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Oz: Bu calismada veri isleme 6grenme alanimin énemli kavramlarindan biri olan aritmetik ortalama kavraminin Tiirkiye’de
okutulan ortaokul matematik ders kitaplarinda nasil sunuldugu, aritmetik ortalama ile ilgili ne tip problemlere yer verildigi,
problemlerin hangi temsil bi¢iminde soruldugu, problemlerin ¢oziimlerinde hangi temsil bigimleri ve ¢oziim stratejilerinin
kullanildig1 incelenmistir. Calisma kapsaminda incelenen kitaplar 2019-2020 egitim o6gretim yilinda kullanilan ders
kitaplaridir. Caligmanin arastirma sorularimi cevaplandirmak igin iki boyutlu bir ¢ergeve (yatay ve dikey analiz)
kullanilmistir. Analizler iki aragtirmaci tarafindan yapilmistir. Denge ve adil-paylasim modelleri aritmetik ortalamanin
kavramsal olarak anlasilmasinda giiclii birer analoji olarak kabul edilmesine karsin, her iki altinci sinif ders kitabinda bu
modellerin ya yeterli 6l¢iide ya da hi¢ kullanilmadigr tespit edilmistir. Buna ek olarak, ders kitaplarinda aritmetik ortalamanin
bir veri kiimesindeki elemanlarla olan iliskisi ve aritmetik ortalamanin veri kiimesini temsil eden bir deger olduguna iligkin
tartigmalara yer verilmemistir. Ders kitaplarindaki problemlerin cogunlugu sézel formda sorulmus olup, problemler sadece
ekle-bol algoritmasi kullanilarak ¢oziilmiistiir. Problemlerin ¢oziimlerinde farkli temsil bigimlerinden yararlanilmamis olup
sadece aritmetik formda ¢oziimler yapilmustir. Ders kitaplarindaki bu icerik 6grencilerin aritmetik ortalama kavramini
yiizeysel olarak Ogrenmelerine ve muhakeme diizeyindeki sorularda zorlanmalarina neden olabilir. Bu agidan ders
kitaplarinda aritmetik ortalama kavraminin 6gretiminde, adil paylasim ve denge merkezi diislincesinden yararlanilmali, ders
kitaplar1 farkli tipteki problemler agisindan zenginlestirilmelidir. Bunun yaninda, ders kitaplarinda aritmetik ortalama
problemlerinin ¢éziimlerinde farkli ¢6ziim stratejilerinden ve ¢oklu temsil bi¢cimlerinden yararlanilmalidir.
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Abstract: In this study, it was investigated how the concept of arithmetic mean (an essential concept in the learning domain
of data) was presented in middle school coursebooks in Turkey, what type of problems related to the arithmetic mean was
covered, the type of representation form through which the problems were presented, and the type of representation forms
and solving strategies used for solving problems. For this study, the coursebooks used in the 20192020 academic year were
analyzed. A 2D framework (horizontal and vertical analysis) was used to answer research questions, and the analyses were
conducted by two researchers. Although balance and fair-share models are strong analogies for conceptually understanding
arithmetic mean, the two coursebooks of grade 6 did not sufficiently cover these models. Furthermore, the relationship
between the arithmetic mean and elements in a data set and the discussions related to arithmetic mean as a value that
represents the data set were not covered in coursebooks. Most problems in the coursebooks were verbally developed, and the
problems were solved only via the add—divide algorithm. Note that, for solving these problems, different representation forms
were not used, and the solutions were only presented in the arithmetic form. In the coursebooks, the content might cause
students to superficially learn the concept of arithmetic mean and have difficulties with questions at the evaluation level.
Thus, for teaching the concept of arithmetic mean, fair share and balance point should be used via coursebooks, and they
should be enriched in terms of problems in various types. Furthermore, different strategies and multiple representation forms
should be used for solving arithmetic mean problems in coursebooks.
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1. Giris

TIMSS (Uluslararas1 Matematik ve Fen Egilimleri Arastirmasi) ve PISA (Uluslararast1 Ogrenci
Degerlendirme Programi) gibi karsilastirma ¢alismalar: iilkelerin matematik basarilarini ortaya koyan énemli
gostergelerden biridir. Tiirkiye, 2015 yilinda yapilan Uluslararasi Matematik ve Fen Egilimleri Arastirmasi’nda
veri ve olasilik 6grenme alaninda 467 puanla disiik bir performans gosterebilmistir (Mullis, Martin, Foy ve
Hooper, 2016). TIMSS 2011°de 5 restoranda calisan personel sayisi verilerek, restoranlarda caligan personel
sayisinin ortalamasmin soruldugu bilme diizeyindeki soruyu Tiirk dgrencilerinin dogru cevaplama yiizdesi 48
iken, bu 5 restorandan birindeki 30 olan personel sayis1 50 oldugunda aritmetik ortalamanin nasil degisecegini
yorumlaym seklindeki uygulama diizeyindeki soruyu Tiirk grencilerinin sadece %251 dogru cevaplayabilmistir
(Mullis, Martin, Foy ve Arora, 2012). Benzer sekilde TIMSS 2015’te Ahmet isimli bir 6grencinin matematik
dersinde ilk dort smavinin puani 9, 7, 8, 8 olarak veriliyor. Ahmet son bir smava daha girecegine (en fazla 10
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puan alabilir) ve bu bes smavin ortalamasmin 9 olmasini istedigine gére bunun miimkiin olup olmayacagmni
yorumlaymiz? seklindeki muhakeme diizeyindeki soruyu Tirk &grencilerin sadece %35’i dogru
cevaplayabilmistir (Mullis ve ark., 2016). Bu sonuglar, Tiirk dgrencilerin uygulama ve muhakeme diizeyindeki
aritmetik ortalama problemlerindeki basar1 diizeyinin, bilme diizeyindeki aritmetik ortalama problemlerine
nazaran daha diisiik oldugunu ortaya koymaktadir. Tiirk 6grencilerin performanslarmim diisiik olugsunu bircok
nedene dayandirmak miimkiindiir. Ders kitaplarinda aritmetik ortalama kavraminin sunulma bi¢iminin, aritmetik
ortalama ile ilgili ne tip problemlere ve ¢dziim stratejilerine yer verildiginin, problemlerin hangi temsil bigiminde
sorulup, yapilan ¢oziimlerde hangi temsil bigimlerinden yararlanildiginin incelenmesi 6grencilerin matematik
performanslarint agiklama noktasinda yardimer olabilir. Ciinkii Uluslararasi Matematik ve Fen Egilimleri
Arastirmast’na gore (TIMSS), ders kitaplart 6gretmenlerin bir konuyu nasil sunacaklarina karar verirken
faydalandiklar1 ana kaynak olup, dgretmenlerin neyi, nasil 6greteceklerini ve 6grencilerini ne tip ddev veya
etkinliklere maruz birakacaklarin etkilemektedir (Son ve Senk, 2010; Stein, Remillard ve Smith, 2007). Ders
kitaplarinda konularin sunulma sekli, 6grencilerin 6grenmesi igin gerekli olan pedagojik yaklasimlar1 ve cesitli
firsatlart harekete gegirdiginden onemlidir. Ders kitaplari, resmi bir miifredat kilavuzunda (baska bir deyisle,
amaclanan miifredat) verilen miifredat hedeflerinin belirlenmesine yardimci olur. Ayni zamanda, smifta ne
Ogretilecegini ve nelerin dgrenilecegini (bagka bir deyisle uygulamali miifredat) belirler. Bu nedenle, ders
kitaplar1 “amaclanan miifredat” ile “uygulamali miifredat” arasinda bir koprii gorevi goriir. Ders kitaplarinin
analizi, smifta nelerin 6gretilmesi ve 6grenilmesi gerektigine dair, amaglanan miifredata nazaran daha net bir
resim sunar (Flanders, 1994). Bu calismada aritmetik ortalama kavrammin Tiirk ders kitaplarmda nasil
sunuldugu, aritmetik ortalama ile ilgili ne tip problemlere yer verildigi, problemlerin hangi temsil bi¢ciminde
soruldugu, problemlerin ¢6ziimlerinde hangi temsil bi¢imleri ve ¢6ziim stratejilerinin kullanildig1 incelenmistir.

1.1. Cahsmanin Gerekcesi ve Onemi

Aritmetik ortalama giinliikk hayatta ve istatistikte karsimiza ¢ikan 6nemli kavramlardan biridir. Giinliik
hayatta meteoroloji, tip, tarim gibi cesitli alanlarda aritmetik ortalama kavrami kullanilmaktadir. Cogu 6grenci,
formal bir istatistik egitimi almadan dnce bu kavramla giinliik hayatta (boy, yas, puan ortalamasi drneklerinde
oldugu gibi) karsilasmaktadirlar (Chatzivasileiou, Michalis ve Tsaliki, 2010; Zazkis, 2013). Veri analizi ve
olasilik, Matematik Ogretim Programi’nin bes alanindan biridir (National Council of Teachers of Mathematics
[NCTM], 2000). 2018 yilinda Matematik Ogretim Programi revize edilmis, 2013 Ogretim Programi’nda oldugu
gibi Matematik Dersi Ogretim Programi’nin her kademesinde istatistik kavramlarinin 6gretimine yer verilmistir
(Milli Egitim Bakanligi [MEB], 2018, s. 66, 72).

Aritmetik ortalama giinlik yasamda karsimiza ¢ikan ve istatistik dgrenme alaninda 6nemli bir kavram
olmasina karsin, yapilan ¢alismalar 6grencilerin aritmetik ortalama ile ilgili problemlerin ¢dziimiinde aritmetik
ortalama algoritmasina (cebirsel veya aritmetik formda ¢oziim) bagli kaldiklarini gostermektedir (Cai, 1998,
2000; Enisoglu, 2014; Mokros ve Russell, 1995; Ugar ve Akdogan, 2009). Ogrencilerin aritmetik ortalama
algoritmasini bilmelerine ragmen, algoritmanin yanlig kullanimindan kaynakl hatalar yaptiklar1 ¢alismalarda
ortaya koyulmaktadir (Cai, 1998, 2000; Mevarech, 1983; Pollatsek, Lima ve Well, 1981; Watson ve Moritz,
2000). Ogrencilerin aritmetik ortalama ile ilgili yasadig1 zorluklarin temelinde, bu kavramla ilgili 6grencilerin
kavramsal bir anlayis gelistirmelerine firsat yaratilmadan, algoritma odakl bir 6gretimin gerceklestirilmis olmas1
yatmaktadir (Cai, 1998, 2000). Zayif kavramsal anlama cesitli sekillerde kendini gosterebilmektedir.
Ogrencilerin agirliklandirilmis ortalamay1 hesaplamada yaptiklar: hatalar (Hardiman, Well ve Pollatsek, 1984;
Mevarech, 1983; Pollatsek ve ark., 1981), aritmetik ortalamanin 6zelliklerini bilmemeleri (Gattuso ve Mary,
1998; Goodchild, 1988; Leon ve Zawojewski, 1991; Strauss ve Bichler, 1988) ve ortalamasi bilinen bir veri
setinde, verilmeyen eleman: bulurken zorlanmalari (Cai, 1995,1998) bu durumun kanitidir. Mokros ve Russell
(1995) caligmalarma katilan 6grencilerin aritmetik ortalama algoritmasina bagli kaldiklarim1 ve aritmetik
ortalamanin veri setini temsil etme roliinii ihmal ettiklerini tespit etmislerdir. Strauss ve Bichler (1988, s.72,76)
ve Leon ve Zawojewski’nin (1991, s.304) calismalarinda, 6grenciler aritmetik ortalamanin ii¢ 6zelligini
(“Aritmetik ortalamadan sapmalarm toplami sifirdir.”, “Sifir aritmetik ortalama hesabinda dikkate alinmalidir.”,
“Aritmetik ortalama veri kiimesini temsil eden bir degerdir.””) anlamada zorlanmislardir.

Tiirkiye’de yapilan ¢aligmalarda da benzer sonuglara ulagilmistir (Enisoglu, 2014; Ucar ve Akdogan, 2009).
Ugar ve Akdogan’in (2009) caligmalarinda, 6., 7. ve 8. smifta 6grenim goren her bir sinif seviyesinde alt1 6grenci
olmak tizere on sekiz dgrenciye aritmetik ortalama kavramui ile ilgili 5 adet problem verilerek 6grencilerden
problemleri ¢dzmeleri istenmistir. Ogrenciler problemleri ¢dzerken ¢ogunlukla topla-bdl algoritmasini tercih
etmiglerdir. Ogrencilerin yaris1 ortalama kavrammi bir veri grubunu temsil eden bir deger olarak
yorumlamamiglardir. Arastirmacilar, bulgulara dayali olarak 6grencilerin algoritma temelli bir 6gretime maruz
birakildigin1 ve aritmetik ortalamayir kavramsal olarak 6grenmediklerini ifade etmislerdir. Kaynar ve Halat
(2012) sekizinci smif &grencileri iizerinde yaptiklar1 c¢aligmada, 6grencilerin merkezi egilim ve yayilim
Olgiilerinin hesaplanmasinda veri agiklig1 hari¢ digerlerinde (aritmetik ortalama, mod) bilgi diizeylerinin ¢ok
yetersiz oldugu sonucuna ulagmiglardir. Bunun yaninda ogrenciler, ortalamayi aritmetik ortalama ile
iliskilendirmigler ve problem ¢oziimlerinde aritmetik ortalama algoritmasma bagvurmuslardir. Enisoglu (2014)
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233, yedinci smif 6grencisine aritmetik ortalama-tepe deger ve ortanca kavramlari ile ilgili alt1 adet problem
vererek Ogrencilerden yazili olarak problemleri ¢ézmelerini istemistir. Caligmaya katilan 6grenciler Ugar ve
Akdogan’n (2009) caligmasinda oldugu gibi, aritmetik ortalama ile ilgili problemleri ¢6zerken ¢ogunlukla topla-
bol algoritmasina bagl kalmislardir. Problem ¢oziimlerinde &grenciler tarafindan en ¢ok yapilan hatanin
ortalama algoritmasinin yanhs kullanimindan kaynakli oldugu tespit edilmistir. Katilimcilar tarafindan ikinci
siklikla yapilan hata daha kii¢lik veya daha biiyiik sayilara yonelme olmustur. Bu hatay1 yapan 6grenciler, verilen
aritmetik ortalama i¢in uygun veri grubu olustururken ya tiim verileri aritmetik ortalamadan kii¢iik ya da tiim
verileri aritmetik ortalamadan biiyiik se¢mislerdir. Verilerin hi¢ birini bilmeyip sadece bu veri grubunun
aritmetik ortalamasmi bilseydik, verilerle ilgili nasil yorum yapilabilirdi seklindeki soruda, 6grencilerin bir
kism1 ortalama algoritmasini yanlis kullanma hatasini yaparak yanlis bir deger bulmuslar ve bu deger iizerinden
yanlis yorum yapmuslardir. Bir veri grubundan bir deger ¢ikarildiginda ortalamanin bundan nasil etkilenecegi
sorusuna ise katilimcilarin biiylik bir kismi, “aritmetik ortalama azalir” cevabini vermislerdir. Siitun grafigi
gosteriminde verilen iki veri grubunun karsilastirmasmin istendigi soruda ise, katilimcilardan bazilar1 veri
gruplarindaki bir veriye gore karsilastirma yapmislardir. Ayrica, bazi grenciler verilen veri gruplarini, ortancay1
kullanarak karsilastirmis ve yanlis karar vermiglerdir. Koparan ve Giiven’in (2014) ¢aligmalarinda bazi
ogrencilerin merkezi egilim ve dagilim dlgiilerini bildikleri fakat hatali uygulamalar yaptiklar1 goriilmiistiir.
Ogrenciler yanlis verileri kullanmalar1 disinda veri agikligi bulmada zorlanmamuslardir. Yazarlar, istatistiksel
okuryazar bireyler yetistirilmesinin islemsel 6grenme yerine kavramsal 6grenmeye, geleneksel yaklasimlardan
ziyade, Ogrenci merkezli ¢agdas yaklasimlara daha c¢ok yer verilmesine bagli oldugunu vurgulamiglardir.
Cakmak ve Durmus (2015), aritmetik ortalamada yapilan hatalarin, dort islemdeki eksikliklerin yani sira
aritmetik ortalamanin nasil hesaplanacagini bilememe ve tam boliinemeyen sayilarda ondalikli olarak bdlme
yapamama gibi sorunlardan kaynaklandigini tespit etmislerdir. Caligmada, rutin bir aritmetik ortalama sorusuna
dogru cevap veren dgrenciler, rutin olmayan bir problemle kargilastig1 zaman ayni basariy1 gosterememisglerdir.

