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ABSTRACT. The aim of this paper is to present the new double Binomial sequence space B;;" which consists of all
sequences whose double Binomial transforms of orders r, s (r and s are nonzero real numbers with r + s # 0) are
in the space £,, where 0 < p < co. We examine its topological and algebraic properties and inclusion relations.
Furthermore, the a—, S(bp)— and y—duals of the space B,," are determined and finally, some 4-dimensional matrix
mapping classes related to this space are characterized.
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1. INTRODUCTION

Let us begin by giving some basic concepts which are going to be used in the rest of the article. All complex valued
double sequences are represented by Q which is a vector space with coordinatewise addition and scalar multiplication.
Any linear subspace of Q is known as double sequence space. The set of all bounded complex valued double sequences
is denoted by M,,, that is,

My ={u = ) € @ ke = sup | < oo,
i jeEN
where N = {0, 1,2, ...}. We say that the double sequence u = (u;;) is convergent in the Pringsheim’s sense if for every
& > 0 there exists n; € N such that [u;; — L| < & whenever i, j > n;. L € Cis called the Pringsheim limit of u and stated
by p — lim; ;. u;j = L; where C denotes the complex field. C, represents the space of all such u which are called
shortly as p-convergent. Of particular interest is unlike single sequences, p-convergent double sequences need not be
bounded. For example, consider the sequence u = (u;;) identified by

i, i€eN,j=0,
Ujj = ] , jEN,i=O,
0 ., i jeN\o).

Then, it can be easily seen that p — limu;; = O but sup; ;¢ luij| = co. As a conclusion u € C,\M,. The bounded
sequences which are also p-convergent are indicated by Cy,,, that is, Cy, = C, N M,,.. A double sequence u = (u;;) € C,
is called as regularly convergent if the limits u; := lim;u;;, (i € N) and u; := lim; u;;, (j € N) exist, and the limits
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lim; lim u;; and lim; lim; u;; exist and are equivalent to the p — lim of u. The space of all such double sequences is
denoted by C,. Obviously, the regular convergence of a double sequence « implies the convergence in Pringsheim’s
sense as well as the boundedness of the terms of u, but the converse implication fails. A sequence u = (u;;) is called
double null sequence if it converges to zero. Additionally, all double null sequences in the spaces Cp, and C, are
represent by Cppo and C,g, respectively. Moricz [10] showed that the spaces M,, Cpp, Cspo, Cr and C,o are Banach
spaces endowed with the norm ||.||.

Let us take any u € Q and consider the sequence S = (sy;) defined by

k
Su ::Z wij,  (k,1€N).

i
i=0 j=0

Thus, the pair ((uy), (sk)) is called as double series. Here, the sequence S = (sy) is the sequence of partial sums of the
double series.

Let ¥ be a space of double sequences, converging with respect to some linear convergence rule ¢ — lim : ¥ — C.
The sum of a double series };; jUij with respect to this rule is defined by ¢ — }; juij =19 — limg /e Zf}l u;j. Here and
thereafter, we will use the summation Y, ; instead of ;2 Z}’ZO and assume ¢ € {p, bp, r}. In the rest of the article p’
denotes the conjugate of p, thatis, p’ = p/(p — 1) for 1 < p < co.

The a—dual ¥?, B(9)—dual PP with respect to the #—convergence and the y—dual P? of a double sequence space
Y are respectively described as

Y o= {l = (tij) eQ: Z |t,-juij| < oo forall (I/lij) € ‘P},
ij
\Pﬁ(ﬂ) = {l = (tij) eQ:v—- Z tijUij exists for all (I/t,'j) € \P},
ij
k.l
yr o= {t =(t;;) €Q: sup Z tijuij| < oo forall (u;)€ T}
k,leN ij=0

It can be easily seen that if ¥ C A, then A* ¢ ¥*. Furthermore, ¥* c ¥ for the double sequence spaces ¥ and A.

