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Abstract

We will show in this paper that all solutions for the systems
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are periodic with period p where p is given by
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where & and >, *, 74, ..., ¢y~ are nonzero real numbers with »¢;” # &, i=1,2,..., k, for some k € N.
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1. Introduction

Difference equations is a very important topic in our life because they appear as mathematical models describing many real life situations
for examples in probability theory, statistical problems, number theory, geometry, electrical networks, genetics, biology, physics, ecology,
economics, engineering, medicine, etc [1]. Therefore, the study of difference equations has received great attention from researchers around
the world. See for examples [1]-[21].
Iricanin et al. [12] investigated the positive solution for the following systems

(2)

(3) (1)
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where k be a nonnegative integer number.
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Papaschinopoluos et al. [11] studied the behavior for the systems

Ol (V) +
s(v41) = I TEE x(v) ﬁK,
se-1(v—1)
a15(v) + B
v41)= TP
m(v+1) e(0—1)
oi_1-1(v i
(v 1) = Bt O Fhioy gy
%i_z(‘l)*l)
where oy, 3;, i = 1,2,..., K, are positive constants with k > 3 is an integer, and the values 5;(—1),(0), i = 1,2,..., K, are positive real
numbers.

In [18] the periodicity for the solutions of some systems of the form

%(1) _ %r(Lz) %(2) _ %1(13) (x) _ %:(1)
n+1 %}52)717 n+1 %}(13)71 n+1 %’(11)717
and
o o _ )
n+1 %r(l,() 0T %r(tl) _ 1’ >+l S:K 1) 17

was studied, where %éi) #1,i=1,2,...x
Also, in [19] the periodic character for the positive solutions of the coming systems of difference equations

(1) _ Hn
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was studied, where q) #1, }2) + % #1,.. (K) + 1 7é 1 and %( ),%(()l), (2 ),%(()2),...,%£'€1),%(<)K)are nonzero real numbers.
z_i <) 71

Throughout the present paper we will deal with the periodicity character to the solutions for some systems of the form

ORI () *n (x) Zn
1= ’ 1 300y 1 P
s s -1 sV -
and
1 —1
O S N N R
1 — ) 1 ERRRS] 1 — _ )
Y R Oy | s
where o and %él) , %(()2), ey %(()K) are non zero real numbers with ;4(()0 #* é, i=1,2,...,k, for some xk € N.

Now we present and prove some lemmas that will be used in proving the main results in this paper. Let ged(x,y) denotes the greatest
common divisor for the integers k and y.

Lemma 1.1. Assume that ged(x,2) = 1 for some x € N, then the numbers py =2y+1,(or py = =2y+1), y=0,1,...,x — 1, satisfy
Py, — Py, # 0(modx), whenever yi # ;.

Proof. For the sake of a contradiction assume that py, — p,, = 0 (modx), with y; # y,. Then we have 2(y; —y2) = py, — py, = km for
some m € Z\ {0} . Since ged(k,2) = 1, it is easy to see that x is a divisor to y; — y,. Again, since y1,y; € {0,1,...,x — 1}, it follows that
[y1 —¥2] < k, and this is a contradiction. O

Remark 1.2. It follows from Lemma 1.1 that the remainders qy,y =0, 1,..., K — 1 for the numbers py =2y+1,y=0,1,...,k — 1, which were
gotten from dividing the values py by K are reciprocally different, they are included in a set S = {0,1,...,x — 1} , making some permutations
of the ordered set (0,1,...,k — 1), finally px =2k + 1 is the first number having the form 2y+1, y € N, with p; — pg = 0 (modx).
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Lemma 1.3. Every solution for the following equation

Hn

7 > 1.1
w1 forall n>0, (1.1)

Hn+1 =

is periodic with period two where o, »y € R\{0} with 3¢ # é.