Ozetle Uluslararas1 ve Ulusal bazda yapilmis calismalar Tiirk égrencilerin aritmetik ortalama kavranm ile
ilgili zorluklar yasadiklarini ve kavramsal anlamadan uzak olduklarmi ortaya koymaktadir. Revize edilerek 2018
yilinda uygulanmaya baslayan Matematik Dersi Ogretim Programi’nin &zel amaglari igerisinde “dgrencilerin
matematiksel kavramlar1 derinlemesine anlamalarmin gerekliligi” tizerinde durulmaktadir (MEB, 2018, s. 11).
Tirk 6grencilerin veri ve olasilik 6grenme alaninda diigiilk bir performans gdstermis olmasi ve matematik
Ogretim programinda “matematiksel kavramlarin derinlemesine anlasilmasi gerektigine” iliskin vurgu,
Ogretmenlerin bir konuyu nasil sunacaklarma karar verirken faydalandiklar1 ana kaynak olan ders kitaplarinin
incelenmesini gerekli kilmaktadir. Bu bakimdan ¢alismada veri isleme 6grenme alaninin 6nemli kavramlarindan
biri olan aritmetik ortalama kavramiin Tiirk ders kitaplarinda nasil sunuldugu, aritmetik ortalama ile ilgili ne tip
problemlere yer verildigi, problemlerin hangi temsil bigiminde soruldugu, problemlerin ¢éziimlerinde hangi
temsil bigimleri ve ¢6ziim stratejilerinin  kullanildigi incelenmistir. Yapilan ¢alisma, ders Kkitaplarmin
iyilestirilmesi noktasinda 6gretim programi hazirlayicilara katki sunmakla birlikte, Tiirk dgrencilerin aritmetik
ortalama ile ilgili problemlerde diisik performans gostermelerinin nedenleri hakkinda kestirimlerde
bulunulmasma yardimci olacaktir. Yukarida belirtilenler 1s1gmda arastrmanin  problemleri su sekilde
siralanabilir.

e  Tiirk ders kitaplarinda aritmetik ortalama kavrami nasil sunulmustur?

e Tirk ders kitaplarinda aritmetik ortalama ile ilgili ne tip ¢oziimlii problemlere yer verilmis ve
problemler hangi temsil bi¢iminde sorulmustur?

e Tirk ders kitaplarinda problemlerin ¢6ziimiinde hangi ¢dziim stratejilerine yer verilmis ve ¢oziimde
hangi temsil bi¢imi/bigimleri kullanilmigtir?

Bir sonraki kisimda sirasiyla; aritmetik ortalama kavramini islemsel ve kavramsal olarak anlamanin ne ifade
ettiginden, aritmetik ortalamayla ilgili problem tipleri ve problemlerin ¢dziimiinde kullanilabilecek temsil
bi¢imleri ve ¢6ziim stratejilerinden bahsedilmistir.

1.2. Aritmetik Ortalama Kavramim Anlama: islemsel ve Kavramsal

Hiebert ve Lefevre (1986) islemsel bilginin iki tipine temas etmistir. Islemsel bilginin ilk tipi, matematiksel
fikirleri temsil eden sembollere asina olmayi ve sembollerin kabul edilebilir bir bigimde yazilmasi igin
sozdizimsel kurallarin farkindaligini igerir. Islemsel bilginin ikinci tipi ise matematik problemleri ¢ézmek igin
kullanilan prosediirleri, algoritmalar1 ve kurallar1 icerir. Ornegin, 4 + 2x = 10 yazinu kabul edilebilir bir
gosterim iken, 4+= x2 — 10 yazimi kabul edilemeyecek bir gosterimdir. Bu bilgi iglemsel bilginin ilk tipidir.
4 + 2x = 10 esitligini ¢ozmek i¢in bir algoritma veya kural bilmek islemsel bilginin ikinci tipi olmaktadir. Bu
goriis aritmetik ortalama kavrami i¢in diisiiniildiigiinde aritmetik ortalamanm gdsteriminin X seklinde oldugunu
bilen bir 6grenci islemsel bilginin ilk tipini gdstermis olacaktir. Bir veri setinin aritmetik ortalamasini bulmak
icin ekle-bol algoritmasmi kullanan bir 6grenci ikinci tip islemsel bilgiye sahiptir.
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Aritmetik ortalamanin kavramsal olarak anlagilmasi; aritmetik ortalamanm uygun bir merkezi egilim Ol¢tisii
oldugu baglamlarin tanmmmasmi (Watson ve Moritz, 2000), agwlikli ortalama problemlerin ¢6ziilmesini
(Mevarech, 1983; Pollatsek ve ark., 1981), aritmetik ortalamanin bir veri kiimesini temsil eden bir deger olarak
yorumlanmasini (Leavy, 2001; Mokros ve Russell, 1995) ve aritmetik ortalamanin gorsel ve kinestetik
anlamalarina sahip olunmasmi (Cai, 2000; Ginat ve Wolfson, 2002; Leavy, 2001) gerektirir. Denge ve adil-
paylasim modelleri aritmetik ortalamanin kavramsal olarak anlagilmasinda giiclii birer analoji olarak kabul
edilmektedir (Cai ve Moyer, 1995; Hardiman ve ark., 1984; Uccellini, 1996; Van de Walle, Karp ve Bay-
Williams, 2013). Istatistiksel bir kavram olarak aritmetik ortalamanin, bir veri kiimesi i¢in ne ifade ettigi adil
paylasim ve denge modelleri kullanilarak 6gretilebilir. Hardiman ve arkadaslari’nin (1984) yaptiklar1 deneysel
calisma, denge modeli ile yapilan 6gretimin Ogrencilerin agirliklandirilmig ortalamay1 daha iyi anlamalarini
sagladigini gostermistir. Cai ve Moyer (1995) ¢alismalarinda adil paylagim diisiincesinin dgrencilerin aritmetik
ortalama ile ilgili problem g¢6ziimlerindeki performanslarimi olumlu yonde etkiledigini tespit etmislerdir. Bu
bakimdan g¢aliymanin birinci problemine cevap verebilmek amaciyla ders kitaplarinda aritmetik ortalama
kavrammna giris yapilirken, denge ve adil paylagim diisiincesinden yararlanilip yararlanilmadigi, eger
yararlanilmigsa bunun nasil yapildig1 incelenmistir.

1.3. Aritmetik Ortalamanin Kavramsal Olarak Anlasilmasinda Problem Tipleri ve Coziim Stratejileri

Bu calismada, ¢6ziimii yapilmis olan problemlerin tipi ve ¢oziimde hangi strateji/stratejilerin kullanildigi
incelenen diger durumdur. Vincent ve Stacey (2008) matematik ders kitaplarinda ¢oziimii 6grencilerden
beklenen sorulardan 6nce bu sorulara benzer tarzdaki ¢oziimlii 6rneklere yer verildigini belirtmislerdir. Etkili
¢Oziimli ornekler, 6grencilerin matematik anlamalarini daha verimli bir sekilde gelistirmelerini saglamasindan
otiirli, matematik kitaplarinda ogrencilerin ilk ilgisini ¢eken kisimlardandir. Oyle ki, &grenciler iizerinde
calisacaklar1 probleme uygun olan ¢éziimlii 6rnekleri se¢ip, onlardan yararlanma egilimindedirler (Weinberg,
Wiesner, Benesh ve Boester, 2012). Ogrencilerin aritmetik ortalama kavramna iliskin yasadig1 zorluklar ve bu
zorluklarin temelinde 6grencilerin aritmetik ortalamay1 sadece ekle-bdl algoritmasinin kullanimi sonucu bulunan
bir deger olarak diisiinmeleri, ders kitaplarina &grencilerin islemsel ve kavramsal anlamalarini yoklayan
problemlerin dengeli sekilde dagitilmasinin dnemine isaret etmektedir. Dolayisiyla ¢alismada 6ncelikle ¢6ziimii
yapilmis problemlerin tipi tespit edilmistir.

Alan yazinda aritmetik ortalama ile ilgili kavramsal ve iglemsel bilgi diizeylerini 6lgen ¢esitli problemler ve
bu problemlerin ¢oziimiinde kullanilan stratejilere vurgu yapilmaktadir. Cai (2000) calismasinda dgrencilerin
aritmetik ortalama kavramina iligkin iglemsel ve kavramsal anlama diizeylerini belirlemek i¢in 6grencilere iki
problem durumu vermistir. Ogrencilerin islemsel anlama diizeylerini 6l¢en ilk problemde, dgrencilerden verilen
dort saymin aritmetik ortalamasini bulmalari istenmistir. Ogrencilerin kavramsal anlama diizeylerini dlgen gorsel
formda sunulmus (sayilar birim kiiplerle modellenmis), ikinci problemde ise bir veri setinin aritmetik ortalamasi
verilerek, veri setinde verilmeyen elemanin ne oldugu sorulmustur. Cai, Lo ve Watanabe (2002) Amerika,
Tayvan ve Cin ders kitaplarini aritmetik ortalama kavrami agisindan karsilastirdiklar1 ¢aligmalarinda, kitaplarda
yer alan aritmetik ortalama problemlerini {ic kategori altinda degerlendirmislerdir. ilk kategoriye giren
problemler, aritmetik ortalama algoritmasmnin dogrudan kullanimmi gerektiren problemlerdir (Ornegin, bir
apartmanin alt1 dairesinin her birinde oturan birey sayis1 6, 4, 3, 4, 3 ve 4’tiir. Bu alt1 dairede oturan ortalama kisi
sayis1 kagtir?). Bu tip problemler dgrencilerin islemsel hesaplama becerisini yoklamaktadir. fkinci kategoriye
giren problemler, algoritmanin esnek kullaniminin gerekli oldugu problemlerdir (Ornegin, Bir apartmanda oturan
8 ailenin ortalama birey sayist 4 olduguna gore, her bir ailedeki birey sayisini grafik ¢izerek, grafik {izerinde
gosteriniz). Uciincii kategori ise istatistik baglami igerisinde aritmetik ortalamanm kullanimini ve uygun sekilde
yorumlanmasini gerektiren problemleri icermektedir (Ornegin, iki basketbol oyuncusundan biri Milli Takima
secilecektir. Ilk oyuncunun son sekiz maginda attig1 basket sayis1 21, 16, 23, 21, 20, 17, 16, 22°dir. Ikinci
oyuncunun son alt1 maginda attif1 basket sayilar1 24, 18, 21, 25, 22, 28’dir. Milli takim kogu sizce hangi
oyuncuyu milli takima se¢melidir?; Bir apartmanda oturan ailelerin ortalama g¢ocuk sayis1 3.5 olabilir mi?
Neden?; Bir matematik smavindan 5 &grencinin aldigi puanlar sirasiyla 56, 60, 49, 62 ve 54’tir. Sinava
girmeyen bir §grencinin notu olan 95, bu puanlar arasina dahil edildiginde ilk durum ile ikinci durum arasinda
sinifin bagart ortalamasinin hesaplanmasinda nasil bir farklilik olur?). Gorildigii gibi, ikinci ve ig¢iincii
kategoride yer alan problemler, 6grencilerin iglemsel hesaplama becerisinden daha iist diizey anlamalarni
yoklayan problemlerdir (Bremigan, 2003; Gfeller, Niess ve Lederman, 1999; Leavy ve O’Loughlin, 2006).
Leavy ve O’Loughlin (2006) aritmetik ortalama kavramimin kavramsal olarak anlasilip anlagiimadiginin
tespitinde, esit elemana sahip olmayan iki veri kiimesinin karsilastirilmasini, agirliklandirilmig ortalamanin
bulunmasini, aritmetik ortalamasi verilen yedi elemanli bir veri setinin olusturulmasini gerektiren problemler
kullanmiglardir. Hardiman ve arkadaglar1 (1984) ve Russell ve Mokros (1996) denge modelinin kullanimina
dayali insa problemlerinin dgrencilerin aritmetik ortalamay1 kavramsal olarak 6grenip dgrenmediklerini ortaya
koyabilecegini ifade etmiglerdir. “Bir apartmanda oturan § ailenin ortalama birey sayis1 4 olduguna gore, her bir
ailedeki birey sayisini asagida gosteriniz.” tipindeki bir inga probleminin ¢6ziimiinde 6grencilerin izledikleri
yollar ve kullandiklar1 ¢oziim stratejileri, 6grencilerin ilgili kavrami 6grenip 6grenmediklerini ortaya koymada
yardimct olmaktadir (Sekil 1). Hardiman ve arkadaslar1 (1984) ve Russell ve Mokros (1996) tarafindan
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vurgulanan bu problem yapismni, Cai ve arkadaslar1 (2002) yaptiklar1 smiflandirmada ikinci kategoriye
(algoritmanin esnek kullanimimin gerekli oldugu problemler) almislardir.

1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
Sekil 1. Bir apartmanda oturan ailelerin ortalama birey sayisinin 4 oldugu iki farkli durum

Bremigan (2003) ise aritmetik ortalamanin kavramsal olarak anlasilmasinin, problem ¢éziimlerinde aritmetik
ortalamanin yedi 6zelliginin (yedi 6zellik i¢in bkz. Strauss ve Bichler, 1988) bilinmesine bagl oldugunu ifade
etmis ve ¢alisgmasmda bu yedi 6zellikle ilgili problem durumlarma 6rnekler vermistir. Aritmetik ortalamanin
Ogrenciler tarafindan kavramsallastirilip kavramsallagtirilmadigimi yoklayan ve dnceki ¢caligmalarda kullanilmisg
olan iki problem Sekil 2’de verilmistir.

Problem 1. Kimya laboratuvarinda bir 6grenci bir cismi on kez tartmustir. Tartma igleminin sonuglari asagidaki
grafikte sunulmustur. Ogrenci, iigiincii ve altinci kez yaptig1 tartma isleminin sonuclarini kaybetmistir. Grafikte
koyu cizginin gosterdigi gibi on agirligin ortalamasi 3,2 olarak hesaplandigina gore, tigiincii ve altinci tartma
isleminin degerleri ne olabilir? Cizim yaparak gosteriniz (Konold ve Pollatsek, 2002).

3,5
3,4
33
3,2

31

3
29 .
2,8

#1  #2 #3 #4 #5 #6 #7 #8 #9 #10

Problem 2. Dort cocugun 6niindeki blok yiginlar1 verilmistir. Besinci ¢ocugun blok yi1gininda iist iiste kag blok
olsun ki aritmetik ortalama 7 olsun? (Cai ve Moyer, 1995; Uccellini, 1996).

2

Sekil 2. Aritmetik ortalamanin kavramsal olarak anlasilip anlagilmadigini yoklayan iki problem

Sekil 2’de verilmis olan problemler, Cai ve arkadaglar’inm (2002) yaptig1 siniflandirmada algoritmanin esnek
kullaniminin gerekli oldugu problem tipidir. Dikkat edilirse problemlerde aritmetik ortalama verilip
ogrencilerden veri kiimesinde verilmeyen eleman/elemanlarin degerlerini bulmalar1 beklenmektedir. Ogrenciler
Sekil 2’de verilmis olan problemleri ¢ozerken farkli ¢oziim stratejileri kullanabilirler (Cai, 2000; Marnich,
2008). Ogrencilerin kullandiklar1 bu ¢oziim stratejileri onlarin aritmetik ortalama kavrammi kavramsal olarak
Ogrenip 6grenmedikleri hakkinda bilgi verebilir (Marnich, 2008; Mokros ve Russell, 1995; Watson ve Moritz,
2000). Alan yazinda aritmetik ortalama problemlerinin ¢oziimiinde “denge merkezi”, “adil paylasim”,
“algoritmaya dayali” ve “tahmin-kontrol” seklinde dort stratejiden bahsedilmektedir (Cai, 2000; Marnich, 2008).
Aritmetik ortalama problemlerini denge merkezi ve adil paylasim diigiincesiyle ¢6zebilen 6grencilerin aritmetik
ortalama kavramini, kavramsal olarak anladiklari soylenebilir (Hardiman ve ark., 1984; Marnich, 2008;
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Uccellini, 1996). Aksine, algoritmaya dayali ¢6zlim stratejisi ve tahmin kontrol stratejisini kullanan 6grencilerin

aritmetik ortalama kavrammi derinlemesine 6grendiklerini kesin olarak sdylemek giictiir. Ornegin, algoritmaya
3,2+3,4+x+3,1+3 2+y+3 3+3,4+3,0+3,1

asir1 bagli kalan ogrenciler birinci problemi ¢dzerken = 3,2 tiriinden ¢ok

bilinmeyenli bir esitlikle kars1 karsiya kalirlar. Bu durum ¢6ziimii zorlastlracaktlr Dolayisiyla aritmetik ortalama
formiiliiniin dogru sekilde kullanilarak dogru sonuca ulasilmasi veya matematiksel olarak saglam bir ¢dziim
girisimi 6grencinin derin bir kavramsal anlama gosterdigini ortaya koymada yeterli goriilmemelidir (Marnich,
2008). Kavramsal anlamaya sahip 6grenciler, denge merkezi problemlerini ¢ozerken denge fikrine veya blok
istiflemeye etkili sekilde basvurulabilirler. Adil paylagim problemlerinin ¢dziimiinde oldugu gibi, denge merkezi
problemlerinin ¢6ziimiinde de aritmetik ortalama algoritmasi kullanilabilir. Ancak bu durum 6grencinin yukarida
da ifade edildigi gibi aritmetik ortalama kavramina iliskin derin bir 6grenme gosterdigine iligkin kesin bir kanit
degildir (Hardiman ve ark., 1984; Marnich, 2008; Uccellini, 1996). Birinci problemin adil paylagim diisiincesiyle
¢Oziimiinde asagidaki sekilde dagitma iglemi yapilarak, {i¢iincii ve altinci tartma isleminin degerlerine (kirmizi
stitunlar) Sekil 3’de gosterildigi gibi ulasilabilir.

