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Abstract

In this article, we prove a fixed point theorem, which is generalization of Banach fixed point theorem and characterizes the metric complete-
ness, for contravariant mapping on bipolar metric spaces. And, we give some results related to this fixed point theorem.
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1. Introduction

Suzuki introduced the Suzuki type fixed point theorem [9], which is known as one of useful generalizations of the Banach fixed point theorem,
as follows: Let (X,d) be a complete metric space and let 7' be a selfmapping on X. We consider a nonincreasing function 6 : [0,1) — (%, 1]
by

L 0<r< 5L
o) =4 5, Sl<r<d

1

T ﬁS <L

Assume that 3r € [0,1) such that
6(r)d(x,Tx) <d(x,y) = d(Tx,Ty) < rd(x,y)

Vx,y € X. Then, there exists a unique fixed point u of 7. Moreover, lim T"x = u, Vx € X. Later, many researchers found this theory
interesting and obtained many generalizations, see [1, 2, 3, 4, 5, 10, 11].

2. Bipolar Metric Spaces

Definition 2.1. [6] Let XY A0 and d : X x Y — R™ be a function. d is called a bipolar metric on (X,Y) if the following properties are
satisfied
(BO) x =y ifd (x,y) =0,

(Bl)d(x,y) =0ifx=y,
(B2) d (x,y) =d(y,x) if x,y €X Y,
(B3) d(x,y) <d(x,y') +d(¥',y) +d(xy),
V(x,y),(x,y) €X xY. Then the triple (X,Y,d) is called a bipolar metric space.

Definition 2.2. [6] Let (X1,Y1,d) and (X»,Y>,d>) be bipolar metric spaces. A function f : X1 UY] — Xo UY, is called a covariant map if
f(X1) CXp and f(Y1) CY,. Similarly, a function f : X; UY] — Xo UY, is called a contravariant map if f(X1) C Y, and f(Y1) C Xp. These
maps are denoted as f: (X1,Y1,d1) = (X2,Ya,d) and f: (X1,Y1,d1) XX (Xa,Ya,d>), respectively.

Definition 2.3. [6] In a bipolar metric space (X,Y,d);
(1) (a) The points of the set X are called left points,
(b) The points of the set Y are called right points,
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(c) The points of the set X NY are called central points,

(2) (a) A sequence of left points is called a left sequence,

(b) A sequence of right points is called a right sequence,

(c) The term "sequence” is commonly used for left sequences and right sequences,

3) (a) If lgn d(an,y) =0 for a left sequence (ay) and a right point y, then (ay,) is called convergent to y,

oo

(b) If lgn d(x,by) = 0 for a right sequence (by,) and a left point x, then (by,) is called convergent 1o x,
n—oo

(4) A sequence (xp,y,) on the set X X Y is called a bisequence on (X,Y,d),

(5) A bisequence is called convergent, if both the left sequence (x,) and the right sequence (yn) converge,

(6)

™)

(

6) If (xn) and (yy) converge to a common point, then (x,,yy) is called biconvergent,
7) A Cauchy bisequence is a bisequence (xy,y,) such that lim d(x,,y,) =0,
nm—oo

8) A bipolar metric space in which every Cauchy bisequence converges, is called a complete bipolar metric space.
It is shown in [6] that convergence of Cauchy bisequences implies biconvergence.
Proposition 1. [6] If a central point is a limit of a sequence, then this sequence has unique limit.

Definition 2.4. [6] (1) A covariant map f : (X1,Y1,d1) = (X2,Y2,d>) is called left-continuous at xo € X1 <= 38 = d(xo,€) > 0 such that
di(x0,y) < 6 =da(f(x0),f(y)) < € forevery € >0 and Yy €Y).

(2) A covariant map f : (X1,Y1,d1) = (Xo,Ya,dp) is right-continuous at yy € Yy <= 38 = 6(yg,€) > 0 such that d,(x,y9) < 6 =
dar(f(x), f(vo)) < € for every € >0 and Vx € X;.