Proof. Let {54,},_ is a solution for Eq.(1.1) such that ot5¢y # 1. Then it is easy, by direct substitution in Eq.(1.1), to obtain that {55, },_, is
periodic with prime period two and has the formula

>0 >0 >0
P e P g
0 (X%()—l’ 0 06%0—17 0 (X%O—l7
The proof is so complete. O

Let f : G — G be a continuous function on G C R and let D denotes the subset of all fixed points of 2 = fo f. Define F : G¥ — G¥ by

F(s1,00,...0000) = (fn), f(5e3), ..., f(5ei), f (5e1)),s (1.2)
or
F(s1,00,...00¢) = (f(5ei), f5e1) f(522) oo f (52—1))s (1.3)

where K is a positive integer and assign a difference equation of the form

Xnt1 = F(Xn)s n>0. (1.4)

Therefore we get two systems of the form

%’(121 :f(%r(lz)), %,(i)l :f(%,(f)),‘.‘, %51121 :f(%fll)), (1.5)
and
il = 16a), 2 = rGal), L A = fak ), (1.6)
Taking

»
f() = w1

which satisfies fo f =1, 1. e. every s # 1/a is a fixed point of f. Thus, whenever n > 0,we obtain

(2) (3) (1)

1 _ (2 _ _ *n (k) _ _ *n
Ky | = ey Mg = ey My = (1.7)
H (X%,<,2) —1 i (X%,(,S) —1 + a%,(ll) —1
and
(x) (1) (k—1)
a p (2) _ 1y () _ Xn
Pl = a%,i">_1’ 11 05%510_17 s P OC%,SKil)_lh (1.8)

2. The Main Results

Here we prove and investigate the periodicity character for the solutions for Eq.(1.4).

Theorem 2.1. Each one of the coming statement is true:
(a) Assume that k = 0(mod2), then any solution { }n }_, for Eq.(1.4) with the initial condition xy € D, is a periodic solution of period K.
(b) Whenever k # 0(mod2), then any solution { X, }_ for Eq. (1.4) with the initial condition yo € D, is a periodic solution of period 2x.

Proof. (a) Assume that ¥ = 0 (mod2). Let {¥,} be a solution of Eq.(1.4) with an initial condition ), = (%él), %(()2), e %ék)) eDX. It

suffices to show that F¥(y,) = x, where F is defined by (1.2). Now we will prove by induction that

F¥(x,) = FR 20000 5422 00 08 S =1, k)2, @.1)

) ) ) ?

Indeed, at i = 1, we obtain

Fo(1,) = FX N (PG, £ G O, £ A))

= F 2P ) L0 L2 L ). P )

= F'sz(}f((f)7 %54), . %(()K),%(()l), %(()2))-
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Then relation (2.1) is true at i = 1. Now assume that relation (2.1) is true for some i, then we obtain

FK(XU) _ FK_Q,'(%(()ZHI)’%(()ZHZ),.”7%((;() %(()1)7%(()2)’ ’%(()21'))
= P (1O ), 1) o G 1o ) £ o) S )
= FKf(ZHZ) (%(()ZHS) s %(()25+4), RN u(()K), %(()1), RN %(()ZHZ)).

Hence relation (2.1) is true.
Again whenever F is defined by (1.3), we will prove by induction that

F¥(x,) = F’(*Zi(%g_(Zi_])7%g_(Zi_2)7 . .7%((,’()7%((]1)7%(()2)7 . .7%(()K_2i)),i =1,...,k/2. 2.2)

Indeed, ati = 1, we get

F¥(t) = F* N (£ ) o) D), f o))

= F 220685 ), 226, 226, G P24

LR A0 0 0,

1)

Thus relation (2.2) is true at i = 1. Now assume that relation (2.2) is true for some i. We have

F¥(x,) =F* 2'( k(2= l)’%(l)c—(Zi—Z)’“.7%57%6’%%7...7%6('—(2i))

_F 7(2,+2)(%(()K (2i+l))7%(()1€—2i)7“_7%(()1()7%(()1)7“_7%(()1(—(21‘-&-2))).

