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Abstract

We define SP-iteration procedure associated with three selfmaps T7,7T5,7T5 defined on a nonempty convex
subset of a convex metric space X and prove A-convergence of this iteration procedure to a common fixed
point of 11,75, T5 under the hypotheses that each 7T; is either an a-nonexpansive map or a Suzuki nonex-
pansive map in the setting of uniformly convex metric spaces. Also, we prove the strong convergence of this
iteration procedure to a common fixed point of 77, T5, T3 under certain additional hypotheses namely either
semi-compact or condition (D).
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1. Introduction

In 1965, Browder [4] and Géhde [13] proved that every nonexpansive selfmap of a nonempty closed convex
and bounded subset of a uniformly convex Banach space has a fixed point. Browder and Petryshyn [5] [6],
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Senter and Dotson [19] used iteration procedures to approximate fixed points of nonexpansive maps in the
setting of Banach spaces.
In 1970, Takahashi [22] introduced the concept of convexity in metric spaces as follows.

Definition 1.1. Let (X,d) be a metric space. A map W : X x X x [0,1] — X is said to be a ‘convex
structure’ on X if

for z,y,u € X and X € [0,1].

By a convex metric space, we mean a metric space (X, d) together with a
convex structure W and we denote it by (X, d, W).

Remark 1.2. Every normed linear space (X,||.||) is a convex metric space. But there are conver metric
spaces which are not normed linear spaces [3, (16}, [22).

A nonempty subset K of X is said to be ‘convex’ if W(z,y,\) € K for z,y € K and X € [0, 1].

Das and Debata [7] studied the convergence of common fixed points of a pair of quasi nonexpansive maps
T1,T5 by using the following iteration procedure in the setting of Banach spaces under certain hypotheses.
Let X be a Banach space, K a nonempty convex subset of X, T1,T5 : K — K be selfmaps of K. For x1 € K,

Tn4+1 = (1 - an)ivn + OlnTl(BnTan + (1 - Bn)xn) (2)

where o, B, € [0, 1] for n € N, where N denote the set of all natural numbers.
Shimizu and Takahashi [20] introduced the notion of uniform convexity in convex metric spaces as follows.

Definition 1.3. [20] A convex metric space (X,d, W) is said to be uniformly convex if for any € > 0, there
exists @ = a(e€) such that for allr > 0 and z,y,z € X with d(z,z) <r, d(z,y) <r and d(z,y) > re,

A=W,y ) <1 —a) <7,

Takahashi and Tamura [23] studied the weak convergence of the iteration procedure when both T
and T» are nonexpansive maps in the setting of Banach spaces, provided 0 < a < oy, 8, < b < 1 forn € N.

Let T': K — K be a map and K, a nonempty subset of a metric space (X,d). We denote F(T) = {z €
K : Tx = x}, the set of all fixed points of T

A map T : K — K is said to be a quasi nonexpansive map if F(T) # 0 and d(Tx,p) < d(z,p) for all
x € K and p € F(T).

Suzuki [2I] introduced a map with condition (C) in Banach spaces and under metric space setting it is as
follows. Let K be a nonempty subset of a metric space (X, d). A map T : K — K is said to satisfy condition
(C) if

1

id(x,T:E) <d(z,y) implies d(Tz,Ty) <d(z,y) for all x,y€ K. (3)
We call a map that satisfies condition (C), a Suzuki nonexpansive map. Aoyama and Kohsaka [I] introduced
a-nonexpansive maps in Banach spaces and under metric space setting it is as follows. Let K be a nonempty

subset of a metric space X. A map T : K — K is said to be an
a-nonexpansive map for some a < 1 if

d(Tz, Ty)? < ad(Tz,y)? + ad(z, Ty)? + (1 — 2a)d(z,y)? for z,y € K. (4)

Aoyama and Kohsaka [I] observed the following facts :

(i) O-nonexpansive map is called a nonexpansive map,
(ii) %—nonexpansive map is called a nonspreading map,
(iii) %—nonexpansive map is called a hybrid map.
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Remark 1.4. FEither a Suzuki nonerpansive map or an a-nonexpansive map with a nonempty fixed point set
1S @ quasi NONeTPansive map.