(3) If a covariant map f is left-continuous at each x € X and right-continuous at each 'y € Yy, then it is called continuous.

(4) A contravariant map f : (X1,Y1,d1) X (X2,Ya,d2) is called left-continuous at a point xo € X, right-continuous at a point yy € Y| or
continuous, <= the corresponding covariant map f : (X1,Y1,d1) = (Ya2,Xa,d>) is left-continuous at xq, right-continuous at yy or continuous,
respectively.

This definition implies that a covariant or a contravariant map f, which is defined from (X;,Y,d;) to (Xz,Y2,d>), is continuous, <
(an) = von (X1,Y1,d1) = (f(an)) — f(v) on (X2,Y2,d).

Proposition 2. [6] If the point which a covariant or contravariant map f is left and right continuous, is central point, then the map f is
continuous in this point.

3. Main Results

Our first new result is the next:

Theorem 3.1. Let (X,Y,d) be a complete bipolar metric space and T : (X,Y) )X (X,Y) be a contravariant mapping. We define a
nonincreasing function 0 from [0,1) to (%, 1] by

1, 0<r< ¥,
o=y & %grsﬁ,
T 7 <r<l
Assume that 3r € [0,1) such that
0(r)d(x,Tx) <d(x,y) = d(Ty,Tx) <rd(x,y)
0(r)d(Ty,y) <d(x,y) = d(Ty,Tx) <rd(x,y). (3.1

VxeX,yeY. ThenT : (X,Y) X (X,Y) has a unique fixed point.
Proof. Since 6(r) <1, 8(r)d(x,Tx) < d(x,Tx) for every x € X. Using hypothesis, we can say that

d(T*x,Tx) < rd(x,Tx)
d(Ty,T%) < rd(Ty,y) (3.2)

VxeX,yeY. Let xg € X, for each nonnegative integer n, we define x, = Ty,,_1, y» = Tx,. Then (3.1) and (3.2) yield

d(x1,y1) = d(Tyo,Txy)
d(Tyo,T?yo)
rd(Tyo,y0)
d(x1,y0)
rd(szo,Txo)
rzd(xo,Txo)
r2d(x0,y0)-

Al

INIA I

Then we have d(x,,y,) < r2"d(xg,vo). From (3.1) and (3.2), we get

d(Tyn, Txn)
d(T?x,, Tx,)
rd (xy, Txn)

rd (X, Yn)
r1d(xo,y0)-

d(Xpi1,Yn)

ININIA
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For all positive integer m and n, if n <m

IN

d(xn, Yn) +d Xy 1,Y0) +d X 1,Yn1) +d (12, Y01 1)
+... +d(xm7))m71) +d(xm7)’m)

(1’22"+r2"+1+r2"+2+-~-+r2m)d(xo,y0)
rn

1=d(x0,¥0)

d(Xu,Ym)

INIA

ifn>m

IN

d(xnayn—l ) + d(xn—l yYn—1 ) + d(xn—l 7yn—2) + d(xn—Zayn—Z)
+oootd X 15, Ymy1) Hd X1, ¥m)
(r2n—] +r2n—2 +r2n—3 +---+r2m+2)d(x0,y0)
T d(x0.30).
I-r ’
Then, we say that d(x,,,y,,) — 0. So, (x,,yn) is a Cauchy bisequence. Since (X,Y,d) is a complete bipolar metric space, (x,,yy) is converges,
in fact biconverges, to u € X NY. We next show

d(Xn,Ym)

INIA

du,Tx) < rd(xu)forVxeX —{u} (3.3)
d(Ty,u) < rd(u,y)forVyeY —{u}. (3.4)
ForyeY —{u},VneN,
Ing € N, Vn > ng, d(x,,u) < d(bé’y)
In; €N, Vn>ny, d(u,yn) < d(b;,y).

