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Abstract

In this paper, at first lattice effect algebras and the Yang-Baxter equation are given and some of their properties are presented. We examine
set-theoretical solutions of the Yang-Baxter equation in lattice effect algebras.
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1. Introduction

The Yang-Baxter equation was firstly given by C.N. Yang in theoretical physics and by R.J Baxter in statistical mechanics. It gave rise to be
one of the main equations in mathematical physics.

The Yang-Baxter equation has been worked on as the one of the main equations in theoretical physics [15], in statistical mechanics ([1], [2],
[16]), in integrable systems. It has been caused many applications like quantum groups, quantum computing, knot theory, braided categories,
etc. [10]. One of the significant unsolved problems is to discover all the solutions R of the quantum Yang-Baxter equation

R12R13R23 = Ry3R 3R 12,

where V is a vector space, R: V®V — V ®V is a linear map and R;; denotes the map V®V ®V — V@V ®V that acts as R on the (i, j)
tensor factor and as the identity on the remaining factor. In recent years, many solutions have been found and the related algebraic structures
have been intensively studied [9]. Drinfeld, in [6] , posed the question of finding the simplest solutions, that is, the solutions R that are
induced by a linear extension of a mapping R : X x X — X x X, where X is a basis for V . In this case, one says that R is a set theoretic
solution of the quantum Yang-Baxter equation. We want to sight the Yang-Baxter equation with regard to lattice effect algebras.

In the recent times, the solutions for the Yang-Baxter equation in Wasjberg Algebras, MTL-algebras and BL-algebras were given [12 — 14].

Effect algebras, offered by D.J. Foulis and M.K. Bennett [8] in 1994, were identified as abstract models of the set of quantum effects
(self-adjoint operators between the zero and identity operator as regards the usual ordering). It is an unsharp (or fuzzy) generalization of an
orthomodular lattice. Lattice effect algebras may consider as a common framework for orthomodular lattices and MV-algebras. Lately, effect
algebras and their generalizations have been extremely studied in various ways ([4], [S], [7]).

In this paper, making use of the axioms of the effect algebras, we give some solutions of the set-theoretical Yang-Baxter equation in lattice
effect algebras.

2. Preliminaries

The reader is referred to [3] for the notions and notations. We present some of the prelimary definitions and results.

Definition 2.1. By an effect algebra we shall mean an algebra (E;®,0,1) of type (2, 0) satisfying the following axioms:

(1) if eq, @ eq, is defined, then eq, ® ey, is defined and e, © eq, = €4, D €q,;

(2) if eq, D eq, and eq, @ (eq, ® eqy) are defined, then eq, S ey, and (eq, ® eq,) ® eq, are defined and eq, ® (eq, D eqy) = (€q, B eq,) B eqs;
(3) for every e € E, there exists a unique ¢’ € E, orthosupplement of e, such that e ® ¢’ is defined and e ® e’ = 1;

(4) if e® 1 is defined, then e = 0.
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(E;,0,1), or simply E, is a lattice effecet algebra.

The following useful properties of effect algebras can be found in [7] or [8] :

(el) e’ =e;
€e2)1"=0and 0 =1;
€3)ed0=c¢;

(e4) ea, < eqy = €, < €
(€5) eq, < eqy, = €4, L(eq, Bely,) and ey ® (eq, Bey,) = eq,.

If a partial operation © on any effect algebra E is defined by e, © e4, = (€, @ ¢),,)’, then following are hold:
(€6) if e4; © ey, is defined, then ey, © eg, is defined and e, O eq, = €4, O ey, ;
(€7) if eq, © eq, and eq, © (€4, © €4, ) are defined, then e4, © €4, and (e, © eq,) @ €4, are defined and e4, © (€4, @ €4;) = (€q; O €qy) O €qs-

In every lattice effect algebra,

(ea Oa,) = ey Deg,

holds for all ¢4, ,e4, € E.

3. Solutions to the Yang-Baxter Equation in Lattice Effect Algebras

In this paper, we present some results in connection with the (set-theoretical) Yang- Baxter equation in lattice effect algebras.
Let V be a vector space over a field F', which is algebraically closed and of characteristic zero.