Now, we shall deal with matrix mapping. Let us consider double sequence spaces ¥ and A and the 4-dimensional
complex infinite matrix D = (dy;;). Then, it is said that D is a matrix mapping from ¥ into A and is written as
D ¥ — A, if for every u = (u;;) € ¥, the D-transform Du = {(Du)y}x jen of u exists and is in A, where

(Du)y = 9 — Z dgiju;j  foreach k,l€N. (1.1)
ij

(¥ : A) stands for the class of all 4-dimensional complex infinite matrices from a double sequence space ¥ into a
double sequence space A. Then, D € (¥ : A) if and only if Dy € W), where Dyy = (djij); jen for all k, 1 € N.

The J-summability domain ‘I’g) of a 4-dimensional complex infinite matrix D in a double sequence space ¥ consists
of whose D-transforms are in ¥; that is,

‘I’g) = qu = (u;;) €Q: Du:= (ﬁ - de,,-juij] exists andisin W, .
ij kleN

In the past, double sequence spaces have been studied by many authors. Now, let us give some information about
these studies. In her doctoral dissertation, Zeltser [21] has fundamentally examined both the topological structure and
the theory of summability of double sequences. Recently, Altay and Bagar [1] defined the double sequence spaces 8BS,
BS(1), CSp, CSpp, CS, and BV of double series whose sequences of partial sums are in the spaces M,, M,(t), C,,
Cpp, C, and L, respectively, and also examined some properties of those sequence spaces. Later, in [3], Basar and
Sever have defined the Banach space £, by

.Ep = {(Mij)EQIZ|uij|p<Oo}, (1<p<o)
ij
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with the norm ||.|| ¢, which is defined in the following way:

Mg, = [Z |ul~j|"] :
ij
It is also significant that the double sequence space £, which was defined by Zeltser [22] is the special case of the
space L, for p = 1. For more details about the double sequences and related topics, the reader may refer to Altay and
Basar [1], Basar [2], Basar and Sever [3], Capan [6], Demiriz and Duyar [7], Demiriz and Erdem [8], Mursaleen [11],
Talebi [14], Tug [15-17] and Yesilkayagil and Basar [18-20].

The sequence space &," has been studied by Talebi [14] for 1 < p < oo and also by Yesilkayagil and Basar [20]
for 0 < p < 1 as the set of all double sequences such that E(r, s)-transforms of them are in the spaces £, where
E(r, s) denotes the method of double Euler means of orders r, s (0 < r,s < 1) defined by the 4-dimensional matrix
E(r,s) = (e,i’liﬁj), which is described in the following way:

ATEAWN; k—i I-j . .
) AsA -0 -7, 0<i<k,0<j<],
s ._ l J
Criij =
0 , otherwise,
for every k, 1, i, j € N.

Assume that r, s and r + s are nonzero real numbers. Then, the 2-dimensional binomial matrix B = (b;’is) is

described in the following way:
1 k i
( )sk_’r’ s 0<i<k,

s = (}’+ S)k i

ki

0 s otherwise,

for every k,i € N. It should be noted that if r.s > 0, then the 2-dimensional binomial matrix is regular. By using
the binomial matrix B** = (b;’), the binomial sequence spaces b, and bg, which consist of all sequences whose
B"*-transforms are in the spaces ¢, of absolutely p-summable and ¢, of bounded single sequences are introduced by
Bisgin. For more details on the spaces b},* and bg,, the reader may refer to [4].

The general frame of the rest of the study can be given as follows: In the second section, at the beginning the double
sequence space B)" is introduced, where 0 < p < co. Also, the algebraic and topological properties of this space are
examined and some inclusion relations are given. In section 3, we determine the a—, 8(bp)— and y—duals of the space

B;”. Finally, in the last section, some matrix classes on this new space are characterized.

2. MAIN REsuLTs

In the current section, we present the double sequence space 8B, by using the 4-dimensional Binomial mean B9
of orders r, s and give some properties and results on this space.

