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Abstract: The degree distance was introduced by Dobrynin, Kochetova and Gutman as a weighted version of
the Wiener index. In this paper, we investigate the degree distance and Gutman index of complete,
and strong product graphs by using the adjacency and distance matrices of a graph.
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1. Introduction

All graphs in this paper are assumed to be undirected, finite and simple. We refer to [2] for graph
theoretical notation and terminology not specified here. For a graph G, let V(G), E(G) and G denote
the set of vertices, the set of edges and the complement of G, respectively. If G is a connected graph and
u,v € V(G), then the distance d(u, v) between v and v is the length of a shortest path connecting u and v.
If v is a vertex of a connected graph G, then the eccentricity e(v) of v is defined by e(v) = max{d(u,v)|u €
V(G)}. Furthermore, the diameter diam(G) of G is defined by diam(G) = max{e(v) |v € V(G)}.

Let G be a finite, simple, connected, undirected graph with p vertices and ¢ edges. In what follows,
we say that G is an (p, ¢)-graph. Let V(G) = {v1,v2,...,v,} and E(G) = {e1,e2,...,¢e,} be the vertex
set and edge set of G, respectively. The adjacency matriz of G is the p x p matrix A = A(G) whose (i, 7)
entry, denoted by a;;, is defined by

G — 1 if v; and v; are adjacent
7| 0 otherwise.
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The distance matriz of G is the p x p matrix Dg whose (i, j) entry, denoted by d

g, = J davi,vg) i vi # v
710 otherwise,

is defined by

ij

where dg(v;,v;) is the length of a shortest directed path in G from v; to v;.

The vertex u is said to be a neighbor of v if they are adjacent. The neighborhood of a vertex v, denoted
by N¢(v), is the set of all neighbors of v. The degree of a vertex v in a graph G, denoted by d,, = dg(v),
is the number of vertices in its neighborhood, that is, dg(v) = |[N(v)|. The common neighborhood graph
con(G) (in short congraph) of a graph G is defined as the graph with V(con(G)) = V(G) and two vertices
in con(G) are adjacent if they have a common neighbor in G. For every z,y € V(G),

xy € E(con(G)) if and only if Ng(z) N Ng(y) # 0.

Some basic properties of congraphs have been established; see [1, 3].

The oldest and most studied degree-based structure descriptors are the first and second Zagreb indices
[15], defined as

Mi(G) = ) (da(v))? and Ma(G) = Y (da(w) (dc(v)) .

veV(Q) weE(G)

It has been shown that the first Zagreb index obeys the identity [10]

M(G)= ) (da(w)+da(v)) -

weE(Q)

The first investigation of the sum of distance between all pairs of vertices of a (connected) graph was
done by Harold Wiener in 1947, who realized that there exists a correlation between the boiling points
of paraffins and this sum [20]. Eventually, the distance-based graph invariant,

WG = > duv).
{u,v}CV(G)
For more details, we refer to [8, 11, 13, 19].

The degree distance was introduced by Dobrynin and Kochetova [9] and Gutman [14] as a weighted
version of the Wiener index. The degree distance DD(G) of a graph G is defined as

pD@) = Y de(wv)do(w) +ds()] =1 Y dalu,v)lda(u) + de(v)
{u,v}CV(G) u,weEV(G)

with the summation runs over all pairs of vertices of G. The degree distance is also known as the Schultz
index in chemical literature; see [21]. In [14], Gutman showed that if G is a tree on n vertices, then
DD(G) =4W(G) — n(n — 1); see [5, 6] and [9]. In [7], Gutman index Gut(G) of a graph G is defined as

Gut(G)= Y de(u)de(v)d(u,v).
{u,v}CV(G)
For more details on Gutman index, we refer to [4, 7, 12].

The relations between the degree distance, Gutman index and Wiener index are shown in the fol-
lowing Table 1.

The join and strong products are defined as follows.

