1
X Hnl —p,n2—p1 (.’I} p+1 p1 | |
otrtrotht  (n1 —p)! (ng —p1)!

1 k+ kq
o 35 et (l)

k=0k1=

OF Tkl (1 1 1
X Hnl_k7n2_k1 (ZE) 1( ) )

othHLotht (ny — k) (ng — ky)!

which gives the proof of the first part. On the other hand, if we consider the partial
derivatives, we obtain

0
e G(x,t1,t2) = In B(Vy(z + t1 + to) + Vi (z + t1 + t2) + Vo (x + t2))G(, t1, 1)
2

and

0
%G(.T,tl,tg) = lnB(\I/é(.’I} +1t + tg) — \I/E)(.T)
+ U (x+ b1+ to) + Uh(x + ta) + V()G (2, t1, t2),

respectively and use similar techniques as in the proof of first part then we prove
second and third parts. O

In the following corollary, we give more recurrence relations for Hy, n,(z).

Corollary 5. The following recurrence relations hold true for Hy, n, (),

Hoory () = HY, o (2) + lnB(wg<x> - wx))H (2)

—InB ( 5 ("f) Hnl,nzz(x)\lél“)(w))

=0

Hoy, o () = o (2) + lnB(%u) - ww))H (@),

and

na
1
H7l1+1,’ﬂ2 (.’L“) = Hﬂl,n2+1 lnB( ( ) nl,’ﬂzfl(x)\ljé +1)($)> :
=0
Proof. We have

0
7Gx, t1,t2) + In B(Vy(a +ta2) — Wo(2) + V() G, tr,t2),

0
7G(.’L’,t1,t2) - 3151

ox
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if we consider the Taylor series of W, (x + t2) around t2 = 0 then we get

s n
7 th?
D (@)
ni,n2 | ]
nl,’I’LQ:O nl n2

0o tnl th oo [eS) (141) t;“ t7212+l
= 2 Hunw@p B mB (Y Y Huw @)Uy (0 5

ni,n2=0 ni,m2=0 (=0
t”l ty?
+ InB(¥s(z) § iy mp (T) ==
nl' TLQ'
ni,na=— 0

If we replace ny with no — [ into the second set of sums on the right and compare
the coefficients of t7'¢5? we have

1 1 1 1
nill'nIiQ' n1+1,n2(x) = HTQ' ’;Ll,nz(x)
1
+nT'ElnB(‘I"() V5(2)) Huy o (@)
na
(1) L1 1
~InB <l§_; Hipy ny—1(2) ¥y (f)m!(w_l);u> ’

which proves the first equality. Furthermore, if we consider the relations

iG(a:,tl,tg) +In B(W5(z) — U((2))G(z, t1,t2)

0
7G($7t1,t2) - 8752

ox

and

iG({L t1, tz) = iG({JS7 t1, tg) +In B\IIIQ({,C + Ifg)G(x, t1, tg),

oty Ot
respectively then similar calculations help us to prove the another two results. Note
that the another way to prove this corollary is to compare the recurrence relations
which are given in Theorem 4. O

3. SOME PARTICULAR RESULTS AND DIFFERENTIAL EQUATION

It should be noted that, if the functions Wo(z), ¥1(z), ¥o(x) and Us(z) are
selected by means of analytic functions then a set of recurrence relations and differ-
ential properties can be given for the corresponding H,,, n,(x). As a consequence
of these results the differential equation for H,,, ,(z) can be obtained.

The first set of particular results is given in the following corollary.