For any bounded sequence {x,} in a metric space (X, d), the asymptotic radius with respect to K C X
is defined by rx({z,}) = inf {r(x {zn})}
where r(x,{z,})} = hm sup d(m x,) and the asymptotic center of {z,} with respect to K is defined by

Ax({zn}) ={y € K : 7“(3/ {2a}) = ric({za))}.

A sequence {z,} in a metric space (X,d) is said to A—converges to a point x in X if = is the unique

asymptotic center for every subsequence {z, } of the sequence {x,}. In this case, we write A — lim z,, = x.
n—o0

AmapT : K — K is said to be semi-compact if every bounded sequence {z,,} in K with nl;rgo d(xn, Txy) =
0 has a convergent subsequence.

Dhompongsa, Inthakon and Takahashi [8] proved that the sequence {x,} generated by the iteration
procedure converges weakly to a common fixed point of T} and T», where 77 is a nonspreading map and
T5 is a Suzuki nonexpansive map in the setting of Hilbert spaces, provided
liminf o, (1 — @) > 0 and liminf 5, (1 — 5,,) > 0.

n—oo n—oo

In 2011, Phuengrattana and Suantai [I8] introduced a three step iteration procedure namely SP-iteration
procedure to approximate fixed points of a continuous nondecreasing function defined on a closed interval on
the real line and proved that this iteration procedure converges faster than Mann iteration procedure [15],
Ishikawa iteration procedure [14] and Noor iteration procedure [I7]. In the setting of normed linear spaces,
SP-iteration procedure is defined as follows.

Let K be a nonempty convex subset of a normed linear space X,

T : K — K be a selfmap of K and for any zg € K,

Zn = (1 - f)/n)xn + ’YnT‘Tn
Yn = (1 - ﬁn)zn + BnTZn (5)
Tp+1 = (1 - an)yn + anTyn

where {a, 15, {Bn}22 and {75}, are sequences in [0, 1].

In 2013, Wattanawitoon and Khamlae |25] considered the iteration procedure to approximate common
fixed point of 77 and 75, where T is an a—nonexpansive map and 75 is a Suzuki nonexpansive map in the
setting of Hilbert spaces, provided 0 < a < ay,, B < b < 1.

Uddin and Imdad [24] studied A-convergence and strong convergence of SP-iteration procedure to com-
pute fixed points of Suzuki nonexpansive
mappings in Hadamard spaces.

Recently, Hafiz Fukhar-ud-din [II] considered one step iteration procedure and proved the following
convergence theorem in the setting of convex metric spaces.

Theorem 1.5. Let K be a nonempty, closed and convexr subset of a complete and uniformly convexr metric
space X with continuous convex structure W. Let T be an a-nonexpansive selfmap on K, S a selfmap of K
satisfying condition (C). For x1 € K, define

Tnt1 = W(Txp, W(Szy, xp, f—gn), ) (6)

where 0 < a < ap,Br <b< 1 forneN.
Let F be the set of all common fized points of S and T. If F # () then A — lim z, = x € F. Moreover, if
n—oo

either S or T is semi-compact then {xz,} converges strongly to a point of F'.

For more literature on this topic, we refer to [10} [I2] and related references there in.
The following lemmas are useful in developing this paper.

Lemma 1.6. [21| Let T be a selfmap defined on a nonempty subset K of a metric space (X,d). If T satisfies
condition (C) then d(z,Ty) < 3d(Tx,z) + d(z,y) for all x,y € K.
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Lemma 1.7. [12] Let K be a nonempty, closed and convex subset of a metric space X and T be an «-
nonexrpansive mapping on K. For any x,y € K, the following two assertions hold:

(i) If0 < <1 then d(z,Ty)? < 32d(z, T2)? + 12 {ad(z,y)
+d(Tz, Ty)}d(z, Tx) + d(x,y)?.

(ii) If oo < 0 then d(z, Ty)* < d(z, Tz)* + 122 {d(Tz, Ty) — ad(Tz,y)}
d(z, Tx) + d(z,y)?.