The join or complete product GV H of two disjoint graphs G and H, is the graph with vertex set
V(G)UV(H) and edge set E(G)U E(H)U{uv|u e V(G),v e V(H)}.
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Table 1. Three distance parameters

Wiener index W(G) =X (umrcvia) da(u,v)
Degree distance| DD(G) = 3, ,ycv(q) dc(u,v)[de(u) + da(v)]
Gutman index | Gut(G) =3, ,;cv(e) da(u,v)da(u)da(v)

The strong product GX H of graphs G and H has the vertex set V(G) x V(H). Two vertices (u, v)
and (u/,v") are adjacent whenever vu' € E(G) and v =v', or u = v’ and vv’ € E(H), or wu’ € E(G)
and v’ € E(H).

Paulraja and Agnes [16] studied the degree distance of Cartesian and lexicographic products. Later,
they [17] investigated the Gutman index of Cartesian and lexicographic products. In this paper, we
investigate the degree distance and Gutman index of strong and complete product graphs.

2. Preliminary

We define,
= Y de(0)deon(y(v) and  Np(G)= > dg(u)da(v).

veV(G) uwveE(con(G))
Definition 2.1. Let A = [a;j]mxn. Then, we define

S(A) = Z Qij-

1<i<m, 1<j<n

The following lemma is immediate.

Lemma 2.2. Let A = [aijlnxn and B = [bijlnxn. Then

(1) S(AT) = S(A) and S(a A) = a S(A) for every a € R;
(2) S(A+ B) =S(A)+ S(B).

Lemma 2.3. Let G be a (p,q)-graph, and let con(G) be a (p,q’)-graph. Let A, B, K be the adjacency
matrices of G, con(G), K, respectively. Then

(1) S(4) =

(2) S(AQ) (G);
(3) S(AB) = Nl(G),
(4) S(A%) = 2M>(G);
(5) S(AK) =2q(p—1).
(6) S(ABA) =2N,(G).

Proof. For (1), we have

S(4)

PDIRTED 9 SIUED A

1<i,5<p i=1 j=1
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For (2), we have

P
ST SR D S s
1<i j<p 1<4,5<p k=1
P
= ZZ%Z% D du du, = Mi(G).
k=11i=1 k=1
For (3), we have
P
S(AB) = Zaikbk‘j
1<i,j<p k=1
PP P P
= 2.2 @ ) by = ) du deoncor = Ni(G).
k=1i=1  j=1 k=1
For (4), we have
1
My(G) = > do, = 5 > dy,dy, ay
vvvjeE(G) 1<i,5<p

. p .
Since ) 7| aria;; is the entry

My(G) =

For (5), we have
S(AK) =

For (6), we have
Na(G)

DN | =

3

P
E AL E Ajs | Aij
s=1
P
Qjs g Qi Q-
i=1

of matrix A2, it follows that

i

Il
?1:
fi M@

E
I

1

.
—

1 p p p
LYY Y o
k=1j=1s=1 =1
1 p p p 1 p p 3) 1
§Zzztkja-73252 Qg o 255(143)
k=1 s=1 j=1 k=1 s=1
p
Z Zair krj
1<i,j<pr=1
/4 p
ZZCL“« Zkrj = Zdvr - 2q(p 1)
r=1i=1 j=1 r=1
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Since, >-P_| a;b;; is the entry ¢4, of matrix AB, hence

122 P
Nao(G) = 5303 D as; ) anibis
k=1s=1j=1 i=1
1 P22
Y S e DY = st
k=1s=1j=1 k 1s=1
where Y P tp;a;s is the entry fis of matrix A B A. O

The following result for classical distance are from the book [18].

Lemma 2.4. [18] Let (u,v) and (u/,v") be two vertices of Gy ® Gy. Then
dG1|XG2 ((uv U)v (ulv ’Ul)) - maX{dGl (uv ’U,I), da, (Uv U/)}'
For G5 = K, the following result is immediate.

Corollary 2.5. Let K, be a complete graph, and let (u,v) and (u',v") be two vertices of G K K,,. Then

de(u,u’) if u £/,
demk, ((u,v), (W',0") = ¢ 1 ifu=u" and v #1,

0 ifu=vu andv="".