Assume that r, s and r + s are nonzero real numbers. Now, we define the binomial mean of orders r and s for double
sequences described by the 4-dimensional matrix B"9 = (b,:’ljj) as follows:

;M('f)(l,)skﬂ-"r’”-f . 0<isk,0<j<l,
b]’;ljj - (r+s) L/\J 2.1
0 s otherwise,
for every k, 1,i, j € N. Therefore, the B"-transform of a double sequence u = (u;;) is given by
ki
Vi = {B" uly = Z m (ll{) (j) sk+j_irl+i_ju;j, (2.2)

ij
for every k,I € N. We will assume unless stated otherwise that the double sequences u = (u;;) and v = (v;;) are
connected with the relation (2.2) and r, s and r + s are nonzero real numbers. We would like touch on a point, in the
special case r + s = 1, we obtain the 4-dimensional Euler matrix E(r, s) = (e;’ljj) from the 4-dimensional Binomial



On the New Double Binomial Sequence Space 104

matrix B" = (b}, ) So, the matrix B"**) generalizes the matrix E(r, 5). Let I = (6y;;) be a 4-dimensional unit matrix,
that is,

L, (k, D) =@, )),
Ouiij =
0o , otherwise.
It is clear that by using the equality
6/‘”] = Z bl';lémn Ctrnjuj
m,n
the inverse {B"9}~! = (c;';j) of the triangle matrix B"* can be found as

(_])k+l—(i+j) (k) ( l) sk_l_irl_k_j(r + S)i+j , O < i < k,O < J < l’
— YAV,

Criij =
0 , otherwise,

for every k, 1,1, j € N. We introduce the sequence space B,," as the set of all double sequences such that B -transforms
of them are in the space L, that is,

P
B = u=(u;) €Q: Zz(rﬂ)k”( )(j)sw P < oo

for 0 < p < co. In that case, B," can be rewritten as B8, = (L)« With the notation of (1.1). If ¥ is any normed
double sequence space, then we call the matrix domain Wz as the double Binomial sequence space.

Definition 2.1 (See [9, 12]). A 4-dimensional matrix D is said to be RH-regular if it maps every bounded p-convergent
sequence into a p-convergent sequence with the same p-limit.

Lemma 2.2 (See [9, 12]). A 4-dimensional triangle matrix D = (dy;;) is RH-regular if and only if
RH, : p- kllim duij =0 foreach 1i,j€N,

RH, : p- klli—rgc Z diij = 1,
RH; : p- 11m Z |dk;,1| =0 foreach jeN,
RHy : p- hm Z |dk11,| =0 foreach i€N,

RHs :  There exists finite positive integers M and N such that

Z |dk1ij| <M.

i,j>N

Theorem 2.3. Let r.s > 0. Then the 4-dimensional Binomial matrix B" of orders r, s defined by (2.1) is RH-regular.

(]f) s — 0, as k — oo and

Proof. Since (r+s)" ; (Hs),

that by, — 0, as k,] — oo for each i, j € N, that is, RH| satisfies. By taking into account the equality
ij

(4) ris/ — 0, as | — oo for r.s > 0, then it can be easily seen

kI

rns _ 1 - k l k+j—=i I+i—j _
Zbkﬁj mZ(i)(j)s =1, (2.3)

ij 1,j=0
so, RH; holds. We deduce from the equation }; |bk11 ]| m ( ) I=jsJ that RH5 satisfies. With the similar way, the

condition RH, holds. Using the relation (2.3) and the positivity of the matrix B"*¥ for r.s > 0, i.e., bkh.j > 0 for every
k,l,i, j € N, it is clear that the condition RH5 satisfies. This step concludes the proof. O

In the rest of the article, it will be assumed that r.s > 0.
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Theorem 2.4. The set B’ becomes a linear space with coordinatewise addition and scalar multiplication for double
sequences and the following statements hold:
() If0 < p < 1, then B}," is a complete p—normed space with

1 (K[! ’
L _pts) ke ji J+imj
el = 1By, = D | ) T (i)(j)s Pyl
kil | ij
which is p—norm isomorphic to the space L.
(i) If 1 < p < oo, then B, is a Banach space with
1 (K[! a%
i =18, =| 33130 () 57 | ey

&l | i)

which is norm isomorphic to the space L.

Proof. Part (i) can be proved in a similar way, therefore we give the proof only for part (ii).