Corollary 6. Assume that Wo(z) is a polynomial of degree 2 and ¥q(z), Pa(x),
Us(z) are polynomials of degree 1. Then the family of analytic functions Hy, n,(x)
satisfies the folllowing recurence relations:

Hyora(e) = Hl o (a >+1nB(%<m>—wg<x>—%(x))Hm,ng(x),



Hn17n2+1(x)

H;L1 +1,7l2 (:L')

H’I{L1,77,2+1 (./L')

H:zfl +1,n9 (LE)

H’IZ1,’R2+1 (x)

H711+17n2+1($)

’I{L1+1,TL2+1 (x)
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H;“,nz (z)+InB (\I/()(x) — \Ilg(x)> Hy,y oy (2),
H;{hm (z)+InB <\I'6’(:L’)> Hy\ono ()
105 (Wh(o) — V(o) ~ Wh(o) ), o),
H,’L’hn2 (z)+InB <\If6'(a:)> Hy\no ()
w105 (Wi(e) - (o) ) (o),
(

H///

"o @)+ 21n3(qu(x)) (@)
105 (Wh(o) — V(o) — Wh(o) ) 0, o),
(

H///

ni,n2

2) + 21nB(\I'8(x)) (@)
15 (Wit - (o) ) L, (o),
HY o) + 0 B (20 0) — 20— Wi(a) ) ., )
B W) + lnB<\IJ{)(x) W)
~0(0)) (W50~ 5 (0)) )0,
H (o) + 10 B (204(0) - 204 (0) — Wy(o) ) 1, 0
+ 1nB(3\Ilg(m) B <\I!6(x) W)
)

~0(@)) (W) - ¥4@) ) ) i 0

Proof. The results can be easily seen by substituting Wo(x), ¥1(z), Va(z) and
U5 (z) into the relations which are given in Theorem 4 and Corollary 5. (]
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Note that, under the assumptions given in Remark 1, we can easily write the
above recurrence relations for the multiple Hermite polynomials which some of them
were also calculated in [14].

In the following theorem, we give a differential equation for the special case of
H,, n,(x) which is defined in Eq. (4).

Theorem 7. Let Uy(z) be a polynomial of degree 2 and let Wy (x), ¥a(x), Ys(x)
be polynomials of degree 1. Then the family of functions H,, n,(z) satisfies the
following differential equation

H o) + B 204(0) - 305(0) - 204(0) - Wi0) [, 0

+ lnB{3\Ilg(x) +InB (ng(x) W) — wgm) (%(x) _ mg@)
(¥ (e) + (o) + W) ) (20h(0) - 20400) - W) )

(2 + D) — (04 D) 1, )

1 5 1n B (0) (W) ) — W5(0) + IB(Vy(o) ~ Wi o) — Wy(e) ¥ o)
—lnB( (@) + Wh(z) + V(o

(w5403 (i) - wito) - 0o ) (i) — Wi ) )

~In Blna + )W) (2) (%(w) - W(a) - Wy(o) )

B+ )% (0) (¥h(e) — V5 (0)) )

= 0.
Proof. Consider the third relation in Theorem 4 then
! 1 1
gl (@) = B (“"1@) W)+ W () Hoy () —

L
m! (7?,2 — 1)'

1 1
"
+Hpy—1,n, (7) Py (x)(nl—l)!nz!)

+Hn1,n2*1($)\11()/($)

Setting n1 — ny + 1 and ny — ny + 1 then

H. ya(2) = 1nB(<wa<x>+%(w)+wg<x>>Hn1H,n2+l<x>
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+(n2 + 1) Hp, 41,0, (@)Y (2) + (n1 + 1)Hn1,n2+1(x)\113(x)).
The results which were found in Corollary 6 give,
HY  (2) + mB(wg(x) oW () \II'Q(:U)) H . (2)
© B (3@3@) B (qf;)(z) W) \I/'Z(x)) <\I/6(x) - qﬂg@)) ) (@)
+ 1DB<1I1 B(¥5(2))(Vo(2) — U3(x)) + InB(¥y(x) — Ui(z) — \11’2(1:))(\1'3(33))>th”2 (2)
_ 1nB{(xpg(x) (@) + W (a)) [Hn (2) +In B (2\116(95) 2w (a) - q/;@c)) H. (@)
© mB (wg(@ B (xpg@;) W) — w;m)) (wg(x) - xpg,,(m)) ) Hoy o, (m)}