We take n, = max{ng,n; }. Then, we have

G(r)d(x,,,Txn) < d(mexn) d(XmYn)
d(x,,,u) +d("‘7)7n)
Zd(u,y)
)— d(uy)
’ 3

INIA I

d(u,y) — =3
d(”vy) _d(xmu)
d(xn,y).

ININA

From (3.1), we get
O(r)d(xn, Txp) < d(xn,y) = d(Ty,Tx,) < 1d(xn,y) = d(Ty,yn) < rd(x,,)

for n > ny. Letting n tend to oo, we get
d(Ty,u) < rd(u,y).

That is, (3.4) is satisfied. On the other hand, for x € X — {u}

d
Inz €N, Vn > n3, d(x,,u) < ();’u)
d
S €N, Yz n, d(uy) < 20
We take ns = max{n3,n4 }. Then, we have
e(r)d(Tynyyﬂ) Sd(T)’naYn) = d(xn+17)’n)
S d(-xn+1>u) +d(u7yn)
< 3d(xu)
= d(xu)— —d<)§’")
< d(xau) *d(“a)’n)
S d()ﬁyn)

From (3.1), we get
0(r)d(Tyn,yn) < d(x,yn) = d(Tyn,Tx) < rd(x,yn) = d(x,,Tx) < rd(x,yn)

for n > ns. Letting n tend to oo, we get
d(u,Tx) < rd(x,u).

That is, (3.3) is satisfied. Arguing by contradiction, we assume that TJu+u,Vj e N. Then (3.3) and (3.4) yields
d(T Y u,u) < r/d(Tu,u) for jeN. (3.5)
We consider the following three cases;

x0<r< Y3l

£ \/gz—lgrg 1

Sl

*

IN

1
1<
va="
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Firstly, we consider the case where 0 < r < ‘[
we have

QU

(u,Tu) d(u, T*u) +d(T%u, T*u) + d(T*u, Tu)
d(T*u, T?u) +d(Tu, T?u)

r2d(u, Tu) + rd(u, Tu)

d(u,Tu).

INIA AIA

This is a contradiction. So, we have (since 0(r) = 1)

d(T?u,u) > d(T*u,T3u) = 6(r)d(T*u,T>u).

By hypothesis, we get
d(Tu, T3u) < rd(T?u,u).

From (3.5) and (3.6), we have

d(u,Tu) du, T3u) +d(T3u, T3u)
r2d(u, Tu) + rd(T?u, u)
r2d(u, Tu) + r*d(Tu,u)
2r2d(u, Tu)
d(u,Tu).

+d(T3u, Tu)

A INIAIA

This is a contradiction.

In the second case where \/52_1 <r< % it is obvious 2r% < 1. If we assume

d(T?u,u) < 0(r)d(T*u,T?u),

then, from (3.5), we get
d(u,Tu) (u, T?u) +d(T?u, T?>u) +d(T?u, Tu)
r)d(T?u, T3u) +d(T%u, Tu)

d )

6(r)d

o(r) 2d(u Tu)+ rd(u,Tu)
(

d

I IA A IA

(

(r

O(r)r +r)d(u,Tu)
(u,Tu).

This is a contradiction. So, we have

d(T*u,u) > 0(r)d(T?u, Tu).
By hypothesis, we get

d(Tu,T3u) < rd(T?u,u).

From (3.5) and (3.7), we have
d(u, Tu) < 2r%d(u, Tu) < d(u, Tu).

This is a contradiction.

In the third case where 7 < 1, we note that it is satisfied

0(r)d (x2nTx2n) < d(x29, 1)
for every n € N. If xp,, = u, it is obvious. Otherwase, we assume that

0(r)d(x0,Txp,) > d(x2n,1t)
for 9n € N. Then, from (3.3), we have

d(x2n, Tx2p) d(xp, 1) +d(u,u) +d(u, Txp,)
d(Xva )+rd(x2m )
(1+r)d(xop,u)

0(r)d(x2, Txpn)(1471)
d(x2n, Tx24)-

Al AIA

This is a contradiction. Similarly, we show that
G(r)d(Ty2n7y2n) S d(%}’z;:)
for every n € N. If yp, = u, it is obvious. We assume that