3,5
34
3,3

3,2
3,1
2,9 I
2,8
#9 #10

Sekil 3. Birinci problem’in adil paylagim diistincesiyle ¢oziimii

w

Birinci problem, denge merkezi diisiincesiyle de ¢oziilebilir. Aritmetik ortalama 3,2 olduguna gore, yedinci,
sekizinci, dokuzuncu ve onuncu Ol¢iim sonuglart birbirini dengelemektedir. Birinci ve besinci 6l¢iim sonucu
degerleri, aritmetik ortalamaya esittir. Ikinci 6lgiim sonucu, aritmetik ortalama degerinden 0,2 kadar biiyiik,
dordiinci Olgiim sonucu aritmetik ortalama degerinden 0.1 kadar kiiciiktiir. O halde, +0,1’lik bir fark
olusmaktadir. Bu durumda, ii¢iincii 6l¢iim sonucunu 3,2 alirsak, altinct 6lglim sonucunu 3,1 olarak almamiz
gerekir. Ornekleri zenginlestirmek adina Tablo 1°de iki adet problem durumu verilmis ve problemin ¢dziimiinde
algoritmaya agirt bagl kalma durumu 6rneklendirilmistir (Marnich, 2008).

Tablo 1. Aritmetik ortalamanin kavramsal olarak anlagilip anlagilmadigini yoklayan iki problem

Problem 3. a, b, ve ¢ gibi ii¢ saymin aritmetik ortalamas1 x olarak veriliyor. a, x’den 4 fazla ve b, x’den 5 fazla
olduguna goére c’nin x ile olan iligkisi nedir?

Problem 4. Markette bir is¢i olarak ¢alistyorsunuz ve 9 torba patates cipsi iizerine fiyat etiketi yapistirmaniz
istenmekte. Cipslerin ortalama fiyat1 1,38 TL. Hicbir torbanin fiyat1 1,38 TL olmayacak. Ayrica bir torbaya
1,30 TL ve ikinci bir torbaya 1,35 TL’den fiyat vermelisiniz. Kalan yedi fiyat etiketini olusturun.

1,30+1. 35+t+u+v+w+x+y+z

=1,38

tiriinden c¢ok bilinmeyenli bir esitlikle karsi karsiya kalacaklardir. Bu tip bir ¢oziim ogrencﬂerln aritmetik
ortalama kavramini sadece bir algoritma olarak diistindiiklerini géstermektedir (Marnich, 2008). Halbuki ti¢iincii
ve dordiincii problemlerin denge merkezi diisiincesi ile ¢oziilmesi, 6grencilerin aritmetik ortalamayi istatistiksel
bir kavram olarak derinlemesine 6grenmis olduklarmnim gostergelerinden biridir. Ugiincii soruda a sayis1 x’den 4,
b sayist x’den 5 fazla ise, x’in aritmetik ortalama (denge merkezi) olabilmesi i¢in ¢’nin x’den 9 az olmasi
gerekmektedir. Dordiincli  problemin ¢6ziimii de algoritmaya ihtiyag duyulmadan benzer diislinceyle
gerceklestirilebilir.  Yukarida belirtilenler, ders kitabinda aritmetik ortalama ile ilgili ¢6ziimi yapilmis
problemlerin tipinin ve ¢oziimde kullanilan stratejilerin belirlenmesinin  6nemine isaret etmektedir. Bu
¢alismanin ikinci ve ti¢lincii problemleri kapsaminda aritmetik ortalama ile ilgili ders kitaplarinda yer alan
¢Oziimlii problemlerin tipinin belirlenmesinde Cai ve arkadaslar1 (2002) tarafindan yapilan smiflandirma
kullanilmistir. Problemlerin ¢dziimiinde kullanilan stratejiler ise “denge merkezi”, “adil paylasim”, “algoritmaya
dayal1”, “tahmin-kontrol” seklinde kodlanmustir.

Ornegin, 4. problemin ¢dziimiinde algoritmaya bagimli kalan &grenciler

9
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1.4. Aritmetik Ortalama Problemlerinin Sunumunda ve Coziimiinde Kullanilabilecek Temsiller

Temsil, okul matematiginin ilke ve standartlarinda belirtilen matematiksel siire¢ standardindan biridir
(NCTM, 2000). Coklu temsillerin esnek sekilde kullanimi, 6grencilerin matematiksel kavramlar1 ve kavramlar
arasindaki iligkileri anlamli olarak grendiklerinin gdstergelerinden biridir (Brenner, Herman, Ho ve Zimmer,
1999; NCTM, 2000). Temsil yetenegi, 6grencilerin matematiksel kavramlar1 ve kavramlar arasmdaki iligkileri
kavramalarinda 6nemli bir siire¢ standardi olarak kabul edilmektedir. Nitekim O6grencilerin kavramsal
ogrenmeleri iizerinde, ¢oklu temsil kullanimiyla gergeklestirilen 6gretimin olumlu etkilerini ortaya koyan
¢aligmalar vardr (Ainsworth, 2006; Rau, Aleven ve Rummel, 2009; Schnotz ve Bannert, 2003). Cai ve Moyer
(1995), ogrencilerin aritmetik ortalama problemlerini ¢dzerken sozel, sembolik ve resim temsiline
basvurduklarmi tespit etmislerdir. Ogrencilerin kullandiklar1 temsil bigimleri segtikleri ¢oziim stratejileri ile
dogrudan iliskilidir. Ornegin, ekle-bdl stratejisini kullanan ogrenciler g¢ogunlukla sembolik temsile
yonelmiglerdir. Seviyeleri esitleme stratejisini kullanan Ogrenciler ise resim temsiline basvurmuslardir.
Problemlerin hangi temsil bigiminde sunuldugu da 6grencilerin problemi ¢dzerken tercih ettikleri temsil bigimini
etkilemektedir. Yapilmig ¢aligmalar, Amerika ders kitaplarinda, Cin kitaplara kiyasla gorsel formda sunulmus
problemlerin fazla oldugunu bu ylizden Amerikali 6grencilerin Cinli 6grencilere kiyasla problem ¢éziimlerinde
gorsel temsili kullanmay1 daha ¢ok tercih ettiklerini ortaya koymaktadir (Brenner ve ark., 1999; Cai, 1995).
Matematik derslerinde ¢cogu zaman Ogrencilere sembolik formda veya sozel formda sunulmus bir problem
verilerek, 6grencilerden problemi sembolik formda (aritmetik ortalama algoritmasi) ¢ézmeleri beklenmektedir.
Aritmetik ortalama kavramini, kavramsal olarak 6grenmis olan 6grenciler ise ¢Oziimlerinde sik sik g¢oklu
temsilleri kullanmaya yonelmiglerdir. Bu agidan ders kitaplar1 farkli temsil bigimleri kullanilarak sorulmus
problemler ve farkli ¢6zlim stratejileri agisindan zenginlestirilmelidir. Bunun yaninda yapilan ¢6ziimlerde ¢oklu
temsil bi¢cimlerinin kullanim1 6zendirilmelidir. Boyle bir zenginlestirme dgrencileri, kavramsal 6grenme siirecine
sokabilir (Duval, 2006) ve 6grencilerde zengin bir kavram imajinin olugsmasina firsat sunabilir (Tall, 1988). Bu
bakimdan caligmanin ikinci ve ii¢lincii problemleri kapsaminda, ders kitabinda yer alan ¢dziimlii problemlerin
sunumunda kullanilan temsil bigimleri, “s6zel temsil”, “gérsel temsil” ve “goklu temsil” seklinde ii¢ kategoride,
problemin ¢6ziimiinde kullanilan temsil bigimleri ise Sekil 4’te verildigi lizere “s6zel”, “resim”, “manipulatif” ve
“sembol” olarak dort kategoride degerlendirilmistir.

Denge Merkezi Adil Paylagim

Sozel Bir siniftaki 4 tabakta 5, 4, 2 ve 1 adet kek Bir siniftaki 4 tabakta 5, 4, 2 ve 1 adet kek
vardir. Tabaktaki kek sayilarmin orta noktasin1 ~ vardir. Bu kekler dort 6grenciye esit olarak
veya denge noktasini temsil eden say1 nedir? paylastirilacaktir. Bunun i¢in Kekleri

toplayip dort tabaga esit olarak paylastirin.

Resim
Jn
. —
UAJF{\LII}' L)
5 4.3 2 1 5 4 32 1

Manipalatif E Ho ~ @ H H a

Sembol (5-x)+(4-x)+(2-x)+(1-x)=0 5+4+42+41=12 ... 12:4=3
12-4x=0...x=3

Sekil 4. Aritmetik ortalama problemlerinin ¢dziimiinde kullanilabilecek temsil bigimleri (Marnich, 2008)

2. Yontem

Calismada nitel analiz yontemlerinden basili ya da dijital materyallerdeki verileri anlamak ve
anlamlandirmak i¢in sistematik bir inceleme ve yorumlama gerektiren dokiiman analizi teknigi (Bowen, 2009)
kullanilmistir. Asagida sirastyla ¢alismada kullanilan ders kitaplarindan, veri toplama ve analiz siirecinden ve
calismanin gecerligi ve giivenirliginden bahsedilmistir.

2.1. Calismada Kullanilan Ders Kitaplar

Tiirkiye’de aritmetik ortalama kavramina altinct ve yedinci sinif kademelerinde yer verilmektedir. Bu
calismada Tiirk okullarinda okutulan iki adet 6. sinif bir adet 7. sinif matematik ders kitabi kullanilmistir.
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Tirkiye’de hangi kitaplarm kullanilacagi Milli Egitim Bakanhigmin kontrolii altindadir. Tirk Milli Egitim
Bakanhigi, Tirk okullarinda kullanilacak  kitaplar1  http://www.eba.gov.tr/ekitap internet  sitesinde
yayimmlamaktadir. Calisma kapsaminda incelenen Tiirk ders kitaplart bu siteden temin edilmistir. Calisma
kapsamina alman tiim kitaplar, 2019-2020 egitim 6gretim yilinda kullanilan kitaplardir. Caglayan, Dagistan ve
Korkmaz (2018) tarafindan yazilan altinci sinif matematik ders kitabi ¢alisma igerisinde TR6A, Bektas,
Kahraman ve Temel (2018) tarafindan yazilan altinci sinif matematik ders kitabi ¢aliyma igerisinde TR6B
seklinde, Ogan ve Oztiirk (2019) tarafindan yazilan yedinci smif matematik ders kitabi ise ¢aligma igerisinde
TR7 seklinde verilmistir.

2.2. Teorik Cerceve

Caligmanin aragtrma sorularini cevaplandirmak i¢cin iki boyutlu (yatay ve dikey analizler) bir cerceve
kullanilmistir (Charalambous, Delaney, Hsu ve Mesa, 2010; Hong ve Choi, 2014). Yatay analiz, okuyuculara
ders kitaplar1 hakkinda belirli bir konuya kag saat siire ayrildigi, konu ile ilgili kazanimlarin neler oldugu ve
konunun hangi smif diizeyinde verildigi ile ilgili biiylik bir resim sunmaktir. Ancak sadece yatay analiz, ders
kitab1 yazarlarmin gercekte neyi amacladiklar1 hakkinda ayrintili bilgi vermez. Dikey analiz matematiksel
icerigin detayli bir sekilde anlasilmasini saglayabilir. Soyle ki, bu analizde ilgili matematiksel kavramin
iceriginin nasil sunuldugu, hangi temsil bi¢imlerinin kullanildig, ilgili kavramla ilgili ne tiir problemlere ve
¢Oziim stratejilerine yer verildigi ortaya koyulabilir.

Bu caligmada, ders kitaplarinda aritmetik ortalama kavramimin 6gretim igerigi incelenerek, ders kitaplarinin
ogrencilerin ilgili kavrami kavramsal olarak Ogrenmelerine ne Olg¢iide hizmet ettigi ortaya koyulmaya
calisilmistir. Bu yiizden igerik analizinde dncelikle aritmetik ortalama kavraminin dgretimine nasil baglandigi
tespit edilmistir. Bu asamada ders kitaplarinda aritmetik ortalama ‘“matematiksel bir kural olarak mi
sunulmustur? Eger dyleyse nasil?” veya “veri kiimesini temsil eden bir deger olarak m1 sunulmustur? Eger
Oyleyse nasil?” sorularma cevap aranmistir. Bir sonraki asamada ders kitaplarinda yer verilen ¢oziimlii
problemler ve problemlerin ¢6ziimiinde kullanilan temsil bigimleri ve stratejiler incelenmistir. Problemler
incelenirken Cai ve arkadaglari’nin (2002) yaptiklari siniflandirmadan yararlanilmistir. Onlar aritmetik ortalama
problemlerini, “Dogrudan aritmetik ortalama algoritmasmm kullanildigi problemler”, “Aritmetik ortalama
algoritmasinin esnek kullanimini gerektiren problemler” ve “istatistik baglam igerisinde aritmetik ortalamanin
kullanimini ve yorumlanmasini gerektiren problemler” seklinde ii¢ kategoride degerlendirmislerdir (Tablo 2).

Tablo 2. Problemlerin siniflandirilmasinda kullanilan teorik ¢ati (Cai ve ark., 2002)

Kod Problemlerin Siniflandirilmasi Ornek

A Dogrudan Algoritma Kullanimi

Al. Tablo, grafik vb. formda verilen veri setinin ~ Bir apartmanin alt1 dairesinde oturan kisi sayis1
ortalamasinin soruldugu problemler sirastyla 6, 4, 3, 4, 3 ve 4’tiir. Dairelerde oturan

ortalama kisi sayis1 kactir?

A2 Ortalama ve veri sayisi verilip, toplamin 7 arkadas bir hediye alacaklar. Her birinin hediyeye
soruldugu problemler ortalama katkis1 S0TL olduguna gore, hediyeye

verilen toplam para miktar1 nedir?

B Aritmetik ortalama algoritmasinin esnek kullanimi

Bl Aritmetik ortalama verilip, veri kiimesindeki  Bir sporcunun miisabakalarda aldig1 puanlar 25, 30,
verilmeyen bir veya daha fazla elemanin ne 32, 35, 39, 45°dir. Bu sporcunun miisabakalardaki
olabileceginin soruldugu problemler puan ortalamasinin en az 35 olmasi igin 6.

miisabakada ka¢ puan almalidir?

B2 Aritmetik ortalama verilip, veri kiimesinin Bir apartmanda oturan 8 ailenin ortalama birey sayisi
elemanlarmin olusturulmasi istenen 4 olduguna gore, her bir ailedeki birey sayisini grafik
problemler tizerinde gosteriniz.

B3 Coklu veri kiimelerinde genel (overall mean) Iki grup 5. simf dgrencisinden 37’si 132 agac, 35’i
ortalamanin soruldugu problemler 120 agag ekmistir. 5. smif 6grencilerinin ektigi

ortalama aga¢ sayisi kagtir?

B4 Agirliklandirilmis ortalama problemleri Bir smifta 22 erkek, 18 kiz vardir. Erkeklerin boy

ortalamasi 140,5, kizlarin boy ortalamas1 142,5
olduguna gore sinifin boy ortalamasi nedir?

C Istatistik baglaminda ortalamanin kullanimi ve uygun sekilde yorumlanmasi

C1 Esit sayida eleman igermeyen veri Bir basketbol kogu iki basketbolcudan birini milli
kiimelerinin kargilastirilmasinda ortalamanin  takima alacaktir. Bu sporculardan ilkinin maglarda
kullanimi attig1 sayilar 21, 16, 23, 21, 20, 17, 16, 22, diger

sporcunun basket sayilar1 24, 18, 21, 25, 22, 28’dir.
Bu verilere gore kog hangi sporcuyu milli takima
almalidir?
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Tablo 2’nin devamu

C2 Ortalama veri kiimesindeki elemanlardan Bir futbolunun 10 magtaki gol ortalamasi 2,3 tiir.
birine esit olmak zorunda degildir Boyle bir durum miimkiin olabilir mi? Gol sayist
virgiillii bir say1 olabilir mi?
C3 Daha net bir resim sunmak adina aritmetik Emre ve Cengiz iki futbolcudur. ki futbolcunun ii¢
ortalamanin agiklikla birlikte ay boyunca antremanlarda attiklar1 gol sayilar1 Emre:
yorumlanmasini gerektiren problemler 6, 8 ve 10, Cengiz: 12, 4 ve 8’dir. iki futbolcunun da

esit sayida ve siirede antrenman yaptiklar1 bilindigine
gore takimina futbolcu segmek isteyen bir antrendr
hangi futbolcuyu tercih etmelidir?

C4 Veri kiimelerini karsilagtirirken aritmetik Bes 0grencinin matematik dersi smav puanlari 49,
ortalama, mod ve medyanin hangisinin 45, 55, 53 ve 58’°dir. Sinava girmeyen bir 6grenci
kullanimmin daha uygun olduguna karar daha sonradan smava girip 98 puan almustir. ilk
verme durumda ve ikinci durumda sinifin basari ortalamasi

hakkinda ne sdylersiniz?