Definition 3.1. [11] A linear automorphism y of V @V is a solution of the Yang-Baxter equation, if the following equality holds in the
automorphism group of VRV QV:
(v@idy)o(idy @ y)o (y®@idy) = (idy ® y)o (Y @idy) o (idy @ V). (3.1)

In the following equations Y™ means Y acting on the n-th and m-th component.

y is a solution of the Yang-Baxter equation if

v 2oyBoy!? — yBoyl2oy?. (3.2)

Definition 3.2. [11] v is a solution of the quantum Yang-Baxter equation if
WIZ o lI/13 ° lI/23 — l[/23 ° w13 ° II/12. (3.3)

Let T be the twistmap 7 : V@V — V ®V defined by T (u ®v) = v®u. Then, y satisfies (3.2) if and only if y o T satisfies (3.3) if and only
if T o y satisfies (3.3).
A connection between the set-theoretical Yang-Baxter equation and lattice effect algebras is constituted by the following definition.

Definition 3.3. [11] Let X be a set and v : X> — X*,w(p,q) = (p*,q*) be a map. The map  is a solution for the set-theoretical
Yang-Baxter equation if it satisfies (3.2), which is also equivalent to (3.3), where
l//l2 . x3 %X3, l{/lz(ea”eaz,ea}) = (e;,e;z,eaz),
w23 . x3 —>X37 lp23(eal7eaz7ea3) = (30179227923)7
l//13 (X3 X3, l//lS(eal,eaz,eu3) = (eZl,eaz,eE).
Now we construct solutions to the set theoretical Yang-Baxter equation by using lattice effect algebras.
Lemma 3.4. Ler (E;®,0,1) be a lattice effect algebra. Then the following are solutions to the set-theoretical Yang-Baxter equation:

(a) W(ea] aeaz) = (elll @eaz,()),
(b) l[/(ea] 7eu2) = (eal @eaz, 1)

Proof. (a) We define

W12(€g,,€a2,€a3) = (eq Deg;0,¢q,),
‘I’zs (efll 76027603) = (e[ll 7ea2 ®eag70)~
For all (eq,,€4,,€4;) € E3, using (1), (2) and (3), we have

12(601 >eazvea3)))

(W2 oy oy (ea eaea) = YW (y
v (y/23(eal®€a270-,ea3))

= y'%(eq B e, 0@ e4,0)
V' (eq, @ eay,eq, 0,0)
Vv (eq, @ eq,,eq,,0)

= ((eul ®eu2)@ea3v070)
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and

23 lI/12

o V/23)(ea1 1€ay:€a;)

(v

Then it is a solution.
(b) We define
12
lll (e(ll I eaz I eag )
23
II[ (eal 9 eaz I eag )
For all (eq,,€a,,€q;) € E3, we obtain

12 23

oy—o le)(eal veazreus)

(v

and

(Vf23 o V’lz © V’B)(Etll 761127803)

Therefore, it is a solution.

Lemma 3.5. Let (E;®,0,1) be a lattice effect algebra. Then y(eq,,eq,) =

equation.
Proof. We define
‘I’lz(eal +€ay,€ay)
23
V= (eq,, a5 €a;)
By using (el), for all (e, ,eq,,eq,) € E3, we obtain

(2 oy® oy'?)(ea ear.ea)

and

2301”]2

© V]23)(€al )€ay €ay )

(v

It is a solution.

IVB(IV ( 23(61117611276!13)))
ll/23( (eameaz @ ea;,0))
WZS (ea, (eaz @eaz) )
eq, D (eq, Beg;),090,0)

(ea, ®(
(eq, ® (€4, B €qy),0,0)
((eal e‘Beaz) ®eqs,0, 0)

(e(ll Geaza 17803)3

(eq,,€a, @eqs,1).