0(r)d(Tyzu,yan) > d(,y20)
for 9n € N. Then from (3.4), we have

d(TYvau) +d(u,u) +d(u,y2,)
(1+r)d(u,y2,)

(1 + r)d(TyZn»yZn)
d(TYZnaYZH)'

d(Ty2n7y2n)

A AIA

. Then, 72 +r < 1 and 2/ < 1. If we assume d(T?

u,u) < d(T?u,T3u), then from (3.5),

(3.6)

(3.7)
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This is a contradiction. By hypothesis d(Tu, Txz,) < rd(xo,,u) and d(Tyz,, Tu) < rd(u,ys,) hold for every n € N. Since {x, } and {y,}
converges to u, the above inequalities imply there exists a bisequence of (xy,y,) which biconverges to Tu. We get Tu = u. This is a
contradiction. Then, in all the cases, 3j € N such that T/u = u. Since (T"u,T"u) is a Cauchy bisequence, we obtain Tu = u. That is, u is a
fixed point of 7. We assume that there exist another fixed point v for T, such that u # v.

d(u,v) = d(Tu, Tv) < rd(u,Tv) < r*d(u,v).
This is a contradiction. Then, T has a unique fixed point. O

It is obvious that the set of our contravariant contractions (3.1) in Theorem 3.1 includes that of the usual contravariant contractions in bipolar
metric spaces. So, we can write the following Corollary 1 as an result of the Theorem (3.1).

Corollary 1. [6] Let (X,Y,d) be a complete bipolar metric space and T : (X,Y) X (X,Y) be a contravariant mapping. Assume that
3r € [0, 1) such that

d(Ty,Tx) < rd(x,y)
VxeX,yeY. ThenT : (X,Y) )X (X,Y) has a unique fixed point.

On the otherhand, the set of our contravariant contractions (3.1) in Theorem 3.1 and Kannan contravariant mappings in bipolar metric spaces
are independent. The following example show this.

Example 3.2. Let X = {0,1,2}, ¥ = {1,2,3}, d : X x Y — [0,00) be defined by d(1,1) = d(2,2) =0, d(1,2) =d(2,1) =5, d(0,1) =9,
d(0,2) =11, d(0,3) = 16, d(1,3) = 14, d(2,3) = 19. Then, (X,Y,d) is a complete bipolar metric spaces. We define a contravariant
mapping T : (X,Y) X (X,Y) suchas T(0) =1,T(1) =T(2) =2,T(3) = 0. Then we get

d(Ty,Tx) < gd(w)
if (x,y) # (1,1), (x,y) # (1,3). Since

0(r)d(1,7(1)) = 8(r)d(1,2) >5>0=d(1,1)

and
0(r)d(3,T(3)) =0(r)d(0,3) > 15> 13 =d(1,3)

forevery r € (0,1), T satisfies the assumption in Theorem 3.1. Then from Theorem 3.1, T has a unique fixed point2 € X NY.
On the other hand, T is not a Kannan contravariant mapping. Because, forx =0,y=2, o0 € [07 %) it is obvious that

d(T(2),T(0) =d(2,1)=5>

(d(0,T(0))+4d(T(2),2)).

NS} N}
| =

Our second new result is the next:

Theorem 3.3. Let (X,Y,d) be a bipolar metric space and define a function 8 as in Theorem 3.1. For r € [0,1) and 1 € (0,0(r)], let Ay be
the family of contravariant mappings T : (X,Y) X (X,Y) satisfying the following:

(a) Forx,y e X,

Let By be the family of mappings T : (X,Y) X (X,Y) satisfying (a) and the following:
(b) T(X) and T(Y) are countably infinite.
(¢) Every subsets of T(X) and T(Y) are closed.

Then the following are equivalent:

(i) (X,Y,d)is complete.
(it) Every mapping T € A, g, has a fixed point Vre0,1).
(iii) There existr € (0,1) and 11 € (0, 0(r)] such that every mapping T € By has a fixed point.