Problemin sunumunda kullanilan temsil bigimleri, “sdzel temsil”, “gdrsel temsil” ve “coklu temsil” seklinde
ii¢c kategoride, problemin ¢6ziimiinde kullanilan temsil bicimleri ise Sekil 4’de verildigi tizere “sozel”, “resim”,
“manipulatif’ ve “sembol” olarak dort kategoride degerlendirilmistir. Problemlerin ¢6ziimiinde kullanilan ¢6ziim

99 ¢ LEINT3 ¢

stratejileri ise “denge merkezi”, “adil paylagim”, “algoritma”, “tahmin-kontrol” olarak simiflandirilmistir.
2.3. Verilerin Toplanmasi ve Analizi

Ders kitaplarinda aritmetik ortalama kavraminin &gretiminin hangi sinif diizeylerinde dgretiminin yapildig:
belirlenmis ardindan verilerin toplanip analizinin gergeklestirilecegi 6. ve 7. simif Matematik ders kitaplari, Milli
Egitim Bakanhgr’'nin resmi sitelerinden biri olarak kullanilan http://www.eba.gov.tr/ekitap?&channel=334
sitesinden temin edilmistir. Calismaya dahil edilen ders kitaplar1 Tiirkiye’de 2019-2020 egitim 6gretim yilinda
kullanilan ders kitaplaridir. Ders kitaplarindaki ¢6ziimlii problemler iki arastirmaci tarafindan birlikte A4
kagidina gegirilmis, ardindan iki arastirmaci birbirinden bagimsiz bir sekilde her bir ¢6ziimlii problemin tipini,
problemin hangi temsil bi¢imi kullanilarak soruldugunu, problemin ¢6ziimiinde hangi ¢dziim stratejisinin ve
temsil bi¢iminin kullanildigint kodlamislardir. Problemin tipi belirlenirken Cai ve arkadaglari’nin (2002)
yaptiklart smiflandrmadan yararlanilmigtir. Problemin sunumunda kullanilan temsil bigimi “sdzel temsil”,
“gorsel temsil”, ve “coklu temsil” geklinde, problemin ¢6ziimiinde kullanilan temsil bigimi ise “s6zel”, “resim”,
“manipulatif model” ve “sembol” biciminde kodlanmistir. Problemlerin ¢6ziimiinde basvurulan ¢6zim
stratejileri “denge merkezi”, “adil paylasim”, “algoritma”, “tahmin-kontrol” olarak siniflandirilmistir. Yapilan
kodlamalar sonucu arastirmacilar bir araya gelerek yaptiklari kodlamalar1 karsilastirmig, farklilik olusturan
kodlar tartisilarak ve farkli bir arastrmacinin goriisiinden yararlanilarak yapilan kodlama ile ilgili nihai karar
verilmistir. Bulgularin sunumunda her bir koda iligkin frekans degerleri verilmis ve bulgular ders kitaplarindan
dogrudan alintilar sunularak desteklenmistir.

2.4. Cahsmanin Gegerligi ve Giivenirligi

Matematik ders kitaplarr, Milli Egitim Bakanlii’nin resmi sitelerinden biri olarak kullanilan
http://www.eba.gov.tr/ekitap?&channel=334 sitesinden temin edilmistir. Caligmaya dahil edilen ders kitaplar
Tirkiye’de 2019-2020 egitim Ogretim yilinda kullanilan ders kitaplaridir. Bu agidan elde edilen veriler
giincelligini korumaktadir. Analizler matematik egitimcisi iki farkli akademisyen tarafindan yapilmis olup,
yapilan kodlamalar sonucu arastirmacilar bir araya gelerek yaptiklari kodlamalar1 karsilastirmus, farklilik
olusturan kodlar tartigilarak ve farkl bir arastirmacinin goriisiinden yararlanilarak yapilan kodlama ile ilgili nihai
karar verilmistir. Yapilan oturumlar sonucu, arastirmacilar tarafindan yapilan kodlama da fikir birligi
saglanmistir. Ayrica bulgular ders kitaplarindan dogrudan alintilar sunularak desteklenmistir.

3. Bulgular
3.1. Yatay Analiz
3.1.1. Tiirk ders kitaplarinda aritmetik ortalama kavrami ile ilgili kazanimlar ve kazammlar icin ayrilan siire

Tiirk ders kitaplarinda istatistik kavramlarindan biri olan aritmetik ortalama kavrami ile ilgili kazanimlar
altinct ve yedinci sinif seviyelerinde yer almaktadir. Altinci sinif seviyesinde dordiincii iinite igerisinde veri
analizi kisminda ¢ adet kazanim vardir. Bu kazanimlar i¢in verilen siire alt1 ders saatidir. Bu kazanimlardan
ikisi aritmetik ortalama kavramu ile ilgilidir (“Bir veri grubuna ait aritmetik ortalamayi hesaplar ve yorumlar.”,
“Iki gruba ait verileri karsilastirmada ve yorumlamada aritmetik ortalama ve agiklig1 kullamir.”) yer almaktadir.
Yedinci sinif seviyesinde altinci {inite igerisinde veri analizi kisminda dort adet kazanim bulunmaktadir. Bu
kazanimlar i¢in verilen siire onbes ders saatidir. Bu kazanimlardan biri aritmetik ortalama kavramu ile ilgilidir
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(“bir veri grubuna ait ortalama, ortanca ve tepe degeri bulur ve yorumlar”) vardir. Dort kazanim igin verilen siire
on bes ders saatidir (MEB, 2018, s. 23, 24, 66, 72).

3.2. Dikey Analiz
3.2.1. Tiirk ders kitaplarinda aritmetik ortalama kavrami nasil sunuluyor?

_ Ders kitaplarinda aritmetik ortalama algoritmasi adil paylasim anlami tizerinden olusturulmaya ¢aligilmustir.
Ornegin, TR6A kodlu kitapta “Bir hidroelektrik santralde kaynaklara dakikada 300 ton, 180 ton, 240 ton, 120
ton ve 360 ton su gelmektedir. Kaynaklara gelen su 5 tiirbine esit olarak paylastirildiginda 1 tiirbine dakikada

tiim verilerin toplami

kag ton su gelecegini bulalm.” seklindeki problem iizerinden aritmetik ortalamanin oldugu

. veri sayist
ifade edilmisken, benzer sekilde TR6B kodlu kitapta “Omer dede, torunlarinin her dogru davranigina karsilik
torunlarina belli bir miktar para vermektedir. Torunlar1 aldiklar1 bu paralar1 bir kumbarada biriktirmektedirler.
Kumbara dolduktan sonra kumbaray1 agarlar ve bu parayr mahallelerindeki ihtiyaci olan ii¢ aileye esit olarak

paylastirirlar. Her aileye esit olarak paylastirilan parayr "her bir aileye diisen ortalama para miktar1" seklinde
tim verilerin toplami

ifade edebilir miyiz? seklindeki bir problem durumu iizerinden aritmetik ortalamanin oldugu

verti sayisi
ifade edilmistir. Denge ve Adil-paylasim modelleri aritmetik ortalamanin kavramsal olarak anlasilmasinda gii¢lii
birer analoji olarak kabul edilmesine karsin, her iki altinct smif ders kitabinda bu modellerin ya yeterli dlgiide ya
da hi¢ kullanilmadig1 tespit edilmistir. Ders kitaplarinda aritmetik ortalamanin bir veri kiimesinin denge merkezi
olduguna iliskin higbir agiklamaya yer verilmemistir. Buna ek olarak, ders kitaplarinda adil paylasim
diisiincesine uygun sadece birer problem durumu verilmis olmasma karsin, elde edilen degerin yani aritmetik
ortalamanin, veri kiimesindeki elemanlarla olan iliskisi ve aritmetik ortalamanin veri kiimesini temsil eden bir
deger olduguna iligkin tartigmalar iizerinde durulmamustir.

3.2.2. Tiirk ders kitaplarinda aritmetik ortalama ile ilgili ne tip ¢oziimlii problemlere yer verilmis ve ¢oziimlii
problemler hangi temsil bigiminde sorulmustur?

Aritmetik ortalama kavraminin 6gretiminde benimsenen anlayig, ders kitaplarinda ¢6ziimii yapilmis olan
problemlerin tipine, problemlerin hangi temsil bigiminde sorulduguna, problemlerin ¢6ziimiinde kullanilan
stratejiye ve ¢oziimde kullanilan temsil bigimine yansimistir. Tablo 3’te ders kitaplarinda yer alan ¢éziimii
yapilmis olan problemlerin tipine ve problemlerin hangi temsil bi¢iminde sorulduguna iliskin bulgular
verilmektedir.

Tablo 3. Ders kitaplarinda yer alan ¢6ziimii yapilmig problemlerin tipi

TR6A TR6B TRY

Problem tipi f (%) f (%) f (%)
Al 3 3 2
A2 0 0 0
B1 0 3 0
B2 0 0 0
B3 1 1 0
B4 0 0 0
C1 0 0 0
Cc2 0 0 0
C3 2 3 0
C4 0 0 2

Problemin Hangi Temsil Bigiminde Soruldugu

Sozel form 5 8 4

Gorsel form (siitun-¢izgi grafigi, birim kiipler vb.) 0 0 0

Coklu (Sozel+Gorsel) 1 2 0

TR6A kodlu kitapta 6 adet, TR6B kodlu kitapta 10 adet, TR7 kodlu kitapta 4 adet aritmetik ortalama ile ilgili
¢Oziimli problem yer almaktadir. TR6A kodlu kitapta sadece Al, B3 ve C3 tipindeki problemlere, TR6B kodlu
kitapta Al, B1, B3, C3 tipindeki problemlere, TR7 kodlu kitapta ise sadece Al ve C4 tipindeki problemlere
(Bkz. Tablo 2) yer verilmistir. Dikkat edilirse her ii¢ kitapta da A2, B2, B4, C1, C2 tipindeki ¢6ziimlii problem
yer almamaktadir. B1 tipindeki problemler ise sadece TR6B kodlu kitapta bulunmaktadir. A1 ve B1 tipindeki
¢Oziimii yapilmig olan problem 6rnekleri agagida verilmistir.

“2, 4, 6, 8 10 veri grubunun aritmetik ortalamasi nedir?” (Al tipinde sozel formda sorulmus bir aritmetik
ortalama problemi, TR6A, s.143).
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“Zehra, Fen ve Teknoloji dersinin ilk iki sinavindan 72 ve 80 puan almistir. Zehra bu dersin ortalamasinin 84
puan olmaswni istedigine gore Zehra min iigtincii sinavdan ka¢ puan almasi gerektigini bulunuz” (Bl tipinde
sozel formda sorulmus aritmetik ortalama problemi, TR6B, s. 245).

Ders kitaplarindaki problemlerin ¢ogunlugu sézel formda sunulmus olup, ¢oklu formda sunulmus olan
problemlerde genel ortalamanin (overall mean) bulunmasi veya ortalamanin agiklikla birlikte yorumlanmasi
istenmistir. TR6A’da 1 adet, TR6B’de 2 adet ¢oklu formda sorulmus problem bulunmaktadir. TR6A’da ¢oklu
formda sorulmus olan problemde siitun grafigi verilerek 6grencilerin aritmetik ortalamayr aciklikla birlikte
yorumlamalar1 istenmistir (Sekil 5). TR6B’de benzer sekilde 2 adet ¢oklu formda sorulmus olan problemden
ilkinde siitun grafigi verilerek dgrencilerin aritmetik ortalamay agiklikla birlikte yorumlamalar1 diger problemde
stitun grafigi verilerek 6grencilerden genel ortalamayr bulmalar1 istenmistir (Sekil 6). Bu problem yapilarina
ornekler agagida verilmistir.

Yandaki grafikte Emre ve Cengiz’in Ug ay boyunca
yapilan antrenmanlarda attiklar gol sayilan ve- Gol @ Cengiz
rilmistir. Sayisi d Emre

iki futbolcunun da esit sayida ve siireds antren-
man yaptiklar bilindigine gére takimina futbolcu
secmek isteyen bir antrendr hangi futbolcuyu ter-
cih etmelidir?

iki veri grubunda karsilaghrma yapilirken verile-
rin ortalamasina ve acikhgina bakihr.

Sekil 5. C3 tipinde ¢oklu formda sorulmus bir aritmetik ortalama problemi, TR6A, s. 150.

Bir smiftaki 6grencilerin giinliik ders galisma siireleri asagidaki grafikte verilmistir. Bu siniftaki 6grencilerin
bir giinde ortalama ders ¢aligma siiresinin kag¢ saat oldugunu bulalim.

Kigl Sayisi
o0

3 45 6 7

2

0 1 2 3 a 5 Ders Galisma Siiresi
(Saat)

Sekil 6. B3 tipinde ¢oklu formda sorulmus bir aritmetik ortalama problemi, TR6B, s. 244.
TR7 kodlu kitapta Al ve C4 tipinde problemlere yer verilmis olup ¢oklu formda sorulmus problem
bulunmamaktadir. Ders kitabinda yer alan problem yapilarina iliskin bir 6rnek Sekil 7°de verilmistir.
Bir dgrencinin 1 hafta boyunca her gin ¢ozd(igu soru sayilan asagidaki tabloda verimistir,

Tablo: Ogrencinin Bir Hafta Boyunca Gézdiigii Soru Sayisi

Giinler Pazartesi Sall Garsamba | Persembe | Cuma | Cumartesi | Pazar
Soru sayisi 5 14 15 80 5 5 16

Buna gére bu égrencinin bir haftada ¢ozd(igl soru sayisinin aritmetik ortalamasi, tepe degeri ve
ortancasini bulalim. Bilgilerden hangisinin bize bu égrencinin performansi hakkinda etkili yorum
yapabilme olanagdi sadlayacagini bulalim.

Sekil 7. C4 tipinde sdzel formda sorulmus bir aritmetik ortalama problemi, TR7, s. 267.

3.2.3. Tiirk ders kitaplarinda problemlerin ¢éziimiinde hangi ¢oziim stratejilerine yer verilmis ve ¢oziimde hangi
temsil bicimi/bicimleri kullanilmistir?

Ders kitaplarindaki aritmetik ortalama ile ilgili problemlerin tipinin tespiti kadar bu problemlerin ¢éziimiinde
bagvurulan stratejilerin tespit edilmesi de 6nemlidir. Ciinkii algoritma ve tahmin-kontrol stratejileriyle yapilan
matematiksel ¢oziimler aritmetik ortalamanm kavramsal olarak anlasildigini garanti etmemektedir. Tablo 4’de
ders kitaplarinda problemlerin ¢éziimiinde kullanilan stratejiye ve ¢oziimde kullanilan temsil bigimine iligkin
bulgular sunulmustur.
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Tablo 4. Ders kitaplarinda aritmetik ortalama ile ilgili problemlerin ¢6ziimiinde kullanilan stratejiler ve temsil
bi¢imi

Ders Kitaplari

(Coziim Stratejisi TR6A TR6B TR7
Denge Merkezi 0 0 0
Adil Paylagim 1 0 0
Tahmin Kontrol 0 0 0
Algoritma 5 10 4
Sozel 0 0 0
Resim 0 0 0
Manipiilatif 0 0 0
Sembol (aritmetik veya cebirsel) 6 10 4

Ders kitaplarinda yer verilen aritmetik ortalama problemleri sadece ekle-bol algoritmas: kullanilarak
¢ozlilmiistiir. Denge merkezi, adil paylasim, tahmin-kontrol stratejileri ile yapilan herhangi bir ¢dziim ders
kitaplarinda yer almamaktadir. Bunun yaninda ¢oziimlerde farkli temsil bigimlerinden yararlanilmamis olup
sadece aritmetik formda ¢oziimler yapilmistir. Sekil 8 ve Sekil 9’da sirastyla TR6A ve TR6B kodlu kitaplarda
yer alan ¢6zlimlii problemler sunulmustur. Sekil 8’de verilmis olan problemlerden ilkinde, bes sayidan olusan bir
veri kiimesinin aritmetik ortalamasmnin ne oldugu, diger soruda ise alt1 adet sayidan olusan bir veri kiimesi
verilmis ve bu veri kiimesinden herhangi bir veri ¢ikarildiginda aritmetik ortalamanin ilk duruma gore nasil
degisecegi sorulmustur. Sekil 9°da ise veri kiimesindeki verilmeyen elemanin bulunmasina yonelik iki problem
yer almaktadir.

Ornek:

2, 4, 6, 8, 10 veri grubunun arnitmetik orfalamas:: 2+4+ 65+ 8+10

| 20, 25, 30, 35, 40, 45 |

Yukardaki vende bir gruba ait kigilenin yaglan vernlmighr.
Bu gruptan 45 veya 20 yagindaki kigiler gkanldiginda elugocak yeni durumda aritmetik orala-
manin nasil dedigecedini yorumlayahm.

Tabloyw incelediimizde grupta 20, 25, 30, 35, 40 ve 45 yaslannda & kig bulundugunu
gQériyornuz,

= 195

K 95
igilenn yaglan toplams _1 — 325
Kigi sayisi &

Gruptaki kigilenn yoglan toplami: 20 + 25 + 30 + 35 + 40 + 45 \

Antmethk orfalamo=

ki duruma da bak-
hgimizda  yag 45
ocloan kit gikanldi-
gmd(l orfalamamn
azaldigim, yas 20
Aritmetik n:1a|nr11u=]—§g=3'ﬂ olan kigi gikanild-
ginda orfalamanin

arthdim gdriyaruz.

