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Abstract

The main target addressed in this article are presenting Hardy type inequalities for Katugampola conformable fractional integral. In
accordance with this purpose we try to use more general type of function in order to make a generalization. Thus our results cover the
previous published studies for Hardy type inequalities.
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1. Introduction & Preliminaries

Classical Hardy’s integral inequality, discovered in 1920 by G. H. Hardy [4]:

./: (i.%;.xf(s)ds)pdxg (plil)p/ow(f(x))pdx (1.1)

where p > 1, x > 0, f is a nonnegative measurable function on (0, ) and the constant (p%l) is the best possible. This interesting result

was later proved by Hardy himself in 1925 and 1928, respectively [S]and [6] like as the following integral inequalities:
Let f non-negative measurable function on (0, ),
Classical Hardy’s Inequality:

Jo f@de for m>1,

F(x)=
i fo)dr for m<1,
then
/.mxfme(x)dx< (L)p/mxﬁ” (xf(x))Pdx, forp>1 (1.2)
0 “\|m-1] 0 ’ p== ’

Weighted Hardy’s Inequality:

Jo ftydt for r<p-—1,

F(x) =
Ji f(®)dr for r>p—1,
then
oo P P e
/xr_”Fp(x)de(i) / X' fP(x)dx, forp>1. (1.3)
Jo lp—1—r] 0

Hardy’s type inequalities have been studied by a large number of authors during the twentieth century and has motivated some important
lines of study which are currently active. Over the last twenty years a large number of papers have been appeared in the literature which
deals with the simple proofs, various generalizations and discrete analogues of Hardy’s inequality and its generalizations, see [7], [12], [13],
[14]-[17], [19].
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The purpose of this paper is to establish some generalizations of Hardy type inequalities for conformable integral. The structure of this paper
is as follows: Firstly, we give the definitions of the conformable derivatives and conformable integral and introduce several useful notations
conformable integral used our main results. Later, the main results are presented.

In light of recent developments in mathematics, fractional calculus is becoming extremely popular in a lot of application areas such as control
theory, computational analysis and engineering [11], see also [18]. Together with these developments a number of new definitions have
been introduced in academia to provide the best method for fractional calculus. For instance in more recent times a new local, limit-based
definition of a conformable derivative has been introduced in [1], [9], [10], with several follow-up papers [2], [3], [8]. In this study, we use
the Katugampola derivative formulation of conformable derivative of order for o € (0,1] and ¢ € [0,0) given by

() s |
Dq (f) (1) = lim ———"———, Dq (f)(0) = limDq (f) (t), (1.4

e—0 € t—0

provided the limits exist (for detail see, [9]). If f is fully differentiable at ¢, then

lftxﬁ

Da (/) (1) =15

o). (1.5)

A function f is ¢-differentiable at a point # > 0 if the limit in (1.4) exists and is finite. This definition yields the following results;

Theorem 1.1. Let a € (0,1] and f, g be oc—differentiable at a point t > 0. Then,
i. Dy (af +bg) =aDy (f)+bDq(g), forall a,b € R,
ii. Do () = 0, for all constant functions f (t) = A,

iii. Do (fg) = fDa (8) +8Da (),

iv.Dg (Jg) — gDa(f);sza(@

v. Do (") = nt"=* foralln € R

vi. Do (fog)(t) = f (g(t)) Dyug (t) for f is differentiable at g(t).

Definition 1.2 (Conformable fractional integral). Let o € (0,1] and 0 < a < b. A function f : [a,b] — R is a-fractional integrable on |a,b]
if the integral

bf(x) dox := bf(x)x‘x*ldx
/ /

exists and is finite. All a-fractional integrable on |a,b] is indicated by L}, ([a,b]) . Also, if

b
71 = [ 17 )1 dar < »

then f € L5 ([a,b)).
Remark 1.3.

AGIOETA( s

where the integral is the usual Riemann improper integral, and o € (0,1].
We will also use the following important results, which can be derived from the results above.

Lemma 1.4. Let the conformable differential operator D* be given as in (1.4), where o € (0,1] and t > 0, and assume the functions f, w
and g are o-differentiable as needed. Then,

i. Do (Int) =1% fort >0

it. Do [[4 f(t,5)das] = f(t.t) + [ Do [f (t,5)] das

iil. ffw(x)Dag(x) dox = wg\z - fabg(x)Daw(x) dox.

Theorem 1.5 (Holder’s Inequality). Ler a € (0, 1], w, g are ot-fractional integrable on [a,b] and p > 1, % + é = 1. Then, we have

[/ wsaar= ([ o) ([ sorraar)’

Hardy type inequality can be represented for conformable fractional integral forms as follows [17]:

Theorem 1.6. Let o € (0, 1], f be a nonnegative function on (0,0), and p > 1. Also assume x*~ f(x) is continuous on [0,). Then, we
have the following inequality

b ( f 1 das) da“(,,pa)p |6 )

Now, we present the main results:
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2. Hardy type inequalities for conformable fractional integral

Now we prove the generalized Minkokski type integral inequality need in the next theorem:

Theorem 2.1. Let o € (0,1], 1 < p < oo, f: [a,b] X [c,d] = R be a-fractional integrable function. Then, we have the following inequality

[ ah pd‘”}; = [ /f { / b |f<x7y>\f’dax} ’l’day} :

Proof. The case p = 1 follows from Fubini’s Theorem, so we assume that p > 1 and we can write

/ ! () day

d P=ly ra
/C f(x,y)day /L f(x,y)day|dox

S/ab ./cdf(x>s)d(x5 .
LI
-

the last step coming from Fubini’s Theorem. By using Holder’s inequality to the inner integral with respect to x, we have

/a-b ”daxg/cd (a.b ax); (/a,b|f(x,y)|"daX)}) doy
(/ /f“das daX) /{(/ |fxy\‘”dax) }day

1
Dividing both sides by the ( f P f s das‘ dax) ? and remembering that % + é = 1 which gives the required inequality. O

b
dax =
a

b d P
| / £(6y) day

[/Cd |f(x,y)‘day} dx

d p—1
f(x,8)dgs
C

|f(X7Y)|daY} dogx

d p-1
f(x,8)das
C

|f(x7Y)|dax} doy

(p—1)q

/; df (x,y)day

Theorem 2.2. Let & € (0, 1], f be a nonnegative function on (0,%0), and p > 1. Also assume [;° (x*~! f(x))Pdqx is convergent. Then, we
have the following inequality

G o) o= (S22 [ 65 0.