Since the initial assertion is simple and easy to prove, we ignore its proof in here. To confirm the fact that 8;" is
norm isomorphic to the space .L,, we need to be sure the existence of a linear and norm preserving bijection between
the spaces 8,," and L, for 1 < p < co. For this purpose, let us take the transformation 7' defined from 8" into £, by
u v = Tu, where v = () is the B"-transform of the sequence u = (uy). The linearity of T is clear. Consider the
equality

: I L (1N =iy .
00 ' o iy () 877y
Sgo+ritio . Ll S 1)(1) V+j—i d+i—j,,
r+s b 2iloj=0 Gro (i j)s T Tl
Tu = : : : =0
k 1 kY k=i, . kil 1 k)(l) ket j—i d+i=j,,
2i=0 Gy (1) ST UG Ko jeo e (i j)8 T

which yields u;; = O for every i, j € N. So, u = 6. Therefore, T is injective. Let us consider v € L, for 1 < p < oo and
describe the double sequence u = (uy;) by

k.l
S (k[ L ) . .
Uy = Z (z)(]) (_1)k+l*(l+j)skflflrlfk7j(r + S)'“Vij 2.5)
i.j
for every k, [ € N. In that case, for 1 < p < oo, it is seen that
lullg: = 11B™ull,
ki py\/p
_ Z Z 1 (k)(l)skﬁ—irlﬂ—jw
= P B . ij
T (r+ s+ \iJ\j

ry\!/p

kil
= | 2] 20
ij

k1l

1/p
= Zmlv’] = Wiz, < oo.

k1l

Thus, we have that u € 8" for 1 < p < oo and consequently 7 is surjective and norm preserving. Hence, 7 is a linear
and norm preserving bijection which means that the spaces 8,,° and £, are norm isomorphic, as desired.

Now, let us prove that B;;s is a Banach space with the norm ||.||3;;x described by (2.4). To do this, it can be used Section
(b) of Corollary 6.3.41 in [5] which says that "Let (X, o) and (¥, ¢) be semi-normed spaces and 7' : (X,0) — (¥,<) be
an isometric isomorphism. Then, (X, o) is complete if and only if (¥, ¢) is complete. In particular, (X, o) is a Banach
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space if and only if (Y, <) is a Banach space.” Since the map T described in the proof of this theorem from 8’ to £,
is an isometric isomorphism and the double sequence space L, is a Banach space from Theorem 2.1 in [3], it can be
obviously seen that the space $B,," is a Banach space. In fact, this is exactly what we want to prove. O

It can be easily checked that the absolute property does not hold on the space B;°, that is ||u||gp‘~s * IIIuIIIB;s for at
least one sequence in the space B;,‘S, and this says that B;;S is a sequence space of nonabsolute type, where [u| = (|u;;]).

Definition 2.5 ( [S]). Let ¥ be a locally convex space. Then, a subset of ¥ is called barrel if it is absolutely convex,
absorbing and closed in Y. Moreover, Y is called a barrelled space if each barrel is a neighborhood of zero.

Lemma 2.6 ( [13]). If the sequence space Y is a Banach space or a Fréchet space, then it is a barelled space.
Theorem 2.7. Let 1 < p < co. Then, B,;" is a barelled space.

Proof. The proof is clearly seen by applying Theorem 2.4 and Lemma 2.6. O

With the notation Zeltzer [21], we define the double sequence ¢”/ = (e ) by

1, (k,D) = (i, ),
ij _
€=

0o , otherwise,

for every i, j, k,l € N.

Definition 2.8 ( [5]). A non-empty subset X of a locally convex space ¥ is called fundamental if the closure of the
linear span of X equals ¥

From the previous description, Yesilkayagil and Basar [18] have showed that X is the fundamental set of .L,, where
X :={e" : i, j € N}. In the light of this fact, let us describe the double sequences f*/ = (f]) by

B (=DkH=GD (k ) ( l,) s gt 0<i<k,0< <,
hi = Y

0 s otherwise,

for every i, j,k,l € N. Thus, {f"/ : i, j € N} is the fundamental set of the space B;"; because B"*) fi/ = ¢iJ.
If ut = (u;jt;j) € ¥ for every u = (u;;) € ¥ and t = (#;;) € {0, 1™ then we say that a double sequence space ¥ is
monotone, where {0, 1} represents the set of all double sequences of zeros and ones.