Yagi 45 olan kg gruptan gikanldifinda,
Toplam kigi sayisi: & = 1= 5 kg
Gruptaki kigilenn yaglan teplami; 195 - 45 = 150

Yag 20 olan ki gruptan gkanldiginda,
Toplam kigi sayisi: & - 1 = 5 kigi
Gruptaki lagilerin yoslan teplami: 195 - 20 = 175 J

Aritmetik ortalama =%i= 35

Sekil 8. TROA kodlu kitaptaki Al tipindeki iki problemin sézel formda algoritma yardimiyla ¢éziimii

Sekil 8 ve Sekil 9°da verilmis olan problemlerin tiimiiniin ¢6ziimii aritmetik ortalama algoritmasi kullanilarak
yapilmus, farkli bir ¢6zlim stratejisine bagvurulmamustir. Her iki ders kitabinda da aritmetik ortalama kavramima
girig yapilirken adil paylagim diisiincesine kisa bir sekilde deginilmis olsa da, bulunan degerin veri kiimesinin
elemanlari ile olan iligkisi tizerine herhangi bir igerige yer verilmemistir. Sonug olarak ders kitaplarinda yer alan
¢Oziimlii problemler ve problemlerin ¢dziimiinde kullanilan temsil bigimleri ve ¢ozliim stratejileri, 6grencileri
algoritma kullanmaya sevk etmekte Ogrencilerin, aritmetik ortalamanin veri kiimesindeki elemanlarla olan
iliskisini ve aritmetik ortalamay1 bir veri kiimesini temsil eden bir deger olarak yorumlanmalarina ve agirlikli
ortalamay1 hesaplamalarma firsat sunmamaktadir.
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Dort arkadasin yas ortalamasi 14'tlir. Bu arkadaslardan Gglndln yaslar 12, 15 ve 14 oldugun
gore dordincu kisinin yasini hesaplayalim.

Yaslarinin Toplami
Kisi Sayisi

Aritmetik Ortalama = Yaslarinin Ortalamasi =

Bu durumda yaslarninin ortalamasinin 14 ve kisi sayisinin 4 oldugunu biliyoruz.

O halde dort arkadasin yaslarinin toplami 14 - 4 = 56 'dir

Ug arkadasin yaslarinin toplami ise 12 + 15 + 14 = 41'dir

Dérdunct kisinin yas: ise 56 - 41 = 15 olarak bulunur,

Zehra, Fen ve Teknoloji dersinin ilk iki sinavindan 72 ve 80 puan almistir. Zehra bu dersin ortala-

masinin 84 puan olmasini istedigine gdre Zehra'nin Uclincl sinavdan kag puan almasi gerektidini
bulalim.

Ug Sinavin Toplam Puani
Sinif Sayisi

Aritmetik Ortalama =

Ug sinavin toplam puani 84 - 3 = 252'dir.
Zehra'nin ilk iki sinavdan aldig1 puanlarin toplami 72 + 80 = 152'dir.
Bu durumda ti¢tincti sinavdan almasi gereken puan 252 -152 = 100'ddr.

Sekil 9. TR6B kodlu kitaptaki B1 tipindeki iki problemin sézel formda algoritma yardimiyla ¢6ziim

4. Tartisma ve Sonuc¢

Bu ¢aligmada veri igleme 6grenme alanmin 6nemli kavramlarindan biri olan aritmetik ortalama kavraminin
Tirk ders kitaplarinda nasil sunuldugu ve aritmetik ortalama ile ilgili ne tip problemlere yer verildigi,
problemlerin hangi temsil bi¢ciminde soruldugu, problemlerin ¢dziimlerinde hangi temsil bigimleri ve ¢oziim
stratejilerinin kullanildig1 incelenmistir. Denge ve adil-paylasim modelleri aritmetik ortalamanm kavramsal
olarak anlasilmasinda giiglii birer analoji olarak kabul edilmesine karsin, her iki altme1 sinif ders kitabinda bu
modellerin ya yeterli dlciide ya da hi¢c kullanilmadig: tespit edilmistir. Ornegin, ders kitaplarinda aritmetik
ortalamanin bir veri kiimesinin denge merkezi olduguna iliskin hicbir aciklamaya yer verilmemistir. Buna ek
olarak, ders kitaplarinda adil paylasim iizerine birer problem durumu verilmis olmasma karsin, aritmetik
ortalamanin bir veri kiimesindeki elemanlarla olan iligkisi ve aritmetik ortalamanin veri kiimesini temsil eden bir
deger olduguna iliskin tartigmalara yer verilmemistir. Aritmetik ortalamanimn kavramsal olarak anlagildiginin
gostergelerinden biri ve belki de en Onemlisi, aritmetik ortalamanin bir veri kiimesini temsil eden bir deger
olarak yorumlanmasidir (Leavy, 2001; Mokros ve Russell, 1995). Istatistiksel bir kavram olarak aritmetik
ortalamanin, bir veri kiimesi i¢in ne ifade ettigi adil paylasim ve denge modelleri kullanilarak 6gretilebilir (Cai
ve Moyer, 1995; Hardiman ve ark., 1984; Uccellini, 1996; Van de Walle ve ark., 2013). Hardiman ve
arkadaglarinin  (1984) yaptiklar1 deneysel ¢alisma denge modeli ile yapilan &gretimin Ggrencilerin
agirliklandirilmis ortalamayi daha iyi anlamalarmi sagladigmi gostermistir. Cai ve Moyer (1995) caligmalarinda
adil paylasim diisiincesinin 6grencilerin aritmetik ortalama ile ilgili problem ¢oziimlerindeki performanslarmi
olumlu yonde etkiledigini tespit etmislerdir. Bu agidan Tiirk ders kitaplarinda aritmetik ortalama kavraminin bir
veri kiimesinin elemanlariyla iligkisinin ve veri kiimesi i¢in ne ifade ettiginin 6gretiminde, adil paylasim ve
denge merkezi diislincesinden yararlanilabilir.

Ders kitaplarinda aritmetik ortalama ile ilgili ¢6ziimii yapilmis olan problemlerin tipi incelendiginde, her ii¢
kitapta da B2, B4, C1, C2 tipinde olan higbir ¢6ziimlii problemin bulunmadig dikkat cekmektedir. Ogrencilerin
aritmetik ortalama kavrammni derinlemesine 6grenmelerinde B ve C tipindeki problemlerin ders kitaplarinda
bulunmasi 6nemli goriilmektedir (Bremigan, 2003; Leavy ve O’Loughlin, 2006; Russell ve Mokros, 1996). B2
tipindeki bir problem 6grencileri aritmetik ortalamanm denge merkezi anlamini diisiinmeye tesvik edecektir
(Russell ve Mokros, 1996). Aritmetik ortalamanin kavramsal olarak anlagildiginin gostergelerinden biri, agirlikl
ortalama problemlerin ¢dziilebilmesidir (Mevarech, 1983; Pollatsek ve ark.,1981). Bu agidan ders kitaplarina B4
tipindeki problemler eklenmelidir. Bremigan (2003), aritmetik ortalamanin kavramsal olarak anlagilmasmin,
problem ¢oziimlerinde aritmetik ortalamanin yedi 6zelliginin (Strauss ve Bichler, 1988) bilinmesine bagli
oldugunu ifade etmistir. Bu &zelliklerden biri, aritmetik ortalamanin her zaman bir dogal say1 degerine esit
olamayabilecegidir. Ogrenciler aritmetik ortalamanmn veri kiimesindeki elemanlarla iliskisini ve veri kiimesini
temsil eden bir deger oldugunu o&grendiklerinde bu durumu normal karsilayacaklardir. Bu yiizden ders
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kitaplarinda C1 ve C2 tipindeki problemlere de yer verilmelidir (Bremigan, 2003; Cai ve ark., 2002; Leavy ve
O’Loughlin, 2006; Watson, 2007). Calismadan elde edilen sonuglarin aksine, Leavy ve O’Loughlin (2006)
aritmetik ortalama kavraminin kavramsal olarak anlasilip anlasilmadigmin tespitinde, esit elemana sahip
olmayan iki veri kiimesinin karsilastirilmasini (C1), agirliklandirilmig ortalamanin bulunmasimi (B4), aritmetik
ortalamasi verilen yedi elemanli bir veri setinin olusturulmasini (B2) gerektiren problemler kullanmiglardir. Ugar
ve Akdogdan (2009) ve Enisoglu (2014) calismalarinda farkli tipte aritmetik ortalama problemlerinden
yararlanmiglardir (Ornegin; Bir izci kampinda farkli yaslarda 8 ogrenci vardir. Bu gruptaki dgrencilerin
yaslarinin ortalamasi 15’tir. Verilen bu bilgilere goére bu 6grencilerin yaglarmin kag olabilecegini gosteren siitun
grafigini asagidaki alana ¢izerek drnek bir veri grubu olusturunuz; B2 tipinde”).

Ders kitaplarindaki problemlerin ¢ogunlugu sézel formda sunulmug olup, coklu formda sunulmus olan
problemlerde genel ortalamanin (overall mean) bulunmasi veya ortalamanm agiklikla birlikte yorumlanmasi
istenmistir. TR6A’da 1 adet, TR6B’de 2 adet ¢oklu formda sorulmus problem bulunmaktadir. TR7 kodlu kitapta
ise ¢oklu formda sorulmus problem bulunmamaktadir. Calismadan elde edilen sonuglarin aksine, alan yazinda
farkli temsil bi¢imlerinde sunulmus problemlerin kullanildigi ¢aligmalar yer almaktadir (Ugar ve Akdogan, 2009;
Enisoglu, 2014; Koparan ve Giiven, 2014). Problemlerin hangi temsil bi¢ciminde sunuldugu Ogrencilerin
problemi ¢dzerken tercih ettikleri temsil bigimini etkilemektedir. Ogrencilerin kullandiklar1 temsil bigimleri de
sectikleri ¢oziim stratejileri ile dogrudan iliskilidir. Ornegin, ekle-bol stratejisini kullanan dgrenciler cogunlukla
sembolik temsile yonelmiglerdir. Seviyeleri esitleme stratejisini kullanan Ggrenciler ise resim temsiline
bagvurmuslardir (Cai ve Moyer, 1995). Yapilmis calismalar, Amerika ders kitaplarinda, Cin kitaplarina kiyasla
gorsel formda sunulmus problemlerin fazla oldugunu bu yiizden Amerikali 6grencilerin Cinli 6grencilere kiyasla
problem ¢oziimlerinde gorsel temsili kullanmay1 daha ¢ok tercih ettiklerini ortaya koymaktadir (Brenner ve ark.,
1999; Cai, 1995). Matematik derslerinde cogu zaman dgrencilere sembolik formda veya s6zel formda sunulmusg
bir problem verilerek, dgrencilerden problemi sembolik formda (aritmetik ortalama algoritmasi) ¢dézmeleri
beklenmektedir. Bu durum &grencileri algoritma kullanmaya yOnlendirmekte 6grencilerin kavramsal olarak
o0grenmesini garantilememektedir (Cai, 1995; Cai ve Moyer, 1995). Bu agidan ders kitaplar1 aritmetik ortalama
ile ilgili farkli tipte olan ve farkli temsil bicimleri kullanilarak sunulmus problemler agisindan
zenginlestirilmelidir.

Ders kitaplarindaki aritmetik ortalama ile ilgili problemlerin tipinin tespiti kadar bu problemlerin ¢dziimiinde
basvurulan stratejilerin tespit edilmesi de onemlidir. Ogrencilerin kullandiklar1 ¢ziim stratejileri onlarin
aritmetik ortalama kavrammi kavramsal olarak 6grenip dgrenmedikleri hakkinda bilgi verebilir (Mokros ve
Russell, 1995; Watson ve Moritz, 2000). Ciinkii algoritma ve tahmin-kontrol stratejileriyle yapilan matematiksel
¢ozlimler aritmetik ortalamanin kavramsal olarak anlasildigmi garanti etmez ancak problemlerin ¢dziimiinde
denge merkezi ve adil paylagim diisiincesi aritmetik ortalamanin kavramsal olarak anlasildigina isaret eder
(Hardiman ve ark., 1984; Marnich, 2008; Uccellini, 1996). Ders kitaplarinda yer verilen aritmetik ortalama
problemleri sadece ekle-bol algoritmasi kullanilarak ¢oziilmiistiir. Denge merkezi, adil paylagim, tahmin-kontrol
stratejileri ile yapilan herhangi bir ¢dziim ders kitaplarinda yer almamaktadir. Bunun yaninda ¢6ziimlerde farkl
temsil bi¢imlerinden yararlanilmamis olup sadece aritmetik formda ¢oziimler yapilmustir. Ders kitaplarindaki
icerige paralel olarak, yapilan ¢aligmalarda, &grencilerin aritmetik ortalama ile ilgili problem ¢oziimlerinde
siklikla ekle-bol algoritmasini, algoritmanmn altinda yatan anlami bilmeden kullandiklar: tespit edilmistir
(Enisoglu, 2014; Kaynar ve Halat, 2012; Ugar ve Akdogan, 2009). Cakmak ve Durmus (2015), ¢alismalarinda
ilkogretim 6-8. smif d6grencilerinin istatistik ve olasilik 6grenme alanindaki zorlandiklar1 kavramlar1 belirlemeye
ve bunlarm nedenlerini saptamaya ¢alismislardir. Yapilan miilakatlarda 6grenciler, aritmetik ortalama formiiliini
unuttuklarina temas etmislerdir. Unlii (2008), dgrencilerin matematik dersindeki basarisiziginn en 6nemli
sebeplerinden birinin, formiillerin ezberlenmesi ve ezberlenen bilgilerin daha sonra hatirlanamamasi oldugunu
ifade etmistir. Bu acidan ders kitaplarinda aritmetik ortalama problemlerinin ¢6ziimiinde farkli ¢6ziim
stratejilerine yer verilmelidir. Ogrenciler farkli ¢oziim stratejilerini kullanma konusunda tesvik edilmelidirler.
Problemlerin farkli stratejiler ve farkli temsil bigimleriyle ¢6ziilmesi 6grencilerin ilgili kavrami derinlemesine
O0grenmesine firsat sunar. Nitekim, aritmetik ortalama kavramini, kavramsal olarak 6grenmis olan &grenciler
¢ozlimlerinde sik sik coklu temsilleri kullanmaya yonelmektedirler. Bu agidan ders kitaplarinda aritmetik
ortalama problemlerinin ¢oziimlerinde farkli ¢oziim stratejilerinden ve c¢oklu temsil bigimlerinden
yararlanilmalidir.

5. Oneriler

Tiirk ders kitaplarinda adil paylagim diisiincesinden kisaca bahsedilmis olmasina karsmn elde edilen saymin
veri kiimesinin elemanlariyla iliskisinden ve veri kiimesi igin neyi ifade ettiginden bahsedilmemis olmasi ve
denge merkezi diisiincesine hi¢ temas edilmemis olmasi dgrencileri, aritmetik ortalama kavramini yiizeysel
sekilde 6grenmeye sevk edebilir. Ders kitaplarinda yer verilen problemler, problemlerin ¢dziimiinde kullanilan
stratejiler ve temsil bigimi dgrencileri sadece algoritma odakli diisiinmeye ve hareket etmeye ve ¢dziimlerini
sembolik formda yapmaya yonlendirebilir. Bu durum uluslararast sinavlarda dgrencilerin kavramsal anlama
diizeylerini 6lgen aritmetik ortalama sorularini ¢dzerken zorlanmalara ve hata yapmalarina sebebiyet verebilir.