A sequence {7, }%°, in a metric space (X, d) is said to be a Fejer monotone sequence with respect to a
subset C' of X if d(xy41,p) < d(zp,p) for all p € C and n € NU {0} .

For any subset A of a metric space (X, d) and € X, we denote
dist(z, A) = égg{d(x,y)}

Lemma 1.8. [2] Let K be a nonempty closed subset of a complete metric space (X,d) and {x,} a Fejer mono-
tone sequence with respect to K. Then {xz,} converges to some point x € K if and only if lim dist(z,, K) =
n—oo

0.

Lemma 1.9. [9] Let K be a nonempty, closed and convex subset of a uniformly conver complete metric space
(X,d,W). Then every bounded sequence {x,} in X has a unique asymptotic center with respect to K.

Lemma 1.10. [10] Let X be a uniformly convexr metric space with continuous convex structure W. Let
x € X and {an} be a sequence in [b,c] for some b,c € (0,1). If {u,} and {v,} are sequences in X such

that limsup d(uy,x) < r, limsupd(v,,z) < r and lim d(W (up,vp,an),z) = 1 for some r > 0, then
n—o00 n—00 n—00

lim d(uy,v,) = 0.

n—oo

Motivated by the works of Das and Debata [7], Takahashi and Tamura [23], Dhompongsa, Inthakon and
Takahashi [§], Wattanawitoon and Khamlae [25], Uddin and Imdad [24] and Hafiz Fukhar-ud-din [I1], in this
paper, we define SP-iteration procedure associated with three selfmaps 17,75, T3 in convex metric spaces
and prove the A-convergence of this iteration procedure to a common fixed point of 17,715,735 under the
hypotheses that each T; is either an a-nonexpansive map or a Suzuki nonexpansive map. Further, with an
additional assumption that either any one of T, T5, T3 is semi-compact or 17, T», T3 satisfies condition (D),
we prove the strong convergence of this iteration procedure to a common fixed point of 73,75 and Tj.

2. Convergence of SP-iteration associated with three maps

Let (X, d, W) be a convex metric space and K, a nonempty convex subset of X. Let 71,75, 75 : K — K
be three selfmaps of K. A point z € K is said to be a common fixed point of T, 15, T3 if T1x = Tox = Tsx = .
3

We denote the set of all common fixed points of 71,75, and T35 by F' = (| F(T;).

We define SP-iteration procedure associated with three selfmaps inltllle setting of convex metric spaces
as follows. Let K be a nonempty convex subset of a convex metric space X, and T1,75,7T3 : K — K be three
selfmaps. For xy € K,

zn = W(T1Zp, TnyYn)
Yn = W(TQZna Zn, Bn) (7)
Tn+1 = W(T3yna Yn, an)

where ay,, Bn, 1 € [0, 1] for n € NU {0}.

Lemma 2.1. Let K be a nonempty convez subset of a convex metric space (X,d,W). Let Ty, T5,T5 : K — K
be selfmaps of K such that F # (. Assume that each Tj is either an a-nonexpansive or a Suzuki nonexpansive
map. For any xo € K, let {x,}7°, be the sequence generated by SP-iteration procedure associated with three

selfmaps . Then



V.R.B. Gutti and S. Gedala, Adv. Theory Nonlinear Anal. Appl. 4 (2020), 112-120. 116

(i) {z,} is a Fejer monotone sequence with respect to F,
(ii) lim d(xy,p) exists for each p € F, and
n—oo

(i) lim dist(zp, F) exists.
n—o0

Proof. Let p € F and n € NU{0} . We consider
d(xn-‘rlvp) = d(W(T3y7L7 Yn, Oén),p)
< and(T3yn, p) + (1 — an)d(yn, p)
< and(Yn, p) + (1 — an)d(yn, p) (since T3 is quasi nonexpansive)

= d(Yn,p)- (8)