+ (e 4 )W) [H;m () +1n B <\116(x) W(z) — qu(x)> Hy o (x)}

b+ D) 1], 0) 4 0B (Wh(0) ~ (o)) Hu (o) |-
Then the simple calculations yield that
H o) + I B{ 204 (0) - 305 0) - 204 (0) - W) [, (0
+ 1nB{3\pg(x) B <\IJ{)($) () — w;(@) (\pg(m) - \Ifg(x))
- BV + )+ B0)) (2040 - 204(0) - w0))
-+ D) ~ o+ D) L, 0)
+ lnB{ In BY{(z)(¥g(z) — Uh(x)) + InB(¥y(z) — Uh(x) — Uy (z)) Vg (z)
~ B <\I!’1(x) W (z) + \Ifg(x)>
< (W) B (W) - W) - W50 ) (Wio) - Wi(0)) )
- B+ D) (W) - Thio) - ) )

— InB(ni +1)¥q(z) (\116(1') - \Ilé(:v)) }Hm,n2 (x)
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= 0.
Hence the result. O

Corollary 8. Let Vo(z) = agx? + boz + ¢, ¥i(x) = b1z + 1, Wa(x) = boz + o
and U3 = bsx + c3, (ap,bo, b1, ba, bs, co,c1, ca and c3 are constants) then the family
of functions defined by the Rodrigues formula

Hn " (.’L’) — Bb3w+03—(a0w2+ng+co)Dn2 Bbgw—i-cz D™ Baow2+ng+co+b1w+cl
1,n2

satisfies the following differential equation

ni,ng

H;{iﬁm (:I,‘) + IDB{2(2CLO£Z? + bo) - 3b3 — 2b2 — bl}HN (1‘)
+ lnB{6ao + lnB(anx + by — by — b2> (20,0.73‘ + by — b3>
— InB (bl + by + b3> (2(2(1,05(1 + b)) — 2bs — b2>

— (n2+1)2a9 — (n1 + 1)2a0}H’ ()

ni,n2

+ lnB{ In B(2ap)(2a0x + by — b3) + InB(2apx + by — bg — b2)(2a0)

— InB <b1 + b2 + b3> (2&0

+ lnB(anm + by — b3 — bg) (2&0{[3 + by — b3>)

— In B(nz + 1)2&() (20,056 + by — b3 — b2>

— In B(Tll + 1)20.0 <2(10-75 + by — b3> }thnz (117)
= 0

In the special case, it is obvious that the differential equation in Theorem 7
reduces to the differential equation of the multiple Hermite polynomials, which was
also mentioned in [6].

Corollary 9. (see [6]) The differential equation for the multiple Hermite polyno-
H(570517042)

mials y = Hp, my 2 () is given by

y" (z) + {2(5$ + g + al}y”(x) + {3(5

+<5m + a1)> <6sc + a2) —(ne+1)0 — (n1 + 1)5}y'(x)
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+ {5(5x +ag) + (0 + a1)d — (na + 1)5<5m + al)

_ (n1+1)5<5x+a2) }y(w)
= 0.

Note that, for every suitable choices of the analytic functions ¥y(x), ¥q(x),
Wy(x) and Us(z), the relations in Corollary 6 and Theorem 7 can be recalculated
and then these relations can be applied in order to give a different order differential
equation for the corresponding family of analytic functions.

4. CONCLUDING REMARKS

In this paper, the family of analytic functions H,, ,,(x) via Rodrigues formula
has been introduced and studied. In the particular case, the analytic function
H,, n,(z) is a Rodrigues formula type extension of the known multiple Hermite
polynomials. We obtained various general recurrence relations and differential prop-
erties for these functions. In the particular case, we showed that our results are
consistent with the known results which were found before for the multiple Hermite
polynomials. Furthermore, in Section 3 we observe that if ¥o(x), ¥i(x), ¥a(x)
and W3(x) are selected by means of analytic functions then we have different class
of analytic functions defined by Rodrigues formula and it is possible to find dif-
ferent order linear homogeneous differential equation for the corresponding class
of analytic functions. In this study, we have considered r = 2 case of the class of
polynomials given in Eq. (3). For different r values, it is possible to use similar
techniques to obtain the calculated relations. But, it is complicated to find this
type long formulas.
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