170



Tiirkiye 'de Okutulan Ortaokul Matematik Ders Kitaplarimn Aritmetik Ortalama Kavramina Iliskin Ogrencilere Sundugu Ogrenme Firsatlart

Bu acidan Tiirk ders kitaplarinda aritmetik ortalama kavrammin bir veri kiimesinin elemanlariyla iligkisi ve veri
kiimesi i¢in ne ifade ettigi dgretilirken, adil paylasim ve denge merkezi diisiincesinden yararlanilmali, farkli tipte
olan ve farkli temsil bicimleri kullanilarak sunulmus problemler acgisindan zenginlestirilmelidir. Ders
kitaplarinda aritmetik ortalama problemlerinin ¢6ziimlerinde farkli ¢dziim stratejilerinden ve coklu temsil
bigimlerinden yararlanilmalidir. ilerleyen zamanlarda matematik égretmenlerinin aritmetik ortalama kavramini
ogretirken ders kitaplarindan ne Olciide yararlandiklari, &grencilerin aritmetik ortalama kavramindan ne
anladiklari, aritmetik ortalama problemlerini ¢6zerken hangi temsil bi¢cimi/bi¢imlerinden yararlandiklar1 ve hangi
¢Oziim stratejilerine bagvurduklar1 arastirilabilir. Bu sayede 6grencilerin aritmetik ortalama kavramini derin bir
sekilde o6grenip Ogrenmedikleri ortaya konulabilir. Ortaya ¢ikan sonuglar, ders kitaplarmin &grencilerin
performanslari tizerindeki etkisini daha giiglii bir sekilde gérmemize firsat sunabilir.
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The Learning Opportunities Presented by Mathematics Coursebooks Used in Middle
Schools in Turkey on the Concept of Arithmetic Mean

1. Introduction

Comparative studies such as Trends in International Mathematics and Science Study (TIMSS) and
Programme for International Student Assessment (PISA) are among the most significant indicators that
demonstrate the successes of countries in Mathematics. In 2015, Turkey demonstrated low performance on the
learning domain of data and probability in TIMSS by getting 467 points (Mullis, Martin, Foy, & Hooper, 2016).
While 48% of the Turkish students accurately answered a question on TIMSS 2011, which provided the number
of staff working at five restaurants and identified the mean number of staff working at these restaurants, only
25% of Turkish students were able to accurately answer another question that asked how the arithmetic mean
would change when the number of staff at one of these five restaurants increased from 30 to 50 at the application
level (Mullis, Martin, Foy, & Arora, 2012). A question on TIMSS 2015 said a student named Ahmet got 9, 7, 8,
and 8 on his first four tests in mathematics; however, in the survey, when students were asked to evaluate the
possibility of Ahmet wanting his mean score on five tests to be 9 after taking the final test (maximum score is
10), only 35% of Turkish students accurately answered (Mullis et al., 2016). These results demonstrated that the
achievement level of Turkish students on the arithmetic mean problems at the application and evaluation levels
is lesser than that at the knowledge level. The low performance of Turkish students can be attributed to multiple
reasons. Investigating how the concept of arithmetic mean is presented in coursebooks, what type of problems
and solution strategies are covered in terms of arithmetic mean, and which representation form is used in asking
and solving problems can help explain students’ performances in mathematics. This is because according to
TIMSS, coursebooks are the primary source teachers refer to when determining how to present a subject.
Moreover, they influence what and how teachers teach and the kind of assignments and activities students are
exposed to (Son & Senk, 2010; Stein, Remillard, & Smith, 2007). The way subjects are presented in coursebooks
is significant in that they trigger pedagogical approaches and various opportunities required for students to learn.
Coursebooks help to determine the curricular objectives stated in the curriculum guide (i.e., the target
curriculum). Furthermore, they determine what to teach and what to learn in the classroom (i.e., the applied
curriculum); therefore, coursebooks serve as a bridge between the “the target curriculum” and “the applied
curriculum.” The analysis of coursebooks provides a clearer picture of what to teach and learn in the classroom
compared with the target curriculum (Flanders, 1994). This study investigated how the concept of arithmetic
mean was presented in Turkish coursebooks, what type of problems related to the arithmetic mean was covered,
the type of representation form through which the problems were presented, and the type of representation forms
and solving strategies used for solving problems.

1.1. Purpose and Significance of the Study

Arithmetic mean is a significant concept that we encounter in daily life and statistics. The arithmetic mean
concept is used in daily life in various fields such as meteorology, medicine, and agriculture. Most students
encounter this concept in their daily lives before receiving formal training on statistics (such as those in height,
age, and score means) (Chatzivasileiou, Michalis, & Tsaliki, 2010; Zazkis, 2013). Data analysis and probability
are one of the five domains of the Mathematics Teaching Program (National Council of Teachers of
Mathematics [NCTM], 2000). In 2018, the Mathematics Teaching Program was revised, and similar to the 2013
Teaching Program, the teaching of statistical concepts was included in every stage of the Mathematics Teaching
Program (Ministy of National Education [MoNE], 2018, p. 66, 72).

Although the arithmetic mean is a significant concept that we encounter in the daily life and in the domain of
learning statistics, previous studies demonstrated that students preferred the arithmetic mean algorithm (solution
in the algebraic or arithmetic form) for solving questions on the arithmetic mean (Cai, 1998, 2000; Enisoglu,
2014; Mokros & Russell, 1995; Ucar & Akdogan, 2009). The studies indicated that although students know the
arithmetic mean algorithm, they made mistakes because of the inaccurate use of the algorithm (Cai, 1998, 2000;
Mevarech, 1983; Pollatsek, Lima, & Well, 1981; Watson & Moritz, 2000). The foundation of the difficulties that
students have with arithmetic mean lies in the implementation of algorithm-oriented teaching before enabling
them to develop a conceptual understanding of this concept (Cai, 1998, 2000). A weak conceptual understanding
might manifest itself in various forms. The mistakes students make for calculating the weighted mean
(Hardiman, Well, & Pollatsek, 1984; Mevarech, 1983; Pollatsek et al., 1981), not knowing the characteristics of
arithmetic mean (Gattuso & Mary, 1998; Goodchild, 1988; Leon & Zawojewski, 1991; Strauss & Bichler, 1988),
and having difficulty in identifying an unknown element in the data set whose mean is known (Cai, 1995,1998)
are evidence for this situation. Mokros and Russell (1995) reported that students in their study preferred the
arithmetic mean algorithm and ignored the arithmetic mean’s role in representing the data set. In Strauss and
Bichler (1988, p. 72, 76) and Zawojewski (1991, p. 304), students had difficulty in comprehending the three
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characteristics of arithmetic mean: the sum of deviations from the arithmetic mean is zero., zero should be noted
in calculating the arithmetic mean., and arithmetic mean is a value that represents the data set.

The results were similar in studies conducted in Turkey (Enisoglu, 2014; Ugar & Akdogan, 2009). In Ugar
and Akdogan (2009), six students in each of the grades 6, 7, and 8 (making 18 in total) were given five problems
on the concept of arithmetic mean, and then they were asked to solve them. The students mostly preferred the
add—divide algorithm when solving the problem. Half of the students did not evaluate the concept of the mean as
a value that represented a data set. The researchers, based on the results, argued that the students were exposed to
algorithm-oriented teaching and could not conceptually learn arithmetic mean. In a study on students in grade 8,
Kaynar and Halat (2012) reported that the students’ level of knowledge was remarkably insufficient in
calculating the measures of central trend and dispersion in all domains (such as arithmetic mean and mode)
except for the data range. Moreover, the students associated mean with arithmetic mean and applied the
arithmetic mean algorithm for solving problems. Enisoglu (2014) reported six problems related to the concepts
of arithmetic mean, mode, and median to 233 students in grade 7 and asked them to solve the problems in
writing. The students in a study, such as Ugar and Akdogan (2009), mostly preferred the add—divide algorithm
when solving problems. It was reported that the most common mistake made by students in solving problems
was the inaccurate use of the mean algorithm. The second most common mistake made by the participants was
selecting smaller or bigger numbers. The students who made this mistake chose all data either smaller or bigger
than the arithmetic mean when creating a data set appropriate for the arithmetic mean. In a question that asked
what the interpretation would be if we had known none of the data but the arithmetic mean of this data set, some
students made a mistake of wrongly using the arithmetic mean algorithm and reported a wrong value and made
wrong comments based on this value. In a question that asked how the arithmetic mean would change when a
value is removed from a data set, most participants said the arithmetic mean decreases. In another question that
asked them to compare two data sets presented in a column chart, some participants made the comparison based
on one value in the data sets. Moreover, some students compared the data sets based on the median and made the
wrong decision. In the studies of Koparan and Giiven (2014), some students knew measures of central tendency
and dispersion but made erroneous applications. In addition to using the wrong data, students did not have
difficulty in identifying the data range. Researchers emphasized that in training individuals with statistical
literacy, the focus should be on conceptual learning rather than procedural learning and on student-centered
contemporary approaches rather than conventional approaches. According to the results from Cakmak and
Durmus (2015), the mistakes in arithmetic mean are a result of the deficiencies in the four operations and
problems such as not having sufficient knowledge of calculating the arithmetic mean and not being able to
perform decimal division with numbers that are not exactly divisible. Furthermore, a student that accurately
answered a routine arithmetic mean question was not able to show the same success when dealing with a non-
routine problem. Answers given by rote using a formula they had previously memorized do not work in
interpretive questions that require an inverse operation.

In summary, several studies on the international and national scale demonstrated that Turkish students have
difficulty related to the concept of arithmetic mean and are not familiar with conceptual understanding. The
Mathematics Teaching Program, which started to be used after being revised in 2018, focuses on the necessity of
understanding mathematical concepts in depth for students among its specific objectives (MoNE, 2018, p. 11).
The fact that Turkish students had a low performance in the learning domain of data and probability and the
focus on the necessity of understanding mathematical concepts in-depth require the investigation of coursebooks,
which are the primary sources teachers benefit from when determining how to present a subject. In this regard,
this study investigated how the concept of arithmetic mean, which is an essential concept in the learning domain
of data, was presented in Turkish coursebooks, what types of problems related to the arithmetic mean were
covered, the types of representation forms through which the problems were presented, and the types of
representation forms and solving strategies used in solving the problems. In addition to contributing to
curriculum developers in improving the coursebooks, this study will help predict the reasons for the low
performance of Turkish students in problems on the arithmetic mean. Based on these considerations, the
problems of the study can be listed as follows:

e How is the concept of arithmetic mean presented in Turkish coursebooks?

o What types of problems and solutions regarding arithmetic mean were included in Turkish coursebooks
and which representation forms were used in the problems?

e What solution strategies were included in the solution of the problems in Turkish coursebooks, and
what representation form/forms were used in the solution?

The next section will present what it means to procedurally and conceptually understand the concept of
arithmetic mean, the types of arithmetic mean problems, and the representation forms and solution strategies that
can be used in the solution of problems.
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1.2. Understanding the Concept of Arithmetic Mean: Procedural and Conceptual

Hiebert and Lefevre (1986) reported two types of procedural knowledge. The first type of procedural
knowledge includes the awareness of syntactic rules to be familiar with the symbols that represent mathematical
ideas and write the symbols in an acceptable format. The second type of procedural knowledge includes the
procedures, algorithms, and rules used for solving mathematical problems. For example, while the expression
4 4+ 2x =10 is an acceptable representation, the expression 4+= x2 — 10 is an unacceptable representation.
This knowledge is the first type of procedural knowledge; knowing algorithms or rules to solve the equation of
4+2x=10 is the second type of procedural knowledge. When this view is applied to the concept of arithmetic
mean, a student who knows that the representation of arithmetic mean is X will have demonstrated the first type
of procedural knowledge. A student who uses the add—divide algorithm to determine the arithmetic mean in a
data set has the second type of procedural knowledge.

The conceptual understanding of arithmetic mean requires recognizing the context where the arithmetic mean
has an appropriate measure of central tendency (Watson & Moritz, 2000), solving the weighted mean problems
(Mevarech, 1983; Pollatsek et al., 1981), interpreting that arithmetic mean as a value that represents a data set
(Leavy, 2001; Mokros & Russell, 1995), and possessing the visual and kinesthetic understandings of arithmetic
mean (Cai, 2000; Ginat & Wolfson, 2002; Leavy, 2001). For the conceptual understanding of arithmetic mean,
balance and fair-share models are considered to be strong analogies (Cai & Moyer, 1995; Hardiman et al., 1984;
Uccellini, 1996; Van de Walle, Karp, & Bay-Williams, 2013). What arithmetic mean, as a statistical concept,
means to a data set can be taught using fair share and balance models. An experimental study conducted by
Hardiman et al. (1984) demonstrated that teaching through the balance model enabled students to understand
weighted mean better. Cai and Moyer (1995) reported that the idea of fair share positively affected students’
performance for solving problems related to the arithmetic mean. In this regard, to answer the first problem of
the study, it was investigated whether the ideas of balance and fair share were used, and if yes, how they were
used when introducing the concept of arithmetic mean in the coursebooks.

1.3. Problem Types and Solution Strategies in the Conceptual Understanding of Arithmetic Mean

This study investigated the types of problems solved in the coursebooks, and which strategy(ies) was used in
the solution. Vincent and Stacey (2008) indicated that mathematics coursebooks present similar questions with
solutions before presenting the questions that students are expected to solve. Because effective examples with
solutions enable students to develop their mathematical understanding more efficiently, they are among the
sections that attract students’ attention first in mathematics coursebooks. Therefore, students tend to select the
examples with solutions that fit with the problem they will work on and benefit from them (Weinberg, Wiesner,
Benesh, & Boester, 2012). The difficulties students have regarding the concept of arithmetic mean and the fact
that students think of arithmetic mean as a value only reported by the add—divide algorithm report the importance
of presenting problems that examine students’ procedural and conceptual understanding in a balanced manner in
coursebooks. Therefore, this study first identified the types of problems solved in coursebooks.

The literature emphasizes various problems that measure procedural and conceptual knowledge levels related
to arithmetic mean and the strategies used for solving these problems. In his study, Cai (2000) provided students
with two problem cases to determine their procedural and conceptual understanding levels related to the concept
of arithmetic mean. The first problem, which measured students’ procedural understanding levels, asked the
students to report the arithmetic mean of the four given numbers. The second problem, which measured students’
conceptual understanding levels in a visual form (the numbers were modeled by unit cubes), afforded the
arithmetic mean of a data set and asked the element that was not included in the data set. In a study that
compared the coursebooks in the USA, Taiwan, and China in terms of the concept of arithmetic mean, Cai, Lo,
and Watanabe (2002) evaluated arithmetic mean problems under three categories. The problems in the first
category are those that require the direct use of the arithmetic mean algorithm, e.g., the number of people living
in each of the six apartments in a building is 6, 4, 3, 4, 3, and 4. What is the mean number of people living in
these six apartments?. Such types of problems examine students’ ability in procedural calculation. The problems
in the second category are those that require the flexible use of the algorithm, e.g., if the mean number of people
in the eight families living in a building is 4, please show the number of people in each family by drawing a
graph. The third category includes problems that require students to use the arithmetic mean in the context of
statistics and make appropriate interpretations.

e One of two basketball players will be picked for the National Team: the first player scored 21, 16, 23, 21,
20, 17, 16, and 22 points in the last eight games, while the second player scored 24, 18, 21, 25, 22, and 28
points in the last six games. So, which player do you think the coach should pick for the national team?

e  Can the mean number of children in families living in the building be 3.5? Why?

e Five students scored 56, 60, 49, 62, and 54, respectively, in a mathematics test. A student who did not sit the
test attained 95. When it is included in the other scores, what will be the difference between the class mean
score in the first case and the second case?
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As can be seen, these problems in the second and third categories are problems that examine students’ higher
level understanding above their ability in procedural calculation (Bremigan, 2003; Gfeller, Niess, & Lederman,
1999; Leavy & O’Loughlin, 2006). Leavy and O’Loughlin (2006) used problems that required comparing two
data sets that did not have the same number of elements, calculating weighted means, and constructing a data set
with seven elements whose arithmetic mean is given for determining whether the concept of arithmetic mean is
conceptually understood. Hardiman et al. (1984) and Russell and Mokros (1996) stated that construction
problems based on the use of the balance model could reveal whether students conceptually learned the
arithmetic mean. The approach that students follow for solving a construction problem such as if the mean
number of people living in 8 families in a building is 4, please show the number of people living in each family
below and the solution strategies they use can help reveal whether students learned the concept (Figure 1). Cai et
al. (2002) placed this problem structure, which was stressed out by Hardiman et al. (1984) and Russell and
Mokros (1996), in the second category (the problems that require flexible use of the algorithm).

1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
Figure 1. Two different cases where the mean number of people in families living in a building is 4

Bremigan (2003) reported that the conceptual understanding of arithmetic mean depends on knowing the
seven properties of arithmetic mean Strauss and Bichler (1988) for the seven properties) for solving the problems
and providing examples of problem cases related to these seven properties in her work. Figure 2 shows two
problems that examine whether students conceptualized arithmetic mean and were used in previous studies.

Problem 1. A student weighed an object ten times in the chemistry laboratory. The results of the measurements
are presented in the below graph. The student lost the results of the third and sixth measurements. If the mean
weight of ten measurements, as shown by the bold line in the graph, is calculated as 3.2, what can the values of
the third and sixth measurements be? Please show by drawing (Konold & Pollatsek, 2002).

3,5
3,4
3,3
3,2
3,1

3
29 .
2,8

#1  #2 #3 #4 #5 #6 #7T #8 #9 #10

Problem 2. The stacks of blocks in front of four children are given. What should be the number of the blocks in
the stack in front of the fifth child such that the arithmetic mean will be 7? (Cai & Moyer, 1995; Uccellini,
1996).

2

Figure 2. Two problems that examine whether the arithmetic mean is conceptually understood

The problems in Figure 2 are those that require flexible use of the algorithm in the classification by Cai et al.
(2002). Note that students are given the arithmetic mean in the problems, and they are expected to identify the
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elements that are not given in the data set. Students can use various solution strategies when solving the
problems given in Figure 2 (Cai, 2000; Marnich, 2008). The solution strategies they use can inform whether
students conceptually learned the concept of arithmetic mean (Marnich, 2008; Mokros & Russell, 1995; Watson
& Moritz, 2000). The literature discusses four strategies for solving arithmetic mean problems, namely, center of
balance, fair share, algorithm-based, and prediction check (Cai, 2000; Marnich, 2008). The students who can
solve arithmetic mean problems through center of balance and fair share approaches understand the concept of
arithmetic mean conceptually (Hardiman et al., 1984; Marnich, 2008; Uccellini, 1996). However, it is difficult to
say for certain that students who use algorithm-based and prediction-check solution strategies understood the
concept of arithmetic mean in depth. For example, students who excessively depend on the algorithm encounter

3.2+3.4+x+3.1+3.2+y+3.3+3.4+3.0+3.1
an equation with multiple variables such as ol 4 = 3.2 when solving the first

problem. This will make the solution more difficult. Therefore, obtalnlng the accurate result by accurately using
the arithmetic mean formula or a mathematically sound solution attempt should not be seen sufficient to decide
that the student demonstrated an in-depth conceptual understanding (Marnich, 2008). Students with conceptual
understanding can effectively apply the balance approach or block stacking when solving center of balance
problems. Similar to the solution of fair share problems, when solving center of balance problems, the arithmetic
mean algorithm can be used. However, as indicated above, this is not conclusive evidence that the student
demonstrated considerable understanding of the concept of arithmetic mean (Hardiman et al., 1984; Marnich,
2008; Uccellini, 1996). Figure 3 shows the results of the third and sixth measurements (red columns) using the
below distribution when solving the first problem via the fair share approach.