We now consider
d(ymp) = d(W<T2Zm Zns 5n)ap)
< Bnd(TZvap) + (1 - /Bn)d(znap)
< Bnd(zn,p) + (1 — By)d(zn,p) (since Ty is quasi nonexpansive)

= d(2zn, p)- (9)

Now, we consider
d(znap> = d(W(Tlxm T, ’Yn)ap)
< Yd(T1xn, p) + (1 — vn)d(zn, p)
< d(zp,p) + (1 — yn)d(zn, p) (since T} is quasi nonexpansive)

= d(zp,p) forn € NU{0} . (10)
Therefore from the inequalities , @ and , we have

d(xn41,p) < d(zn,p) (11)

for all p € F and n € NU {0}, that is, {z,,} is a Fejer monotone sequence with respect to F.
We observe from the inequality (11) that the sequence {d(z,,p)}72, is a decreasing sequence of nonneg-
ative real numbers so that lim d(zy,p) exists for each p € F'.
n—oo

By using the inequality , it is easy to see that dist(zp4+1,F) < d(xn,p) for all p € F so that
dist(xpy1, F) < dist(zy, F) for n € NU {0} and hence li_>m dist(xzy, F) exists. O
n oo

Lemma 2.2. Let K be a nonempty closed and convex subset of a uniformly convexr metric space X with
continuous convex structure W. Let 11,15, T3 : K — K be selfmaps and assume that each T; is either an
a-nonexpansive map or a Suzuki nonexpansive map. Assume that F # 0. Let o, B, Yn € [a,b] C (0,1) for
n € NU{0}. For any zo € K, let {z,}22, be the sequence generated by the SP-iteration procedure associated
with three selfmaps . Then nhﬁn;() d(xp, Tizy) =0 fori=1,2,3.

Proof. 1t follows from (ii) of Lemma that for each p € F', there exists ¢ > 0 such that

lim d(zy,,p) =c.

n—oo

Therefore from the inequalities , @ and , we have
d($n+1up) < d(yrnp) < d(zn,p) < d(l“n,p) and hence

le d(Yn,p) = ¢, and lim d(z,,p) = c.

n—o0

Since le d(zn,p) = ¢, we have li_)m AW (T1xn, Tn, V), p) = C.

Since 11 is a quasi nonexpansive map, we have
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lim sup d(Ty @y, p) < 11m sup d(xn,p) = c.
n—oo
Now by applying Lemma m we have
lim d(zp, Tizy,) = 0. (12)
n—0o0
We consider
d(zn, xn) = d(W(ThZn, TnyYn), Tn) < Yo d(T12p, 20) < b d(Th 2y, Tp).
On letting n — oo, we have
lim d(zy,,z,) =0. (13)
n—oo
Since lim d(yn,p) = ¢, we have lim d(W (T2zy, zn, Bn),p) = .
n—oo n—oo
Since T» is a quasi nonexpansive map, we have
lim sup d(Tszy, p) < limsupd(z,,p) = c.
n—oo n—0o0
Therefore by Lemma [I.10] we have
lim d(zp,Ta22,) = 0. (14)
n—oo
We consider
d(ym xn) = d(W(TZZm Zn;, ﬁn)» xn)
< 5nd(T2Zm xn) + (1 - /Bn)d(zm xn)
< Bnd(Tazn, 2n) + d(zn, zy,) for n € NU{0}.
Now, on letting n — oo it follows from and that
lim d(yp,zn) = 0. (15)
n—0o0
Since lim d(zp4+1,p) = ¢, we have lim d(W (T3yn, Yn, ), p) = C.
n—oo n—oo
Since T3 is a quasi nonexpansive map, we have
hm 1 SUp d(T3Yn, p) < hm n SUp d(Yn,p) = c.
Agaln by Lemma |L. 10 We have
lim d(yn, T3y,) = 0. (16)
n—oo

Now, we prove lim d(gnn7 T;xy) = 0 for i = 2,3 by considering the following cases.