Theorem 2.9. Let 1 < p < co. If ( ¢ L, then the space B}’ is not monotone.

(r+ v)k” )

Proof. Let1 < p < coand ((r+c)k+/)
t=(tj) = e% € {0, 1™, Thus, if we take the sequence z = tu = ¢y, it can be easily seen that

¢ L,. Let us select the sequence u = (u;;) € B as ugp # 0 and define the sequence

ki
o ST
(B Z)kl T (r+ sk Uo0-
Since (#) ¢ L,, then (B(”)z) ¢ L,. Therefore, z ¢ 8,". This completes the proof. ]

Theorem 2.10. The inclusion L, C B,;" strictly holds for 1 < p < co.
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Proof. Suppose that u = (u;;) € L, is an arbitrary double sequence. By applying Holder’s inequality together taking
into account the relation (2.2), we obtain that

&1 (k\(1 ’
r o _ k+j—i J+i—j
Vil ; (r+s)k+l(i)(j)s 'y
Kl
< : 1 = (k)(l) Sk+j—irl+i—j|uij|p}
J (r+ s iJ\j
ivj
kil p-1
[t
ij
k.l
° 1 k\(1 jmi_I+imji, 1P
- Z (r + s)k+ (i)(j)skﬂ ' j|“ij|1J
ij

k,l
’ 1 IAYIANT
- Zm(i)(j)skﬂ e 20

k,l
AV AN
[Z T ( i ) (1) s J'”ijlp]
k,l

i.j

By applying (2.6), it is seen that

Z [vial?
Tl

[

N SAN 1 k\(1 +j—i d+i—j
= %:Iuijl‘” kz_;;(r+s)k+l(i)(j)skj v /]

~ S B0 AR S B D AR
B ;Iui‘;l‘” ;(r+s)"(i)Sk r,Zj(r+s)l(j)rl jsj]

=  (k s sl ro\ sV
- S S G0

00,00

(r +s)?
= o Z Jui 1”

which yields us that

1
(r + s)? Ip
lullgye < — llullz, -

Moreover, since the sequence u = (u;;) = (—=1)"*/ is in 8,,"~L,, , then the inclusion £, C B} isstrictfor 1 < p <oco. O
Theorem 2.11. Let 1 < p < p; < co. Then the inclusion B’ C B, holds.

Proof. Suppose that u = (1;;) € 8,," is an arbitrary double sequence. Then, By € L. Since the inclusion £, C £,

for 1 < p < p; < oo from Basar and Sever [3], it is concluded that B"u € £, . Hence u € Bj;, as desired. o

3. THE a—, B(bp)— AND y—DUALSs oF THE Space B}’

In the present section, we will determine the a—, 8(bp)— and y—duals of the space 8B,,". For this purpose, firstly we
need to give a lemma.
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Lemma 3.1 ( [18]). Suppose that D = (dy;;) be a 4-dimensional infinite matrix. At that time, the following statements

hold:
(i) Assume that 0 < p < 1. In that case, D € (L, : M,) iff

N = sup |dk1,'j| < 00,
k,Li,jeN

(ii) Assume that 1 < p < oo. In that case, D € (L, : M,) iff

o
M, = sup Z |dklijl < 00,
k,leN i

(iii) Assume that 0 < p < 1 and 1 < py < co. In that case, D € (L, : L)) iff

pP1
sup Z 'dklij| < 0o,
i.jeN 7

3.1)

(3.2)

(iv) Assume that 0 < p < 1. In that case, D € (L, : Cp,) iff the condition (3.1) holds and there exists a sequence

(aij) € Q such that
b i du =
(v) Assume that 1 < p < oo. In that case, D € (L, : Cpp) iff (3.2) and (3.3) hold.