3,5
3,4
3,3

T

Figure 3. The solution to the first problem through the fair share approach

w

The first problem can be solved using the center of balance approach. Since the arithmetic mean is 3.2, there
is a difference of +0.2 between the first and second measurements. The seventh, eighth, ninth, and tenth
measurements balance each other. Moreover, there is a difference of —0.1 between the fourth and fifth
measurements, which indicates the overall difference to be of +0.1. In this case, the difference between the third
and sixth measurements should be —0.1. If we take the third measurement as 3.2, the sixth measurement should
be 3.1. Table 1 shows two problem cases to enrich the examples and illustrates an over-dependance on the
algorithm for solving the problem (Marnich, 2008).

Table 1. Two problems that examine whether the arithmetic mean is conceptually understood

Problem 3. The arithmetic mean of three numbers (a, b, ¢) is x. a is greater than x by 4, and b is greater than x
by 5; in this case, what is the relationship between c and x?

Problem 4. You work at a market, and you are asked to attach price tags on nine packages of potato chips. The
mean price of chips is 1.38 TL. None of the packages will have a price of 1.38 TL. Moreover, one package
should have a price of 1.30 TL, and another package 1.35 TL. Please create the remaining seven price tags.

For example, students who depend on the algorithm when solving question 4 encounter an equation with
multiple variables such as 13°+135+t+u+"+w+x+y+z = 1.38. A solution of this type demonstrates that students

thought of the concept of arithmetic mean only as an algorithm (Marnich, 2008). However, the fact that students
solved the third and fourth problems through the center of balance approach is an indicator that students learned
the arithmetic mean as a statistical concept in depth. In the third question, if a is greater than x by 4 and b is
greater than x by 5, ¢ should be less than x by 9 such that x is the arithmetic mean (center of balance). The
fourth problem can be similarly solved without requiring an algorithm. The abovementioned details highlight the
importance of the types of problems with solutions related to the arithmetic mean in coursebooks and the
strategies used in their solutions. The classification by Cai et al. (2002) was used for determining the types of
problems with solutions presented in the coursebooks related to the arithmetic mean within the scope of the
second and third problems in the study. The strategies used in the solution of problems were coded as center of
balance, fair share, algorithm-based, and prediction-check.
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1.4. The Representations That Can Be Used in the Presentation and Solution of Arithmetic Mean
Problems

Representation is one of the mathematical process standards indicated in the policies and standards of school
mathematics (NCTM, 2000). The flexible use of multiple representations is an indicator that students learned
mathematical concepts, and the relationships between concepts in a meaningful manner (Brenner, Herman, Ho,
& Zimmer, 1999; NCTM, 2000). Representation ability is accepted as a significant process standard in students’
understanding of mathematical concepts and the relationships between concepts. In fact, there are earlier studies
that revealed the positive effects of teaching via multiple representations on students’ conceptual learning
(Ainsworth, 2006; Rau, Aleven, & Rummel, 2009; Schnotz & Bannert, 2003).

Cai and Moyer (1995) reported that students applied verbal, symbolic, and picture representations when
solving arithmetic mean problems. The representation forms students use are directly linked to the solution
strategies they choose. For example, the students who use the add—divide strategy mostly preferred symbolic
representation. The students using the levels equalizing strategy applied representation by images. The
representation form through which the problems are presented affected the representation form students choose
to solve the problem. Previously, studies demonstrated that the number of problems presented in the visual form
is higher in number in American coursebooks than Chinese coursebooks; therefore, American students often
choose using representation by visuals in solving problems compared to Chinese students (Brenner et al., 1999;
Cai, 1995). In mathematics classes, students are usually given a problem in symbolic or verbal form and are
expected to solve it in a symbolic form (arithmetic mean algorithm). The students who learned the concept of
arithmetic mean conceptually usually apply multiple representations in their solutions. For this purpose,
coursebooks should be enriched in terms of problems asked via various representation forms and different
solution strategies. Furthermore, using multiple representation forms should be encouraged in the presented
solutions. Such enrichment may move students into the conceptual learning process (Duval, 2006) and enable the
construction of a vibrant image concept in students (Tall, 1988). For this purpose, within the scope of the second
and third problems of the study, the representation forms used in the presentation of the problems with solutions
included in the coursebook were evaluated in three categories, namely, verbal representation, visual
representation, and multiple representations, and the representation forms used in the solution of a problem were
evaluated in four categories: verbal, picture, manipulative, and symbol (Figure 4).

Center of balance Fair Share

Verbal The number of cakes on four plates in a The number of cakes on four plates in a
classroom is 5, 4, 2, and 1. What is the number  classroom is 5, 4, 2, and 1. These cakes
that represents the median or the balance point  will be equally shared among four students.
for the numbers of cakes on the plate? Collect the cakes and share them equally in

four plates.

Picture
Ah— ¢
) —_—
5 4 3 21 5 413 2 1

El e el

Symbol (5-x)+(4-x)+(2-x)+(1-x)=0 S5+4+2+1=12 ... 12+4
12-4x=0...x=3

Figure 4. The representation forms that can be used in solving arithmetic mean problems (Marnich, 2008).

2. Method

The document analysis technique, which is a qualitative analysis method, was adopted in the study, which
requires a systematic exploration and interpretation to understand and interpret the data on printed or digital
materials (Bowen, 2009). Below is a discussion of the coursebooks used in the study, the data collection and
analysis process, and the validity and reliability of the study.

2.1. The Coursebooks Used in the Study

The concept of arithmetic mean is covered in Grades 6 and 7 in Turkey; one grade 6 and one grade 7
mathematics coursebook used in Turkish schools was used in this study. The coursebooks to be used in Turkey
are supervised by the Ministry of National Education. The Ministry of National Education in Turkey publishes
the list of the coursebooks covered in Turkish schools on http://www.eba.gov.tr/ekitap. The Turkish coursebooks
examined within this study were accessed on this website. All coursebooks in this study were the coursebooks
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used in the 2019-2020 academic year. The grade 6 mathematics coursebook written by Caglayan, Dagistan, and
Korkmaz (2018) was referred to as TR6A; the grade 6 mathematics course book written by Bektas, Kahraman,
and Temel (2018) was referred to as TR6B; and the grade 7 mathematics coursebook written by Ogan and
Oztiirk (2019) was referred to as TR7.

2.2. Theoretical Framework

A 2D framework (horizontal and vertical analyses) was used to answer the questions of the study
(Charalambous, Delaney, Hsu, & Mesa, 2010; Hong & Choi, 2014). The horizontal analysis provides the reader
with the big picture regarding the coursebooks, such as how much time is allocated to a topic, what the outcomes
related to the topic are, and the grade level the topic is presented at. However, horizontal analysis itself does not
provide enough information as to what the authors of the coursebook indeed aimed at. Vertical analysis can
ensure a detailed understanding of the mathematical content. This analysis can reveal how the content of the
relevant mathematical concept is presented, which representation forms are used, and what kind of problems and
solution strategies are included for the related concept.

This study aimed to reveal the extent to which coursebooks helped students in learning the related concept in
conceptual terms by investigating the instructional content of the concept of arithmetic mean in the coursebooks,
i.e., how the teaching of the concept of arithmetic mean started was primarily identified in the content analysis.
In this stage, we sought answers to the following questions:

e Isarithmetic mean presented as a mathematical rule in the course books? If so, how? or
e Isit presented as a value that represents the data set? If so, how?.

In the next stage, problems with solutions in the coursebooks and the representation forms and strategies used
in the solution of the problems were investigated. The classification by Cai et al. (2002) was used when
investigating the problems. They evaluated arithmetic mean problems in three categories as follows: problems
where the arithmetic mean algorithm is directly used, the problems that require flexible use of the arithmetic
mean algorithm, and problems that require the use and interpretation of arithmetic mean in the context of
statistics (Table 2).

Table 2. The theoretical framework used in the classification of problems (Cai et al., 2002)

Code  The Classification of Problems Example
A Direct Use of Algorithm
Al The problems that ask the mean in a data set The number of people living in six apartments in a

presented in the form of a table and graph. building is 6, 4, 3, 4, 3, and 4, respectively. What is
the mean number of people living in apartments?

A2 Problems that give the mean and the number Seven friends will buy a present. If mean
of elements and ask the total number contribution of each of them is 50 TL, what is the

total amount paid for the present?

B Flexible Use of the Arithmetic Mean Algorithm

B1 Problems that give the arithmetic mean and The scores one player got in games are 25, 30, 32,
ask what the one or more unknown elements 35, 39, and 45. What score should the player get in
in the data set might be. the 6™ game such that the mean score in all games is

at least 35?

B2 Problems that give the arithmetic mean and If the mean number of people in 8 families living in a
ask for identifying the elements in the data building is 4, please show the number of people in
set each family on a graph.

B3 Problems that ask the overall mean in 37 of the students in a group of fifth-graders planted
multiple data sets 132 trees, and 35 students in another group of fifth-

graders planted 120 trees. What is the mean number
of trees planted by fifth graders?

B4 Weighted mean problems There are 22 boys and 18 girls in a class. If the mean
height of boys is 140.5 and the mean height of girls is
142.5, what is the mean height of the class?

C The use and proper interpretation of the mean in the context of statistics

Cl The use of the mean in comparing two data A basketball coach will pick one of two basketball
sets that do not include the same number of players for the National Team. In the games they
elements played, the first player scored 21, 16, 23, 21, 20, 17,

16, and 22, and the other player scored 24, 18, 21, 25,
22, and 28. Based on this data, which player should
the coach pick for the national team?
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Table 2 continued

c2 The mean does not have to be equal to one The mean number of goals a football player scored in
of the elements in the data set 10 games is 2.3. Is this number possible? Can the

number of goals be a decimal number?
C3 Problems that require the interpretation of Emre and Cengiz are football players. The number of
the arithmetic mean together with the range goals these players scored in training is 6, 8, and 10
to present a more clear picture for Emre and 12, 4, and 8 for Cengiz. If it is known

that the number of training sessions the two players
attended and the duration they trained are the same,
which player should a manager that wants to pick a
player for the team prefer?

c4 Deciding on whether the arithmetic mean, The scores of five students on the mathematics test
mode, or median is more suitable to use are 49, 45, 55, 53, and 58. A student who had not
when comparing data sets initially sat the test took the test later and got 98.

What can be said about the mean score in the class in
the first case and the second case?

The representation forms used in the presentation of the problems were evaluated in three categories, namely,
verbal representation, visual representation, multiple representation; moreover, the representation forms used in
the solution of the problem were evaluated in four categories: verbal, picture, manipulative, and symbol, as
shown in Figure 4. The solution strategies used in the solutions of problems, however, were classified as center
of balance, fair share, algorithm, and prediction-check.

2.3. Data Collection and Analysis

After identifying the grade levels at which the concept of arithmetic mean was covered, the grade 6 and 7
coursebooks, on which the data collection and analysis was going to be conducted, were accessed on an official
website of the Ministry of National Education at http://www.eba.gov.tr/ekitap?&channel=334. The coursebooks
included in this study were those used in Turkey in the 2019-2020 academic year. The problems with solutions
in the coursebooks were copied on A4 papers by two researchers, and then they separately coded the type of
each question with a solution, the representation form through which the problem was asked, and what solution
strategy and representation form was used for solving the problem. The classification by Cai et al. (2002) was
used when identifying the type of problems. The representation form used for presenting the problems were
coded as verbal representation, visual representation, multiple representations, and the representation form used
in the solution of a problem as verbal, picture, manipulative model, and “symbol. The solution strategies applied
in the solution of problems were classified as center of balance, fair share, algorithm, and “prediction-check.
After coding, researchers came together and compared their codes and made the final decision on codes by
discussing the different codes and referring to the views of a third researcher. The frequency values for each
code were given in the presentations of results, which were supported by direct extracts from the books.

2.4. The Validity and Reliability of the Study

The mathematics coursebooks were accessed on an official website of the Ministry of National Education at
http://www.eba.gov.tr/ekitap?&channel=334. The coursebooks included in the study were those used in Turkey
in the 2019-2020 academic year. The data collected maintain their currency. The analyses were conducted by
two academicians in mathematics education; the researchers came together and compared their codes and made
the final decision on codes by discussing them and referring to the views of a third researcher. After the sessions,
there was a consensus on the coding performed by researchers. Moreover, the results were supported by direct
extracts from the books.

3. Findings
3.1. Horizontal Analysis

3.1.1. The outcomes related to the concept of arithmetic mean in Turkish coursebooks and the time allocated to
the outcomes

The results related to the concept of arithmetic mean, which is one of the statistics concepts, in Turkish
coursebooks are included in grades 6 and 7. There are three outcomes in the section on data analysis in Unit 4 in
grade 6. The time allocated to these outcomes is 6 h. Two of these outcomes are related to the concept of
arithmetic mean: calculates and interprets the arithmetic mean in a data set and uses arithmetic mean and range
in comparing and interpreting data from two data sets. There are four outcomes in the section on data analysis in
Unit 6 in grade 7. The time allocated to these outcomes is 15 h. One of these outcomes, , i.e., can find and
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interpret the mean, median, and mode values in a data set, is related to the concept of arithmetic mean. The time
allocated to the four outcomes is 15 h (MoNE, 2018, p. 23, 24, 66, 72).

3.2. Vertical Analysis
3.2.1. How is the concept of arithmetic mean presented in Turkish coursebooks?

The arithmetic mean is presented via the fair share approach in the coursebooks. For example, while the
arithmetic mean in a question in the book coded as TR6A that said, “in a hydroelectricity power plant, the
amount of water that comes to the sources in a minute is 300 tons, 180 tons, 240 tons, 120 tons, and 360 tons.
When the water that comes to the sources is shared equally among five turbines, how much water comes to a

. . . . . h id .. . . . .
turbine in a minute” is given as e wnof alldata ‘qiiiaryy in the book coded as TR6B, the arithmetic mean in

. The number of data
a problem that said, “Omer gives a certain amount of money to his grandchildren when they behave nice. His
grandchildren save the money in a money box. After the box is full, they open the box and share the money

among three needy families in their neighborhood. Is it correct to define this money that was distributed equally

. . ST The sum of all data
to each family as “the mean amount of money each family got?” was indicated as The sum of all data,
The number of data

Although balance and fair-share models are strong analogies for conceptually understanding arithmetic mean, it
was reported that the two course books for grade 6 did not cover these models sufficiently or did not cover them
at all. There was no explanation in the coursebooks saying that arithmetic mean is the center of balance in a data
set. Moreover, although only one problem case in line with the fair share approach was presented, the
relationship between the reported value, that is the arithmetic mean and the elements in the data set and the
discussions concerning arithmetic mean as a value that represents the data set did not get much focus in the
coursebooks.

3.2.2. What kind of problems and solutions regarding the arithmetic mean were included in Turkish coursebooks
and which representation form was used in the problems with solutions?

The approach adopted in teaching the concept of arithmetic mean reflected on the types of the problems
solved in the coursebooks, the representation forms through which the problems were asked, the strategies used
in solving the problems, and the representation forms used in the solution. Table 3 lists the results on the types of
the problems solved in the coursebooks and the representation forms through which the problems were asked.

Table 3. The type of problems solved in the coursebooks

TR6A TR6B TR7

Problem type f (%) f (%) f (%)
Al 3 3 2
A2 0 0 0
B1 0 3 0
B2 0 0 0
B3 1 1 0
B4 0 0 0
C1 0 0 0
C2 0 0 0
C3 2 3 0
C4 0 0 2

The Representation Form through which the Problem Was Asked

Verbal form 5 8 4

Visual form (column-line chart, unit cubes, etc.) 0 0 0

Multiple (Verbal + Visual) 1 2 0

The number of arithmetic mean problems with solutions is 6 in TR6A, 10 in TR6B, and 4 in TR7. TR6A
includes only problems of types Al, B3, and C3; TR6B includes problems of types Al, B1, B3, and C3; and
TRY includes only problems of types Al and C4 (Table 2). Note that none of the three books included problems
with solutions of types A2, B2, B4, C1, and C2. Problems of type B1 were included only in TR6B. Examples of
problems with solutions of types Al and B1 are presented below.

“What is the arithmetic mean in this data set: 2, 4, 6, 8, 10" (An arithmetic mean problem asked in the verbal
form in type AL, TR6A, p. 143).
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“Zehra got 72 and 80 on the first two tests in Science and Technology. If Zehra wants her grade point average to
be 84 in this class, what Score should she get on the third test?” (An arithmetic mean problem asked in the
verbal form of type B1, TR6B, p. 245).

Most problems in the coursebooks were asked in a verbal form, and in problems that were asked in the
multiple form, the students were asked to identify the overall mean or interpret the mean together with the range.
The number of problems asked in the multiple form was 1 in TR6A and 2 in TR6B. In the problem in TR6A that
was asked in the multiple form, students were given a column chart and asked to interpret the arithmetic mean
together with the range (Figure 5). Similarly, in the two problems that were asked in the multiple form in TR6B,
the first gave a column chart and asked students to interpret the arithmetic mean together with the range, and the
other gave a column chart and asked students to identify the arithmetic mean (Figure 6). Examples for these
problem structures are presented below.