This shows that relation (2.2) is true for each i = 1,...,x/2.
(b) The proof of this part is similar to part (a) so will be left to the reader. O

As a direct consequence we get the following two results.

Theorem 2.2. Each one of the coming statement is true:

(a) Assume that k = 0(mod2), then any solution { ), = (%,(, >, ,%,(,K)) w_oJor system (1.5) (resp. system (1.6)) with y, = (%(()1)7%(()2) yenn ,%(()K>) IS
D¥, is a periodic solution of period K.

(b) Assume that x # 0(mod2), then any solution { ), }_ for system (1.5) (resp. system (1.6)) where x, € DX, is a periodic solution of

period 2K.

Theorem 2.3. Each one of the coming statement is true:
(a) Assume that x = 0(mod2), then any solution { )} for system (1.7) (resp. system (1.8)), is a periodic solution of period k.
(b) Assume that x # 0(mod2), then any solution {,}_ for system (1.7) (resp. system (1.8)), is a periodic solution of period 2.

Corollary 2.4. Assume that a > 0, then every solution (%,(11) , %,(12), e %,<,K>> of (1.7) where the conditions (%él)., %(()2), e %(()K)> to be such
that

i 1
) > — J=l2.k 2.3)

is positive.

Proof. Consider {x,};_ is a positive solution for system (1.7) where (2.3) is satisfied. Then if k¥ = 0(mod2), it follows from (1.7) and
(2.3) that

J+ﬂ)

A for (j+ ) <
( 1)
=g e ;?jw 5 _ if j is odd
P for (j+u) > «, (2.4)

(+u) ;
%(F):{ 0 for (j+p) <x, if j is even

%(()H”_K) for (j+u) >,

for some j,u =1,2,...,K
If k¥ # 0(mod2), it follows from relations (1.7) and (2.3) that

(j+u)

%(}w) — for (j+u) <x
(JHI K)
)= W for k < (j+p) <2k, ifj isodd
(/ﬂi 2x)
ax (/+u %) for 2k < (j+p) <3k, 2.5)
((JH”) for (j+u) <k,
%,E'“)z }%}/HL*@ for k < (j+p) <2k, ifj iseven
%éjﬂifz’() for 2K < (j+nu) < 3k,

for j =1,2,....,2x and 4 = 1,2, ..., k. Therefore it follows from (2.4) and (2.5) that every solution for system (1.7) is positive. O
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Corollary 2.5. Assume that @ < 0, then every solution <%,(11) , %,(12), e %,(,K>> for (1.7) where the conditions (%él), %(()2), e %(()K)> satisfy

the following inequalities
o_1 .
< — =1,2,..x 2.6
%() a7 1 1< ) ( )

is negative.

Proof. The result follows consequentially from (2.4), (2.5) and (2.6). O
Corollary 2.6. Assume that o > 0, then every solution (%,(lw,%,(,z),. ) for system (1.7) with (%(() ),%(()2), %SK)) such that
0<%(()"><é, i=1,2,..x, 2.7)
is positive and negative successively. Moreover (%gl) , zg?, s ;»ré?) is positive and (%gl)H , %ﬁ)ﬂ Jeees ;4£le> is negative forn=0,1,2, ...
Proof. The result follows from (2.4), (2.5) and (2.7). O
Corollary 2.7. Assume that oc < 0, then every solution <%,(11>,%,§2), e %S,K)> of (1.7) with the negative values (%(()1), %(()2), e %(()K)) and
P >é, i=1,2,..K, 2.8)
is positive and negative successively. Moreover (%Sl) , %éi), ey %é,f)) is negative and (”gz)ﬂ , %éi{r e Méﬁl) is positive forn =0,1,2,....
Proof. The result follows from (2.4), (2.5) and (2.8). O
Corollary 2.8. Assume that o > 0, then every solution (%,(ll ) R %,(,2> yeees %,SK)> of system (1.7) with the negative initial values (%(()1 ) R 14(()2), ey %(()K>> ;
where