Theorem 3.2. Consider the set w; defined by

wlz{t:(tij)EQ:supZ

i,jeN P

(k) ( l) sk—]—irl—k—j(r + S)i+jtk[
L/\J

- w}.
a
Then, (Br’s) =w;forO<p<1

p

Proof. Consider the 4-dimensional matrix G™* = (g;;j) defined by

(—1)krt=+D (k ) ( I,) K Gr  Fy  0<i<k0<j<,
ns . L/j\J
8iij =

0 s otherwise,

for every k,1,i, j € N. In that case, by using the relation (2.5) we obtain that

k.l
> o (KN i L
g =ty Z(_])kH (1+])(i)(j)sk i lrl k _](r+ S)HJV,‘J'

i,j=0

Kl A A A o
Z {(_1)k+l—(1+ 1)( )( ) sk—l—zrz—k—](r 4 S)H']tkl} Vi
Lj\J

i7=0
= (G

(3.3)

(3.4)

for every k,[ € N. In this fact, we conclude from relation (3.4) that tu = (tyu;) € L, whenever u € B;;S ift G™¥v e L,
whenever v € £,. This means that t = (#iy) € (B;;s)a iff G € (Lp : Lu). Then, we derive by using part (iii) of Lemma

3.1 with p; = 1 that

sup
i,jeN Tl

< 00,

k\(1 . . .
( )( ,)sk_l_’rl_k”(r+ S)H-jtkl
J

1

This yields the desired consequence that (B;’S)a =w;forO<p<l.
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Theorem 3.3. Consider the sets wy, w3 and wy defined by

)

wy = qt=(#;)€Q: sup < ooy,
k.Li, jEN m=i n=j
k ] mA (n
wy = t = (tij) eQ: bp -1 Z Z( R )( ) (_1)m+n—(l+j)Sm—n—lrﬂ—m—](r + S)H-]tmn exists b,
k,J—o0 d i\ 1 J
m=i n=j
koL v
wy = qt=(tj) € Q: sup Z Z Z( ) )( ) S M 4 )it < oo
kleN =i Y N

In that case, following statements are satisfied:

)ﬁ(bp)

(i) Assume that O < p < 1. In that case, <B§;’ = wy N wz,

)ﬁ(bp)

(ii) Assume that 1 < p < co. In that case, (B]rf = w3 N wy.

Proof. Lett = (t;j) € Q and u € B}’ be given. Then, we can conclude from Theorem 2.4 that there exists a double
sequence v = (v;;) € L,. Define the 4-dimensional matrix O"* = (0,’(’;].) by

k I
ZZ(_l)k+l—(i+j)(n?)(rf)sm—n—irﬂ—m—j(r_i_S)i+jtmn , 0<i<kO0<j<lI,
s . l ]

wij =) "

0 , otherwise,

for every k, I, i, j € N. Therefore, we obtain by the relation (2.5) that,

k.
I = Zfijuij

i,j=0
k,l i,j . .

= Z tij{ Z (—1)i+'j_(m+”)( l )(] ) ST (4 s)"””vmn}
i,j=0 m,n=0 min
L (kN1 A 4 .

— Z Z Z(_l)m+n—(1+])( ) )( ) sm—n—lrn—m—j(r + S)H—jtmn Vij
i,j=0 \ m=i n=j ! J

= (0"

for every k,! € N. Then by considering the equality above, we deduce that fu = (tyu) € CSp, wWhenever u = (uy) €
. B,
B, iff z = (z1) € Cpp Whenever v = (vyy) € L,. This leads us to the fact that # = (1) € (B;A)'B( ” iff O™ € (Lp : Cb,,).
Hence;
(1) If 0 < p < 1, then from Part (iv) of Lemma 3.1, we achieve that (B;’S
)B(hp)

Sbp)
) = wy N ws,

(i) If 1 < p < oo, then from Part (v) of Lemma 3.1, we have (B;;‘Y = w3 N wy. O

Theorem 3.4. (i) If0 < p <1, then (B;;S)y = wy,
(ii) If 1 < p < oo, then (Bf;s)7 = wy.