Proof. Changing the variable (s = xr) we get

(/0“’ ()]C/()Xf(s)das)pda)f)ll) = (/0°° (/Olf(xt)xo‘_ldaz)pdax) %J

Using generalized Minkowski’s integral inequality and changing again the variable u = x¢, we conclude

(/ ( /f das) dax) S/ <(/ [f (xr)]P (= lpdax)'l’dat)
(/ Jul® "’dau>;/01 (zl o, z)
= (/ FP()u @ VP g, u);.

This completes the proof. O
Remark 2.3. Ifwe put o = 1 in Theorem 2.2, we get inequality (1.1) for p > 1 and F(x) = [§ f(t)dt
The following theorem generalizes the Hardy’s type integral inequality by introducing power weights x".

Theorem 2.4. Let o € (0,1], f be a nonnegative function on (0,%), p > 1 and r < p— a. Also assume [5°(x* f(x))Px"dgx is convergent.
Then, we have the following inequality

i - P P oo
J (G reas) e (Gpg ) [ v o
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Proof. Changing the variable (s = xt) we get

(/ ( | 76 daS> xdax)’=(/ (/fxt xfr’dat)pdax>;.

Using generalized Minkowski’s integral inequality and changing again the variable u = xz, we conclude

( I (1 / "f<s>das)pxrdax) e (( I [f(xf)]”x(“_l)”+’daX> ’ daz>
7/ <(/ ]p (a— 1)p+rtp r— oc(erl)dau)”dat)
(/ fp a 1) p+rd u>; /01 (H*ﬁ*a(p;l)dat)

(o

This completes the proof of the inequality (2.1). O

Remark 2.5. If we put a = 1 in Theorem 2.4, we get inequality (1.3) for r < p—1 and F (x) = [ f(¢)dt

Theorem 2.6. Let & € (0, 1], f be a nonnegative function on (0,0), r be absolutely continuous function on (0,00), and p > 1. Also assume
Jo (f(x))Pdax is convergent, and

p—a n xDgr(x)

p T C

(2.2)

ST,

for almost every x > 0 and for some A > 0. Then, we have the following inequality

[ ) dav < 27 [ (7))
0 0

where

H, f (x)

dat

Proof. We consider 0 < a < b < o and

1

r(x)

Then, defining H,.,f(x) = %hm f(x), and integrating by parts, see formula iii) in the Lemma 1.4 with w = (hqf(x))” and D¢ (g) (x) =x~P
note that g (x) = £—, and we get

hr,af(x) = /a.xf(t)r(t)d(xt.

_p b
x*-r

a—p
a

[ a0 dax = Grar ) | =25 [ Ora S0P (0

po—r b B ,
= (heaf (0)) G+ P [ 7 (haf (9) ™ (raf (3)) decr.

We notice that — (h,.f (b)) 2= is negative, since p — a > 0, k. f(b) > 0 and b > 0. Also, from definition of &, f(x) we have

lDar()

(heaf () = g

hya f(x) + f (x).

Hence,

pP—a b

L P < 50 gyt [

P Ja a

1Dar()
r(x)

b (0) £ 9] s

I
|
S
>
=
5
<
ol
<)
<
—
&

Y (1) s+ [ a0 ()

or equivalently,

/ub {? 42! D;%x()x)] (Hpaf (x))P dax < /b (wa(x))p*1 f(x)dgx.
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Now, using (2.2) and Holder’s inequality, we have

% /ab (Hraf(x))" dax < ( /abfp " dax),l ( /ub Hof (x))(‘”l)qdax); _ ( abfp . dax); (/ab (Hr,af(x))l’dax)‘l"

that is,

! P p [
L(Hr,af(x)) dex < A /0 f (x)dax.

If we take ¢ > a, then

b b oo
/c (Hraf (x))? dgix < / (Hraf ()7 dox < AP /0 £ () dax,

and by the Dominated Convergence Theorem, making a — oo, we get

/C ’ (Hpf(x))! dox < A7 /0 " P (1) dex
for all ¢,b > 0. Finally, letting b — o0 and ¢ — 0,
/: (Hyf (x))P dax < A7 /0 " P () .
O

Corollary 2.7. Let a € (0,1], f be a nonnegative function on (0,0), u be absolutely continuous function on (0,0) , and p > 1. Also assume
Jo (f(x))Pdax is convergent, and

p—a 1xDgu(x) Zl 2.3)
p o p oulx) T4

Sor almost every x > 0 and for some A > 0. Then, we have the following inequality

| ) udax < 2 [ (70 ux) o 4

where

i@ =1 [ f0)dat

Proof. If we consider r(x) = (i> ” then (2.3) becomes

u(x)

p—o  xDgr(x) _ 1

P T
since
Dy r(x) 1 Dgu(x)
rx)poul)
Now, we express f(x) = r(x)g(x) for the suitable g(x) > 0 and we apply Theorem 2.6 to g, the inequality (2.4) can be obtained. O
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