Case (i) : Ty is a Suzukl nonexpansive map.
By using triangle inequality and Lemma it is easy to see that
d(xn, Toxy) < d(Tpn, 2n) + d(zn, Toxy,)

= 2d(zn, ) + 3d(2n, Tozy,) for n € NU {0}.
Therefore it follows from and that nh_)rglo d(xy, Toxy,) = 0.
Case (ii) : Ty is an a-nonexpansive map for 0 < o < 1.
By (i) of Lemma we have
d(zn, Taxn)? < %‘f—gd(zn,ngn)Q + ﬁ{ad(zn,xn) + AYd(zn, Tazn) + d(zn, 2n)?
where A = sup{d(Tszy, Toxz,) : n € NU{0}}.
On letting n — oo, it follows from and that lim d(z,,Tex,) = 0.

n—oo
Now by using the triangle inequality, it follows that nh_)rglo d(xy, Toxy,) = 0.
Case (iii) : Ty is an a-nonexpansive map for a < 0.
By (ii) of Lemma we have
d(zn, Towp)? < d(zn,ngn) { (Tazn, Toxy) — ad(Tozy, ) Yd(2n, Tazy)
+ d(zn, xn)
< (ZTLa TQZn) “a
+d(zp,x )2

where A is defined as in case (7).

{ — ad(Tezn, zn) — ad(zpn, ) }d(2n, Tozy)
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On letting n — oo, it is easy to see from and that

lim d(zp,Toxy,) = 0 and hence lim d(zy, Thx,) = 0.

n—oo n—r00

Case (iv) : Ty is either a Suzuki nonexpansive map or an a-nonexpansive map for o < 1.

By proceeding as in the above cases, it follows from and that

lim d(zy, T3x,) = 0. O
n—oo

Theorem 2.3. Let K be a nonempty, closed and convex subset of a complete and uniformly convexr metric
space X with continuous convex structure W. Let T1,T5, Ty : K — K be three selfmaps of K such that
each T; is either an a-nonexpansive map or a Suzuki nonexpansive map. Assume that F # 0 and let
A, Br, Y € [a,b] € (0,1) for n € NU{0}. For any zo € K, let {z,} be the sequence generated by SP-
iteration procedure associated with three selfmaps (7). Then there exists x € F' such that A — lim, x,, = x.

Proof. By Lemma 2.1} we have {z,,} is bounded. Therefore by Lemma 1.9} the sequence {z,} has a unique
asymptotic center with respect to K, i. e., Ax({z,}) = {x} for some x € K. Similarly, if {x,,} is a
subsequence of the sequence {z,} then there exists u € K such that Ag({zy,}) = {u}.

We substitute © = z,, and y = x in Lemma [I.6] if 7; a Suzuki nonexpansive map, and in Lemma [1.7]
if T; is an a-nonexpansive map through which it follows that limsup d(x,, T;x) < limsupd(z,,z) so that

n—oo n—oo
rk({zxn}) = limsup d(zy, Tix) for i = 1,2,3. Therefore Tyx € Ax({zn}) = {z} for i = 1,2,3 so that x € F.
n—oo

Similarly, we have u € F'.

Now, we prove that z = u. On the contrary, let x # u.
Since u € F, it follows from Lemma [2.1| that nh—?;o d(xp,u) exists.

Now, we consider
limsup d(zy, ,u) < limsupd(x,, , ) (since Ax({zn,}) = {u})

k—o0 k—o0
< limsup d(zy,, =)
n—oo
< limsup d(zp, u) (since Ax({zn}) = {z})
n—oo
= nl;n;o d(zp,u) = kli_}n(}o d(zp,,u) = liir;sip d(zp,,u),
a contradiction.

Therefore Ax ({zn, }) = {z} for every subsequence {z,, } of the sequence {zy,}, that is, A — ILm Tp =z O

Theorem 2.4. Under the hypotheses of Theorem [2.3, if any one of T1, T, or Ty is semi-compact then for
xog € K, the sequence {x,} generated by SP-iteration procedure @ associated with three selfmaps converges
strongly to a common fized point of T1,T5, and T3.