Proof. This can be obtained by analogy with the proof of Theorem 3.3 with Parts (i) and (ii) of Lemma 3.1 instead of
Parts (iv) and (v), respectively. Therefore, we leave the details. |

4. SoME MATRIX TRANSFORMATIONS RELATED TO THE SEQUENCE SPACE B;’s

In this section, we give the characterization of the classes (B;;S : A), where A € {M,,Cyp} for the both cases
0<p§landl<p<OOand(B;’SZ.£q)fOI‘O<pS1and1§q<oo.
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Theorem 4.1. Assume that D = (dy;;) be an arbitrary 4-dimensional infinite matrix. In that case:
(i)If0 < p <1, then D € (B," : M,) iff

Dy € (B 4.1

sup Z Z( )( ) s (Y | < 0. 4.2)

ki, jeEN a=i b=j
(i) If 1 < p < oo, then D € (B}, : M,) iff the condition (4.1) holds and

P Z ZZ( )( ) ST+ ) djga| < oo 4.3)

i,j |a=i b=j

and

Proof. In the case of 0 < p < 1, the theorem can be proved by using similar method of the proof of the second part,
we give the proof only for 1 < p < oco.

(i) Let 1 < p <coand D € (8;" : M,). Then, Du exists and in M, for every u € B,* which implies the fact that
Dy € {B;"}. By taking into account the equality (2.5), the (m, n)th rectangular partial sum of the series Y, ; dyijui;

obtained as
m,n

D™ = Z diiijuij
i,j=0
= delu ZZ( 1)l+/ (a+b)(l)( ) i=j=a,j-i= b(r+s)”+b }
a
i,j=0 a=0 b=0
- Z{Z Z( 1y+h= (l”)( )( ) "_b_irb“‘_'j(r+s)i+-idk1ab} Vij 4.4)
i,j=0 La=i b=j

for all k,I,m,n € N. Let us define the 4-dimensional matrix H = (hkz,- j) as hy;j =

eI (4 )( ) S gy, 0<k<i0<I<

a=i b=j

0 , otherwise
for all k,1,i, j € N. Then, by taking ¥—limit on (4.4) while m,n — oo, we have that Du = Hy. So, if we take into
account the fact that D = (dy;;) € (8,° : M,) if and only if H € (£, : M,) with Part (ii) of Lemma 3.1, then it is
obvious that the condition (4.3) holds.
Conversely, suppose that the conditions (4.1) and (4.3) hold. Let us choose the sequence u € B;,’S with v € £, from
the relation (2.2). Since, the condition (4.1) holds, then Du exists. By using the relation (2.5), one can derive from the
(@, ¢)th rectangular partial sum of the series Y, i,j Diijuij for all k, [, @, ¢ that

3 duijuij = ( 1)“+h=+D s 4 ) dyga | Vi
Z JE J

i,j=0 i,j=0 La=i b=j

By taking ¥-limit in the equality above as @, — oo, it can be easily obtain from the following equality for every

k,le N
Z dyijuij = Z haijvij
ij b

that Du = Hv. From the condition (4.3), it is known that H € (£, : M,) and thus it is obvious that D € (8;" : M,), as
desired. O

To avoid the repetition of the similar statements, we give the following two theorems without proof since they may
be proved in the similar way used in proving Theorem 4.1.
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Theorem 4.2. Let D = (dy;;) be any 4-dimensional matrix. In that case, following statements are hold:
(i) Let 0 < p < 1. Then, D € (B,;" : Cy,) iff the conditions (4.1) and (4.2) hold and there exists (;;) € Q such that

: Sy at+b—i+j (& b a-b—i_b-a-j i+j
bo= g 3, S () )t s of s = @)
(ii) Let 1 < p < co. Then, D € (8B;" : Cy,) iff the conditions (4.1), (4.3) and (4.5) hold.

Theorem 4.3. Let 0 < p < 1, 1 < g < 00 and D = (dy;j) be any 4-dimensional matrix. Then, D € (8, : L) iff the
condition (4.1) holds and

a=i b=j

q

sup Z i Z (‘;) (lj)) s 4 )M dyg| < oo

(o]
RIEN T a=i b=)
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