12 23(

L4
23

(601764276(13)))
(eq, ®eqy,1,€45))
eq Oeq, 1 Deg;, 1)
(eq; ©®eqy),€q5,1)

((eq ©eay) © ey, 1,1)

(
12(
w'3(
v

23(60176d276a3 ))

vy )
‘I/lz(ealveazQeaaa 1))
ea; O (ea, Oeqy),1,1)
(eq, ®egs), 1®1,1)
(eq, ®eqy),1,1)
(eq, ©eq,) ®eqas,1,1).

©
O]

O

(eﬁlz,eill) is a solution of the set-theoretical Yang-Baxter

(e;z ) 6:11 ) ea} )7

(eal 76:1376’;2)'

‘l/1 (‘I’z ( (ea1>eaz7ea3)))
‘//1 ( o ( a27ea17eaz))
‘//12( a27ea3vea1)
le(eay a;veal)
(e:l/3 ) egz ) elll )
(ea37ea27eal)
IVZ (‘I/ ( (ealvellwe%)))
lllz (‘V (e(llv a;’e/az))
TS CARCANT

(

23
ll’ eag b eal ) e )
/"
ea; I ea7 I eul )

(
(ea3 I eaz I eal )
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Lemma 3.6. Let (E;®,0,1) be a lattice effect algebra and e, € E such that e, < eq,,€qa,,€q; for all eq,,eq,,€q, € E. Thus Y(eq,,€q,) =
(efl2 &) ea,e;l Dey) is a solution of the set-theoretical Yang-Baxter equation.

Proof. We define y'2 and w3 as follows:
le(eul 7eu2 9 ea3)
W23 (ea] b eaz k) ea3 )

By using (1) and (e5) for all (e4,,€q4,,€4;) € E3, we have

(y'2oyBoy'?)(eq €0, ¢a;)

and

('l/23 ° 'I/IZ ° ‘l/23)(‘3a| 1€ays€as )

Hence it is a solution.

Lemma 3.7. Let (E;&,0,1) be a lattice effect algebra and e, € E such that e, < €,

/ /
(eaz @eu’eal @eave%)a

! /
(eq, 1€ay Deasey, Deg).

12 Wz ( (ea]7ea27ea’;)))
23

Y (eaz @eayeal ®eaveas))

(
(
(e €, Dea, ey, Dea, (€, Deg) Dea)
(e

(e

—

2 . Gaemeaz Deq,eq D (eq @e;l )

y
v
v
Vv (eq
12

lll a2 @e(hea; @6(176[1])

(( €as @ea) @eav( €a, EBea) ©eq,eq,)
(e (€a€B€a3) 7661@(664 @6;2)/76(11)
(

ea3aeazaea] )

23 W ( (eaneamedz)))

v (

‘l’zs(‘l’ (ea, 7ea3 @ea,eaz ©eq))

‘I’B((ea; Deq) @ea,eal @ea,eaz ©ea)

v (ea® (ea @ea3) ea, EBea,eaz Bea)
(

II’23

(eaz,( €a, @ea) @em( €q @ea),@ea)
(eauea (ea @eaz) ,ea@(ea@d” )/)
(

eameapea] )

eaz,eal GBeme‘a2 Deq)

e

a;rCay»

((eay, B ea)'s (ea, B eq)’) is a solution of the set-theoretical Yang-Baxter equation.

Proof. We define

12(e(,l] 760276(13)

23 (ea] ) eaz ) etl3)

v
W
By using (el), (e5), (1), for all (e4,,eq,,€4;) € E3, we obtain

(le o IV23 o le)(eal 7ea27ea3)

(
(
(€as
(

v
v
v
v
v
y!