Proof. By Theorem 3.1, (i) = (ii). Since By C A, g(, for r € [0,1) and 11 € (0,6(r)], (ii) == (iii). Let us prove (iii) = (i). We

assume that (iii) holds. Arguing by contradiction, we also assume that (X,Y,d) is not complete. That is, there exists a Cauchy bisequence

(%n,yn) which does not biconverge. Define a function f : X UY — [0,0) by f(x) =limd(x,y,) and f(y) =limd(x,,y) forx € X,y €Y. We
n n

note that f is well defined because {d(x,y,)} and {d(x,,y)} are two Cauchy bisequence for every x € X, y € Y. The following are obvious:
*fx) = f(y) Sd(xy) < fx) + () and f(x) = f(y) <d(x,y) < fx) +f() forx e X, y €Y,

* f(x)>0and f(y) >0,VxeX,y€Y,
* 1im f(x,) = 0 and lim f(y,) = 0.
n n
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Define a contravariant mapping 7 on (X,Y) as follows: For each x € X, y € Y, since f(x) >0 and f(y) > 0 and lim f(x,,) =0, lim f (y,) =
n n

Jv € N satisfying
FOV < 5 ) f0) < 5 f ).
~34nr ' ~341nr
We put T'x =y, and Ty = x,. Then it is obvious that
N,
< :
AT < 0 f). and Txe {nine )
ST < 3 f0) and Tye fx e )

VxeX,yeY. ThenVu € XNY, Tu # u, because F(Tu) < f(u). That is, T does not have a fixed point. Since 7'(X) C {y, : n € N} and
T(Y) C{xp:n €N}, T(X)and T(Y) countably infinite. That is, (b) holds. Also, it is not difficult to prove (c). Let us prove (a). Fix x,y € X
with

nd(x,Tx) <d(x,y).

In the case where f(y) > 2f(x), we have

d(Ty,Tx) < f(Ty)+ f(Tx) < +nr(f(X)+f( ¥))
< (f( )+ ()
< ( () +f()+ 3( () —2f(x)+)
= (f( )~ f(x))
< rd(x,y).

In the case where f(y) < 2f(x), we have

d(x,y) <nd(x,Tx)

Y

n(f(x) = £(Tx)
1 f)— 2

LI
d )

\Y

3+nr
f(x)

3+nr
and hence
nr

S () £2)
3n

3+nrf(x)
< rd(x,y).

d(Ty,Tx) < f(Ty)+ f(Tx) <

IN

Similarly, fix x,y € X with nd(Ty,y) < d(x,y). In the case where f(x) > 2f(y), we have

AT3T0) < FIN 41T < () +1()
< <<> )
< <<><m+¥uw—wmﬂ
= - 10)
< rd(xy).

In the case where f(x) < 2f(y), we have

d(x,y) <nd(Ty,y)

Y

n(f(y) —f(Ty))
n{fy-

T]r
n 1—3+m)f(y)

f)

Y

3+nr
and hence
nr

T (F0)+£(0)
in

3erf(y)
rd(x,y).

d(Ty,Tx) < f(Ty)+ f(Tx)

IN

IN

IN

Therefore, we have shown (a), that is, T € B,.. By (iii), T has a fixed point which yields a contradiction. Hence, we obtain that X is
complete. O
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Corollary 2. For a bipolar metric space (X,Y,d), the following are equivalent;

(i) (X,Y,d) is complete,
(ii) There exists r € (0, 1) such that every mapping T on X and Y satisfying the following has a fixed point:

m—(l)ood(x,Tx) <d(x,y) = d(Ty,Tx) < rd(x,y) and ﬁd(Ty,y) <d(x,y) = d(Ty,Tx) <rd(x,y), Vx€X,y€Y.

Proof. In the Theorem 3.3, if we take the n as T(l)oo’ we obtain this corollary. O
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