A <o, i=1,2,.x, (2.9)
is negative and positive successively. Moreover (%Sl) , %é?, ey %é,f)) is negative and (”gz)ﬂ , %éi)ﬂ Jeees %g’zl) is positive forn=10,1,2,....
Proof. The proof is achieved by (2.4), (2.5) and (2.9). O

Corollary 2.9. Assume that o < 0, then every solution (%,(ll)7%,(,2)7 e %,(,K>> for (1.7) where the conditions (%(()l), %(()2), e %(()K)> to be
such that

>0, i=1,2,.K, (2.10)
is negative and positive successively. Moreover (%gl) , %§i>7 s %éz)) is positive and (%5’11)_‘_1 , %gll_l Jeees %éﬁ_l) is negative forn=0,1,2,....
Proof. The proof is achieved by (2.4), (2.5) and (2.10). O

Corollary 2.10. Assume that %,(,1),%5,2>, ey %,(LK)) is a solution for system (1.7) and & > 0. Then, for 1 <i < k, and forn=0,1,..., the
following statements hold
(i) If%(()l) — oo, then {%52} — oo and {%§2+l} — éJr.
(ii)]f%g) — é+, then {%gn)} — é+ and {%2n+ }
(iii)If%(()i) —>é7,then {%Zn} ~ and {%2n+1}
(i) 1f 5 — 0%, then {5} 0+ and {545, } = 0.
(i)

{ } ~ and {%2n+1}—>0+.

} — —oo and {%élrzﬂ} — éi.

Proof. The proof is achieved by (2.4) and (2.5). O

) If %(()i) — 07, then é
(vi) If%éi) — —oo, then { é

Corollary 2.11. Let (%ﬁl)’ﬂr(lzh e %ﬁlK)) be a solution of system (1.7) and &t < 0. Then, for 1 <i <k, and for n=0,1,..., the following
statements hold ) A

(l)If}tO) —oo, then {%éln)}—)—oo and {%§2+1}_>é_4

(ii)If%O — éi, then {%gz} — é7 and {%§2+1} s oo,

(iii) Ifﬂ'f(()o 4 é+, then {%grg} — éjL and {%gn)ﬂ} — oo,

(iv) [f%(()i) — 0T, then {%é’n)} — 0% and {%&)H} —0.

W If %(()i) — 07, then {zgrg} — 0~ and {%§i3+]} 0t

(vi)[f%éi) — oo, then {%é'”)} — oo and {%éil)ﬂ} N L+.



Konuralp Journal of Mathematics 119

Proof. The proof is achieved by (2.4) and (2.5). O

Corollary 2.12. Assume that a > 0, then every solution (%511),%,52), s %,(,K)> of (1.8) with (%(()1)’%(()2)’ s %(()K)) such that

%(()")>é, =12,k @2.11)
is positive.
Proof. Consider {y,};_, is a positive solution for system (1.8) wherever (%(()1), %(()2), reey %(()K>> satisfying (2.11). Then if k = 0 (mod2), it
follows from (1.8) and the inequalities (2.11) that
L::)foro< (u—0) <k,
B if & is odd
W for (u—0) <0, 2.12)

(u—0) _
(”)—{ ) for0<(p-0)<x, if o is even

My =
¢ %(()K+“_G) for (u—0) <0,

for some o, u =1,2,...,K.
Assume that k # 0 (mod2), it follows from (1.8) and (2.11) that

_(k+u—o)
i)

m for (u—0) <0,
P % for0 < (1 —0) < K, if & is odd
%for —2k< (U—0) < —x, (2.13)
%SH’J_G) for (u—0) <0,
A=l B 0 < (u-0) < x, if o is odd
%8”76”'() for -2k < (u—o0) < —xk,
where 1 < 0 <2k and 1 < u < k. It follows from (2.12) and (2.13) that every solution for (1.8) is positive. O

Corollary 2.13. Assume that @ < 0, then every solution (%,(,1),%,(,2>, ey %,(l'c)> for (1.8) where the conditions (%é]),%(()z), e %(()K)> to be
such that

1
2% <. =12k (2.14)
is negative.