(
(

e

((

edz @ea)/’ (edl S2) ed)lvelu)v

(ea] ’ (e(l3 ®ea),7 (etlz @ea)l)'

12
12
12
12
12

23( (eﬂwe!lzvetls)))

((eaz @ea) (ea, @eu)/ eaz))

14
23

(
(v
((eq, Deg)',

((ea, Dea), (€a; B eq

((eq, Deq), (eq; Dea) e )
(

( €a, @ea) (eaz @ea)/veal)

(ea; Dea) Deq) s ((ea, Dea) Dea)sea,)

€q

/"

(ea@eas) ) s (ea @ (eq EB‘eaz) ) v€ay)
Zz?eal)

eu3 b ellz k) eal )

(eaz EBea) ( €q, @ea) @ea),)
) (ea® (ea®eq,)))

€y, forall e, ,eqy,eqy € E. Then Y(eq,,eq,) =
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and

(l[f23 12

Therefore, it is a solution.

oy o V’B)(elll 78027803)

- II/ ( (ea17ed27ea3)))
23 W (efllv(ed% @ed) (eaz @ea)/))
23 (

= Z (eal@ea) (eaz@ea),)

easv(eﬂl @ea) (eaz @ea)/)

y
y
v
v
v
W

(
(
(
(
(e
(

€ay, ((eflz 69811) ®ea)/7 ((eal @ea)/@ea)/)

(
(edzvegzve )
(

ea373a27ea1 )

Lemma 3.8. Ler (E;0,0,1) be a lattice effect algebra. If the condition

holds for all e,, € E, then the following are solutions of the set-theoretical Yang-Baxter equation:

(a) V/(etll 7etlz) = (eal ©eq,,eq )
(b) W(eul 7eu2) = (eaz Oeq,,eq )r
(C) W(eﬂl 76112) = (eaz ©eq, aea2)~

Proof. (a) We define

By using (1) and (2), for all (ey,,eq4,,€4;) € E3, we obtain

(2o oy'?)(eq ea.ea)

and

(l[/23 o l[/l2 o llfzs)(eal ,eazveas)

Therefore, it is a solution.

The proofs of (b) and (c) are similiar to (a).

lz(eal 7ea27ea3)

3 (€as€ary€as)

((eaz @ea) @ea) ) (eq, @ea)lv (ea, @ea)/)
3 (ea @ (eq @euz) ) (ea, 69611)/7 (ea, @ea)/)

Lemma 3.9. Let (E;®,0,1) be a lattice effect algebra and e, € E such that e, < eg, J€ar»Cay forall eq, ,eq,,eq, € E. If the condition

holds for all eq, ,eq, € E, then y(eq, ,eq,) =

Proof. We define

lz(eal 7eazae(13)

> (eal )€ay ) €ay )

= ((6212@60)/@661176&’603)7

(eal ) (6213 52 ed)/ 52 eawe(l)'

O
eq, Oeq = eg (3.4)
= (elll ®ea27ea17ea3)a
= (eqs€a ®eazseq,)-
W12(V’23 (Wu(em +€ay€a3)))
WIZ(WZS (eal ®ea276a1 7ea3))
wlz(edl ®e(lz7e(l1 ®ea3aea1)
WIZ((eal Geflz) © (eal Qeag)veal ®eazaea1)
le((eal Geal ) © (eaz ®ea3)7e(l1 ®eazaea1)
(ea) © (€a, ©€as),€a) ©€ay,€q,)
‘I/B(V’IZ(WB (ear€ar€a3)))
= WZS(le(eaHeaZ O eay,€a,))
= W23 (eal © (eaz ®ea3)aeal 7ea2)
= (eul © (eaz Gea3)7eal ©eq,,eq, )
O
(eay Bea,) = ea Deg, (3.5)

((en, ®ea) @ eq,,eq) is a solution of the set-theoretical Yang-Baxter equation.
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By using (e2), (3),(e5), (1), (2) and (3) for all (eq,,€q4,,€4;) € E3, we obtain

(¥ oy oy'?)(eq ear ea) v (v (ea e a))
= y2(yP (e, @e) Deaearea)
= y'%((e), Dea) Dea,, (€, Dea) Dea,ea)
= le(( €y, Deq) ©eq,eq D (eq @ea3) s€a)
= Y2, ®ea) Beayseassea)
= ((623 @ea)/ (( €, @ea) @eal) €areq)
= ((eq, Bey) @ ((eq, Bey) B ea,)sear€a)

and

23 12

oy oy®)(eq, ear,ar) i

YW (v (ea) s €ay,€a3)))

(‘V (elllve,a; Deq) Beay,ea)