Yandaki grafikte Emre ve Cengiz’in U¢ ay boyunca
yapilan antrenmanlarda attiklar gol sayilari ve- Gol H Cengiz
rilmistir. Sayisi @ Emre

iki futbolcunun da esit sayida ve strede antren-
man yaptklar bilindigine gére takimina futbolcu
secmek isteyen bir antrendr hangi futbolcuyu ter-
cih etmelidir?

iki veri grubunda karsilaghrma yapilirken verile-
rin ortalamasina ve acikliina bakilir.

Chart: Goals by Months

Figure 5. An arithmetic mean problem asked in the multiple form of type C3, TR6A, p. 150. (The chart at the
side gives the number of goals Emre and Cengiz scored in training for three months. If it is known that the
number of training sessions the two players attended and the duration they trained are the same, which player
should a manager that wants to pick a player for the team prefer? When comparing two data sets, the mean and
range of the data should be considered)

The graph below shows the daily study times of the students in a class. What is the mean study time for the
students in this class?

Kigl Sayisi

|

C —

S " — [ |

T ——————————

- _' = . -

o 1 2 3 4 5 Ders Calisma Siiresi
(Saat)

Number of people Study Time (Hours)

Figure 6. An arithmetic mean problem asked in the multiple form of type B3, TR6B, p. 244.

TR7 included problems of types Al and C4, but no problems asked in the multiple form. An example
regarding the structure of the problems included in the coursebook is shown in Figure 7.

Bir 8grencinin 1 hafta boyunca her glin ¢&zdUgi soru sayilar asagidaki tabloda verilmistir.

Tablo: Ogrencinin Bir Hafta Boyunca Cézdigii Soru Sayisi

Giinler Pazartesi Sall Garsamba | Persembe | Cuma | Cumartesi | Pazar
Soru sayisi 5 14 15 80 5 5 16

Buna gére bu dgrencinin bir haftada ¢ozdigil soru sayisinin aritmetik ortalamasi, tepe degeri ve
ortancasini bulalim. Bilgilerden hangisinin bize bu dgrencinin performansi hakkinda etkili yorum
yapabilme olanagdi saglayacagini bulalim.

[The table below gives the number of questions a student solved every day for a week. Days; Monday, Tuesday,
Wednesday, Thursday, Saturday, Sunday, Number of questions; 5, 14, 15, 80, 5, 5, 16]

Figure 7. An arithmetic mean problem asked in the verbal form in type C4, TR7, p. 267. (The table below gives
the number of questions a student solved every day for a week. What are the arithmetic mean, mode, and median
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of the number of questions the student solved in a week? Please indicate which of the information can enable us
to make accurate comments regarding the performance of this student.)

3.2.3. What solution strategies were included in the solution of the problems in Turkish coursebooks, and what
representation forms were used in the solution?

Determining the types of arithmetic mean problems in the coursebooks is as significant as determining the
strategies used in the solutions of these problems. This is because mathematical solutions through algorithm and
prediction-check strategies do not ensure that the arithmetic mean is conceptually understood. Table 4 presents
the results on the strategies and the representation forms used in the solution of the problems in the coursebooks.

Table 4. The strategies and representation forms used in solving problems related to the arithmetic mean in the
coursebooks

Coursebooks

Solution Strategy TR6A TR6B TR7
Center of balance 0 0 0
Fair Share 1 0 0
Prediction Check 0 0 0
Algorithm 5 10 4
The Representation Form Used in Solution

Verbal 0 0 0
Picture 0 0 0
Manipulative 0 0 0
Symbol (arithmetic or algebraic) 6 10 4

The arithmetic mean problems in the coursebooks were solved only through the add—divide algorithm. Any
solution through the center of balance, fair share, and prediction-check strategies were not included in the
coursebooks. Moreover, different representation forms were not used in the solutions, and the solutions were
presented only in an arithmetic form. Figures 8 and 9 present the problems with solutions in TR6A and TR6B,
respectively. The first problem in Figure 8 asks what the arithmetic mean is in a data set of five numbers, and the
other gives a data set of six numbers and asks how the arithmetic mean would change if any number from this
data set is removed. Figure 9 shows two problems for identifying the unknown element in the data set.

Ornek:
2,4, 6, 8, 10 veni grubunun antmetik ortalamas:: Msm — 950— = &

| 20, 25, 30, 35, 40, 45 |

Yukarndak vende bir gruba ait kigilenn yaglarn venlmighr,
Bu gruptan 45 veya 20 yagindaks kigiler gikanldiginda olugocak yeni durumda aritmetik orfala-
mamnn nasl defigecedin yorvmlayalim.

Tabloyu inceledifimizde gropta 20, 25, 30, 35, 40 ve 45 yaglannda 6 kigi bulundugunu

glrlyorsz.
Gruptaki kigilenn yoglaon toplami: 20 + 25 + 30 + 35 + 40 + 45 \
195 I|
Kigilerin yaglan toplam
Antmehk ortalama= ¥ yag L P L =193 _ 32,5 |
Kigi seryis: 3

iki duruma dao bak-
hmmizda  yaz 45
oclan ks gikanidi-
ginda oralamanin
azaldi§um, yas 20
olan kigi gikanldi-

ginda orfalamann
‘ arthigim girlyoruz.

Yag 45 clan kg grupton gkanldiginda, |
Toplam kigi sayisi: & 1= 5 kigi

Gruptaki kigilenn yoglan teplami: 195 - 45 = 150 >
Arntmetk ortalama = L%g =30

Yaz 20 oclam kign grupton gikanldiginda,

Toplaom kigi sayisi: & - 1 = 5 kigi

Gruptaki kigilenn yoglan toplami: 195 - 20 175 |

Aritmetk ortalama =%i= 35 _.ll

Figure 8. The solution of the two problems of type Al in TR6A through the algorithm in a verbal form (The
arithmetic mean of the data set 2, 4, 6, 8, 10 is 30/5=6; 20, 25, 30, 35, 40, 45 ... This data gives the ages of
people in a group. Please interpret how the arithmetic mean would change when people at 45 and 20 are
removed from this group. When we look at the table, we see that there are six people at the ages of 20, 25, 30,
35, 40 and 45. The sum of the ages of people in the group is as follows: Arithmetic mean = The sum of the ages
of people / The number of people, When the person at 45 is removed. The total number of people is 6— 1 =5
People. The sum of the ages of people in the group: 195-45=150, Arithmetic mean: 150/5=30. When the person
at 20 is removed, The total number of people is 6— 1 = 5 People, The sum of the ages of people in the group:
195-20=175, Arithmetic mean: 175/5=35. For these two cases, we see that when the person at 45 is removed
from the group, the mean decreases, and when the person at 20 is removed from the group, the mean increases)
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Dort arkadasin yas ortalamasi 14'tlir. Bu arkadaslardan Gglnln yaslar 12, 15 ve 14 oldugun
gore dorduncu kiginin yasini hesaplayalim.

Yaslarinin Toplami
Kisi Sayisi

Aritmetik Ortalama = Yaslarinin Ortalamasi =

Bu durumda yagslarinin ortalamasinin 14 ve kisi sayisinin 4 oldugunu biliyoruz,

O halde dort arkadasin yaslarinin toplami 14 - 4 = 56 'dir.

U¢ arkadasin yaslarinin toplami ise 12 + 15 + 14 = 41'dir

Dérdunct kisinin yas: ise 56 - 41 = 15 olarak bulunur.

Zehra, Fen ve Teknoloji dersinin ilk iki sinavindan 72 ve 80 puan almistir. Zehra bu dersin ortala-

masinin 84 puan olmasini istedigine gdre Zehra'nin Uclincl sinavdan kag puan almasi gerektidini
bulalim.

Ug Sinavin Toplam Puani

Aritmetik Ortalama =
Sinif Sayisi
Ug sinavin toplam puani 84 - 3 = 252'dir.
Zehra'nin ilk iki sinavdan aldig1 puanlarin toplami 72 + 80 = 152'dir.
Bu durumda Ug¢linct sinavdan almasi gereken puan 252 -152 = 100'ddr.

Figure 9. The solution of the two problems in type B1 in TR6B through the algorithm in verbal form (Problem
1: The mean age of four friends is 14. If the ages of three persons are 12, 15, and 14; what is the age of the fourth
person?, Solution: We know that the mean age is 14 and the number of people is 4; thus, in this case, the sum of
the ages of four friends is 14 x 4 = 56, The sum of the ages of the three friends is 12 + 15 + 14 = 41, and the age
of the fourth person is 56 — 41 = 15; Problem 2: Zehra got 72 and 80 on the first two tests in Science and
Technology. If Zehra wants her grade point average to be 84 in this class, what score should she get on the third
test?, Solution: The total score on three tests is 84 x 3 =252, The total score Zehra got on the first two tests is 72
+ 80 = 152, In this case, the score she needs to get on the third test is 252 — 152 = 100)

The solutions to the problems presented in Figures 8 and 9 can be obtained via the arithmetic mean
algorithm, and a different solution strategy was not applied. Although the fair share approach is briefly
mentioned when introducing the concept of arithmetic mean in both coursebooks, there is no content on the
relationship between the identified value and the elements in the data set. Consequently, the problems with
solutions and the representation forms and solution strategies in solving the problems in the coursebooks push
students to use the algorithm and do not allow students to interpret the relationship between the arithmetic mean
and the elements in the data set and the arithmetic mean as a value that represents a data set and calculate the
weighted mean.

4. Discussion and Conclusion

This study investigated how the concept of arithmetic mean (an essential concept in the learning domain of
data) was presented in Turkish coursebooks, what kind of problems related to the arithmetic mean was covered,
the types of representation forms through which the problems were presented, and the types of representation
forms and solving strategies used in solving the problems. Although balance and fair-share models are strong
analogies in understanding arithmetic mean conceptually, the two coursebooks for grade 6 did not cover these
models sufficiently or did not cover them at all. For example, there was no explanation in the coursebooks
saying that arithmetic mean is the center of balance in a data set. Furthermore, although one problem case on
fair share was presented, the relationship between the arithmetic mean and elements in a data set and the
discussions concerning arithmetic mean as a value that represents the data set were not covered in the
coursebooks. An indicator, perhaps the best one that shows the arithmetic mean is conceptually understood, is
interpreting it as a value that represents a data set (Leavy, 2001; Mokros & Russell, 1995). What arithmetic
mean, as a statistical concept, means to a data set can be taught via fair share and balance models (Cai & Moyer,
1995; Hardiman et al., 1984; Uccellini, 1996; Van de Walle et al., 2013). An experimental study conducted by
Hardiman et al. (1984) demonstrated that teaching through the balance model enabled students to understand
weighted mean better. Cai and Moyer (1995) reported that the idea of fair share positively affected students’
performance for solving problems related to the arithmetic mean. In this regard, the fair share and center of
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balance approaches can be used in Turkish coursebooks for teaching the relationship between the concept of
arithmetic mean and the elements in a data set and what it means for the data set.

Considering the types of arithmetic mean problems with solutions in the coursebooks, none of the three
books included a problem with solution of type B2, B4, C1, and C2. Having problems of type B and C in
coursebooks is essential in students’ learning the concept of arithmetic mean in depth (Bremigan, 2003; Leavy &
O’Loughlin, 2006; Russell & Mokros, 1996). A problem of type B2 will encourage students to consider the
center of balance in the arithmetic mean (Russell & Mokros, 1996). An indicator that shows the arithmetic mean
is understood conceptually is the ability to solve weighted mean problems (Mevarech, 1983; Pollatsek et al.,
1981). In this sense, problems of type B4 should be included in the coursebooks. Bremigan (2003) maintained
that the conceptual understanding of arithmetic mean depends on understanding the seven properties of the
arithmetic mean (Strauss & Bichler, 1988). One of these properties is that the arithmetic mean may not always
be a natural number. The students will find this normal when they learn about the relationship between the
arithmetic mean and the elements in the data set and that it is a value that represents the data set. Therefore,
coursebooks should include problems of type C1 and C2 (Bremigan, 2003; Cai et al, 2002; Leavy &
O’Loughlin, 2006; Watson, 2007). Unlike the results of the present study, Leavy and O’Loughlin (2006) used
problems that required comparing two data sets that did not have equal number of elements (C1), calculating
weighted means (B4), and constructing a data set with seven elements whose arithmetic mean is known (B2) for
determining whether the concept of arithmetic mean is understood conceptually. U¢ar and Akdogdan (2009) and
Enisoglu (2014) used arithmetic mean problems in several types in their studies. For example, there are eight
students at different ages in a scout camp, and the mean age of the students in this group is 15. Thus, please draw
a column chart that shows what the ages of these students might be in the area below and create a sample data set
based on the information given (Type B2).

Most problems in the coursebooks were asked in a verbal form; in problems that were asked in the multiple
form, students were asked to identify the overall mean or interpret the mean together with the range. The number
of problems asked in the multiple form was 1 in TR6A and 2 in TR6B. TR7, however, it did not include any
problems in the multiple form. Unlike the results of the study, the literature includes studies where problems
were asked via various representation forms (Enisoglu, 2014; Koparan & Giiven, 2014; Ugar & Akdogan, 2009).
The representation form through which the problems are presented affects the representation form students
choose to solve the problem. The representation forms students use are directly linked to the solution strategies
they choose, e.g., students who use the add—divide strategy mostly preferred symbolic representation. The
students using the levels equalizing strategy applied representation by images (Cai & Moyer, 1995). Previously,
studies reported that the number of problems presented in the visual form is higher in number in American
coursebooks than Chinese coursebooks; therefore, American students often choose using representation by
visuals for solving problems than Chinese students (Brenner et al., 1999; Cai, 1995). In mathematics classes,
students are usually given a problem in a symbolic or verbal form and are expected to solve it in a symbolic form
(the arithmetic mean algorithm). This directs the students to use the algorithm but does not ensure conceptual
student learning (Cai, 1995; Cai & Moyer, 1995). In this regard, coursebooks should be enriched in terms of
arithmetic mean problems of diverse types and asked through different representation forms.

Determining the types of arithmetic mean problems in coursebooks is as significant as determining the
strategies used in the solution of these problems. The solution strategies used by the students can inform whether
students conceptually learned the concept of arithmetic mean (Mokros & Russell, 1995; Watson & Moritz,
2000). This is because mathematical solutions via algorithm and prediction-check strategies do not ensure that
the arithmetic mean is conceptually understood; however, the use of the center of balance and fair share
approaches in the solution of problems indicates that the arithmetic mean is conceptually understood (Hardiman
et al., 1984; Marnich, 2008; Uccellini, 1996). The arithmetic mean problems in coursebooks were solved only
via the add—divide algorithm. Solutions through the center of balance, fair share, and prediction-check strategies
were not included in the coursebooks. Moreover, different representation forms were not used in the solutions,
which were presented only in an arithmetic form. In previous studies, it was reported that along with the content
in the coursebooks, students frequently applied the add—divide algorithm for solving arithmetic mean problems
without knowing the meaning that underlies the algorithm (Ugar & Akdogan, 2009; Kaynar & Halat, 2012;
Enisoglu, 2014). In their study, Cakmak and Durmus (2015) aimed to identify the concepts students in Grades 6—
8 had difficulty within the learning domain of statistics and probability and identified the reasons behind this
difficulty. In the interviews, students reported that they had forgotten the arithmetic mean formula. Unlii (2008)
stated that one of the most significant reasons students fail in mathematics is memorizing formulas and not being
able to recall the memorized information afterward. In this context, various solution strategies should be
included in the solution of arithmetic mean problems in coursebooks. Students should be encouraged to apply
different solution strategies, and solving problems through various strategies and representation forms enables
students to learn the related concept in depth. The students who learned the concept of arithmetic mean
conceptually considered frequently using multiple representations in their solutions. In this regard, in the course
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books, different strategies and multiple representation forms should be used for solving arithmetic mean
problems.

5. Recommendations

Although the fair share approach is briefly mentioned in Turkish coursebooks, the facts that the relationship
between the resulting value and the elements in the data set and what it means for the data set was not mentioned
and the center of balance approach was not mentioned at all may push students to superficially learn the concept
of arithmetic mean. The problems in the coursebooks and the strategies and representation forms used in the
solutions of problems might push students to think and act with focus only on the algorithm and make their
solutions in the symbolic form. This might cause students to have difficulty and make mistakes when solving
arithmetic mean questions that measure their conceptual understanding levels in international examinations. In
this context, the fair share and center of balance approaches should be used in Turkish coursebooks when
teaching the relationship between the arithmetic mean and the elements in the data set and what it means for the
data set. Furthermore, the books should be enriched in terms of the problems of various types and questions
should be asked via different representation forms. Different strategies and multiple representation forms should
be used for solving arithmetic mean problems in the coursebooks. Future studies might investigate the extent to
which mathematics teachers use coursebooks when teaching the concept of arithmetic mean, what students
understand by the concept of arithmetic mean, and what representation forms they use and what solution
strategies they apply when solving arithmetic mean problems. For this purpose, whether students learn the
concept of arithmetic mean deeply can be revealed. The results might enable us to see the effect of the
coursebook on the performances of students more clearly.
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