Proof. Let T; be semi-compact for some i = 1,2, 3.
Now by Lemma and Lemma we have the sequence {z,} is bounded and lim d(z,,T;z,) = 0. Since

n—o0
T; is semi-compact, the sequence {x,} has a subsequence {z,, } such that klglolo d(xp,,x) = 0 for some z € K.
Now we prove that z € F.

Case (i) : Tj is a Suzuki nonexpansive map for j = 1,2, 3.
By using Lemma we have d(xy,, Tjx) < 3d(zp,, Tjzn, ) + d(zy,, x) for all k so that kli)rgo d(zp,, Tjz) =0
and hence x € F(Tj).
Case (ii) : T; is an a-nonexpansive map for 0 < a <1 and j =1,2,3.
By Lemma [1.7] we have
d(xnvajx)Q < %d('xnvajxnk)Q + %{O‘d(xnkvx) + d(zjnvajaj)}

d(@ny, Tjn,) + d(Tn,, x)?

< %d(xnvajmnkV + %{O‘d(xnwx) =+ d(zjnkvajnk)

+ d(zn,, Tjz) yd(zn,, Tjzn,) + d(@n,, )°.

On letting k — oo, we have kl;r]go d(zp,,Tjz) = 0 and hence x € F(T}).
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Case (iii) : Tj is an a-nonexpansive map for o < 0 and j = 1,2, 3.
By proceeding as in case (74), it follows from Lemma 1.7 that z € F(T}).
Hence by considering all the above cases, we have x € F'.

Therefore by Lemma [2.1) we have T}Ln;o d(xp,x) exists and hence the

sequence {z,} converges strongly to a point z € F. O]

We say that three selfmaps T, T, T3 : K — K are said to satisfy condition (D) with respect to a subset
C of K if there exists a nondecreasing fuction f : [0,00) — [0,00) with f(0) =0 and f(¢) > 0 for all ¢t > 0
such that

3
f(dist(z,C)) < Zd(m,Tix) for all x € K. (17)
i=1

Theorem 2.5. Under the hypotheses of Theorem if Th, To, and T5 satisfy condition (D) with respect to
F then the sequence {x,}22 o generated by SP-iteration procedure associated with three selfmaps converges
strongly to a common fized point of T1,T5, and T3.

Proof. By Lemma% we have lim d(zp,Tjz,) =0 for i = 1,2, 3 so that
n—oo

3
lim Y d(zn, Tiz,) = 0. Therefore from the inequality (17)), we have

lim f(dist(xy, F)) = 0.
n—oo
We now prove that lim dist(zy, F') = 0. On the contrary,
n—oo
if lim dist(zp, F) # 0 then there exist an € > 0 and a subsequence {z,, } of the sequence {z,} such that
n—oo

dist(zp,, F') > € for all k.
Therefore f(dist(xy,,F)) > f(e) > 0 for all k so that
i f(dist(zy, F)) # 0.
a contradiction.
Therefore nh_)ngo dist(zy, F) = 0.

By Lemma we have the sequence {z,} is a Fejer monotone sequence with respect to F. Since Ty, T»
and T3 are quasi nonexpansive maps, we have F' is closed. Therefore by using Lemma [1.8] we have the
sequence {z,} converges strongly to a point of F'. O

By choosing o = % or a = % in Theorem Theorem and

Theorem [2.5] we have the following corollary.

Corollary 2.6. Let K be a nonempty, closed and convex subset of a complete and uniformly convex metric
space X with continuous convex structure W. Let T1,T5, Ty : K — K be three selfmaps of K such that
each T; is a nonspreading map, a hybrid map, or a Suzuki nonexpansive map. Assume that F # (). Let
an, Br, Y € [a,b] € (0,1) for n € NU{0}. For any zo € K, let {z,} be the sequence generated by SP-
iteration procedure associated with three selfmaps. Then

(a) there exists x € F' such that A — lim,, x,, = z,

(b) if any one of Th,T> and T3 is semi-compact then {x,} converges strongly to a common fixed point of
Tl, T27 T3, and

(¢) if Ty, Ta, and T3 satisfy condition (D) with respect to F' then the sequence {xy}22, converges strongly
to a common fixzed point of T, T, and T3.
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