(((( €, Bea) Bea,) Bea) Beay,eqeq)

€, Beq) Bea,) ea) Bea,, (e Bea) Seaeq)

a;@ea "Dew,) Dey) Deay, ! Deg,eq)
"Deq,) Deq) Dea,0Deq,eq)

@eaz) @ea),@ealaeauea)

@eaz)@e ) @ eq,,easeq)

(eaz@ea)@€a|)7eayea)~

(v

ea3 Dey

vvvv

eu3 @e

Therefore, it is a solution.
Lemma 3.10. Ler (E;®,0,1) be a lattice effect algebra. If the conditions

(eal@eaz)/ = eal@e,az7

eq, Deq, = eq

hold for Ve, ,eq,, ea3 € E, then the following are solutions to the set-theoretical Yang-Baxter equation in lattice effect algebras:
( ) (eulveaz) ( a1 69614276011)

(b) (eal 7eaz) (eaz Oeq,seaq)),

(c) (eal ,eaz) ((eal @euz) e(ll)

(d) w(eq,,eq,) = (( €q 69“~’az) Deay,ea,)-

Proof. (a) We define
12 _ /
V' (eayseayy€a;) = (eal Deay,earsa )
2
v

3(6611 >etl27ell3) = (ea] >e:12 @eawellz)-

For all (eq,,€q,,€4;) € E3, we obtain

(IV (le(elll 7ea216113)))

v!
= YRR, Beweq )
V/ (eal @€a27€a, Deayr€a)
. Dey) @ (em @603)7%1 ®eays€a)
L ®e,) D (e, Deay), €l Deay,ea;)

(WIZ ° W23 ° le)(eal 7€a27ea3)
((eq
((eq

and

o lI’ ( (eaueazveaz)))

(‘I/23 o ‘I/lz o V/23)(ea1 ,ea27ea3) W (
= ‘I/Z (II/ (eal7ea2 @€a3,€az))
v (e

23 €, (ea2 Deqs)s€a,€a)
(e O azEBea3) eal@eaz,eal)
= ((elal@e ) D (e az@ea3)7eal@eazveal)
((82“ EBe ) (e iz. @em),e;] @eazaea1)~
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(b) We define

By using (1) and (el) for all (eq,,€q4,,€4;) € E3, we obtain
(le © ‘I/23 o Wu)(eal >eazvea3)

and

(WZS ° le

(c) We define

By using (el) for all (eq,,eq,,€q;) € E>, we obtain
(2o oy'?)(eq, ear ea;)

and
23 12

(yP oy oy?)(eq,.Car,€a,)

(d) The proof (d) is clear.

o w23)(eal 7eaz7ea3)

(eal k) eaz b ea3 )

(ea] bl eaz bl ea3 )

le (eal y€ay €as )

II/23 (eal 9 euz b eu:; )

(6;2 @ eal 7ea1 7ea3)7
= (etll >e£¢3 Qeazveaz)'
‘V (l// (le(eal +€ay,€a3)))
W (l// (3212 Qeaﬂeal’ea?;))
v! )

(ea2 ®egq, ,ea3 ®eq,,eq

621366111) ( az 6601)7 a2 ®ea176a1)
ea; @eal) ( alz EBeizl )lveizz ®egq, aeal)
a3 @eal) (e, EBeizl )/76212 ©eq,,ea;)

(€as @ea,)
(

eq; Dea,) D

(edz S2] e/a| ))/7elaz ®ea1 aeal )

(ea 699211 )/76/@ Oeq,,eq,)

€az @eal )

((
((eg
((
((
((
((
((

€a3 @etll) (eﬂz @801)79:12 Qea17eal)

( 12(y/23(eu],ea2,ea3)))

q/
= ‘I/ (lll (eamea; ®€a2,6a2))
v?