Proof. The result follows consequentially from (2.12), (2.13) and (2.14). O

Corollary 2.14. Assume that o > 0, then every solution (%,(,1),%,(12), ey %,(,K)) for (1.8) where the conditions (%(()1)7%(()2), s %(()K)> satisfy

the following inequalities

1

0<”<()G><E’ c=1.2,.x, (2.15)
is positive and negative successively. Moreover (%Sl) , %Sl), ey J«té:)) is positive and (%gz)ﬂ R ”gz)ﬂ yeees %gﬂrl) is negative forn=0,1,2,....
Proof. The result follows from (2.12), (2.13) and (2.15). O
Corollary 2.15. Assume that oo < 0, then every solution (%,(11),%,(,2), ey %,(LK)) for (1.8) where the conditions (%(()]),%(()2), s %(()K)> to be
such that

Loz o=12 2.16
a<%0 <0, o=1,2,..x, (2.16)
is positive and negative successively. Moreover (%éy , %é,zl), ey %é:)) is negative and (;«tgl)ﬂ , %éi)ﬂ yeees "é:L) is positive forn =0,1,2,....
Proof. The result follows from (2.12), (2.13) and (2.16). O
Corollary 2.16. Assume that o > 0, then every solution (%,(,1),%,(,2>, ey %,(l’()) for (1.8) where the conditions (%él),%(()z), s %(()K)> satisfy
the following inequalities

27 <0, 0=12,.x 2.17)

(1 2 (x) (1) (2) (x)

is negative and positive successively. Moreover (%2n s Hpy) s ey Hgp ) is negative and (%2n+1 R TI J«tan) is positive forn =0,1,2,....
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Proof. The proof is achieved by (2.12), (2.13) and (2.17). O

Corollary 2.17. Assume that @ < 0, then every solution (%,(,D,%S?), 14,1 )for (1.8) where the conditions (%él), %(()2), e %(()K>> to be
such that

(6)

>0, o=1,2,..K, (2.18)
is negative and positive successively. Moreover (%gl) , J«éi), ey %EZ)) is positive and (%gl)ﬂ R ;»tg)ﬂ yeees %SZL) is negative forn =0,1,2,....
Proof. The proof is achieved by (2.12), (2.13) and (2.18). O

Corollary 2.18. Let (%ﬁ,l), %SLZ), ey %,§K>> be a solution of system (1.8) and a > 0. Therefor each of the following statement holds, (where
n=0,1,...,and 1 <i<Kx)
(i)If%(l> — oo, then {%&')} — oo and {%SH)H} — l+.

(u)lf}rO %le then {}tgn)}ﬁl+ and {%;Ll}%oo.

(iii) If%o — é , then {%gn)} — E_ and {%grzﬂ} — —oo,
(iv)If%éi) — 07, then {%g)} — 0% and {%2n+1} —0".

n
W) If %(()i) — 07, then {%éln)} — 0" and {%g’gﬂ} —0t.
(vi)[f%(()i) — —oo, then {%grg} — —oo and {%grzﬂ} — éi
Proof. The proof follows by (2.12) and (2.13). O

Corollary 2.19. Let (%,(ll),%,(lz), . <K>) be a solution of system (1.8) and o0 < 0. Thus each of the following statement holds, with
n=0,1,..,and 1 <i<«x

(i)If%(()l> — —oo, then { ()} — —oo and {%§2+1} — é7

(i) If 58 — & then {54} — 37 and {34} =~

(iii) If%(()i) — ét then {%Zn} ¥ and {%SZH} — oo,

(iv) If%éi) — 07, then {%Zn — 0+ and {%§j1)+]} —0.

)
) If %(()i) — 07, then {%éln)} ~ and {%éin)Jrl} —0t.

(vi)[f%(()i) — oo, then {%érg} — o0 and {%gl)ﬂ} — l+.

Proof. The proof accomplishes by (2.12) and (2.13). O
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