((ea3 Oea,) @eq,seq rea)
(€4 ©a)' @ €ay €4, © ayrea)
((3Z3 @eﬁlz) Oeq, 73:12 Oeqy,ea)
((eqs @egz) ©eq, ,e:h ©eq,,eaq,)
((((ea; Deg,) Beq, ) eq, Oeayseq,))
(((eas D eay) B e, )€, O ay s ar)
((eq; P eqa,) Beq, ,6;2 ©eq,,ea,)
((
((

ea} @eaz) S (etll @eal )76;2 ®ell1 7ea1)

((elll 66;2)/7eu1 7eu3)a

= (ealv(eaz ®e:13)lveaz)'

12 23(

(v V’lz(ea] 1€a5:€a3)))
(‘I/ ((elll @6;2)/76111,603))
((ea] ®etl2) (eal ®e;3)/7eu1)

L4
y!2
v

ea @eg,) ©(eq @ey,)s (ea ©eg,)' s ea;)
(eal EBeaz) (eal Qelzz)/»eal)
(ea] @eaz) (eal @dlz),,éal)
(eal @ea3)7 (em @efh)’,ea])

ea] @eaz)

((
((
((
((ea, Dey,) @
((eq
((eq

eal @eaz)

WIZ(WB(eal 7611276(13)))

' (ear, (ea, ©0,)' €ar))

(ear @ (((ea, @ e,)")')') s €a s €as)
(ea, © (e, @9;3))/7%1 +€ay)
((ea, @ (ea, ©®€,)) , (ea, ©€,) €a;)
(e, ® (ea, ©eg,), (€q, @ €y,) seay)
(e;l &) (e;2 Deay), (eq @eﬁw)/,ea])
(
(

N
w
—~ o~~~

(eéil @egl) ® (eilz ©ea;), (ea © 622)/7601
( :11 EBe;z) @(6;11 @eas)v (eal ®e:12)/7eal

(ea, @eaz) O ((eaq 66213)/)/)/7 (ea, Qeilz)/v

((eaz @eill )/)/)laeluz Oeq,,eq, )

Ca, 69edl)@(etlz @e‘ll)7e;2 ®ell|7ea|)‘

ea,)

((601 Qeaz) ) S2] (eal ®ela;)),’ (e!ll ®e;2)/7ea1)

)
).
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Example 3.11. Let (E;®,0,1) be a lattice effect algebra. If the condition
(o Deaw) = ea Deg, (3.6)

holds forNeg, ,eq,,eq, € E, then Y(eq,,eq,) = ((€q, @eg] ), eq,) is a solution to the set-theoretical Yang-Baxter equation in Boolean algebras
while it is not a solution in lattice effect algebras.

Proof. We define

le(etlneazvetls) = (eﬂz®e;1)/7ea|7ea3)v

‘VZS (€arearsea;) = (eqys(eay ® e;z),,eaz).

By using (el), for all (eq,,€q,,€4,) € E3, we obtain

12 23(

(W2 (v (ea ey, ea))

2y ((ea ®€0,)'sCarrea))

((ear @ey,)' s (eay @ €4,)' seay)

(ea; De,) @ ((ea, Deg,)')') s (ea, D g, ) ea))
(eaa @eal) (euz @eal )) (eaz @elal )/’eal)
Cas Deg, ) D (ea, Deg,), (€a, Dy, ) ea))

(€a; D eay) D (eq, Deqy)); (€a EBe/al )/aeal)

(v oyPoy!?)(eq, 0, a,)

14
v

((
((
((
((

and

23

(v >

(V’ (l//23(eal,ea2,ea3)))

(v (eay, (eas Dl 0a,))

*(((eay De,) Deg,)' eaar)
(((ea; Deg,) eq, ), (ea, @ey,) s ea))

= (((ea; D ,) Dep,), (ea, Beg, ) ea))
(((eaa@eaz)@eal)v(eaz@eé,)/aeal)

o ‘I/lz o W23)(e(l1 7ea273a3)

1%
v?

Since Boolean algebra is a bounded distributive lattice, it is a solution in Boolean algebras whereas it is not a solution in lattice effect algebra.
If we define e4, ® e4, = eq,, then Y(egy,,eq,) = ((ea, ® e’aI )',eq,) is a solution in lattice effect algebras. O
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