3. Main results

In this section, we give our main results and their proofs.

3.1. Relation between degree distance and Gutman index

We first define a matrix, which will be used later.

Definition 3.1. Let G(V, E) be a graph with order n and m edges. For k =1,2,--- ,a where « denotes
the diameter of graph G, we define

Ay = [ 7,]]n><nv

where a;; X
0 otherwise.

E _ { 1 d(vi,vj) =k

The following results are easily seen.

Observation 3.1. Let A and Dg be the adjacency matriz and the distance matriz of a graph G, respec-
tively. Then

)

2) DG :A1+2A2+"'+O[Aa,'
) A1+ Ay + -+ Ay = K, where K is the adjacency matriz complete graph K, ;
)

4) if diam(G) = 2 then Dg = A + 2A.

ot
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Lemma 3.2. Let G be a graph containing no triangles, and let A, B, K be the adjacency matrix of
G, con(G), K, respectively. Then

(1) for every u,v € V(G), dg(u,v) = 2 if and only if uv € E(con(G));

(2) if diam(G) = 3 then Dg = 3K —2A — B.
Proof. (1) Suppose dg(u,v) = 2. Then there exists a vertex z € V(G) such that ¢ {u,v} and
uz,zv € E(G), and hence N(u) NN (v) # 0. Therefore, we have uv € E(con(G)). Conversely, we suppose
wv € E(con(G)). Then N(u) N N(v) # (), and hence there exists a vertex x € N(u) N N(v). Note that

ux,zv € E(G). Therefore, deu,v) < 2. If d(u,v) = 1, then we have a triangle, a contradiction. So
de(u,v) = 2, as desired.

(2) From Observation 3.1, we have Dg = A; + 245 + 3A5. Note that Ay = A, A, = B and
A+ B+ Az = K. Therefore, Dg = 3K — 2A — B. O

Lemma 3.3. Let G(p,q) be a graph, and let A, D be the adjacency matriz and the distance matriz of
a graph G, respectively. Then

(1) S(ADg) = DD(G);
(2) if diam(G) = 2 then DD(G) = 4(p — 1)q — My(G);
(3) if diam(G) = 3 and G has no triangles, then
DD(G) = 6q(p — 1) — 2M1(G) — N1(G).

Proof. (1) Since

p
aikdkj = Z Zaik d(vkvvj)

I
NE
M=
NE

S(ADg)
i=1 j=1 k=1 1<), k<p i=1
B d(vx) d(vk, v;)
1<j,k<p
and
p D b p
S(DgA) = > 3 digar; = > d(vi,vr) > ax;
i=1 j=1 k=1 1<i,k<p j=1

= d(’l}i7 ’Uk) d(’Uk) - Z d(Uk, Uj) d(vj)v

1<i,k<p 1<j,k<p
it follows that
2S(ADg) = S(ADg)+ S((ADg)") = S(ADg)+ S(Dg A)
= Y dvg,v)[d(ve) + d(v;)]

1<j,k<p
= 2 Z d(vg,v)[d(vg) + d(vs)] = 2DD(G).
{vk,v; }EV(G)

For (2), we have

DD(G) = S(ADg) = S(A(A + 24))
— 29(A(A+A)) — 5(4%)
— 25(AK) — S(4%) = 4(p — 1) — My(G).
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For (3), we have

DD(G) = S(ADg)
S(A(BK —2A — B)) =3S(AK) — 25(A%) — S(AB)
= 6q(p — 1) — 2M1(G) — N1(G).

O
Lemma 3.4. Let G be a (p,q)-graph and A be the adjacency matriz of G. Then Gut(G) = %S(A D¢ A)

Proof.

S(AD¢ A)

I
(]
(]

ij@
X

ZdG(Uk) ~da(vs) - d(vk, vs)

de(vg)de(vs)d(vg, vs) = 2Gut(G).

Proof. Since, S(ADg) = DD(G) and Gut(G) = 1S(A D¢ A), hence

2Gut(G) — DD(G) = S(ADg A) — S(ADg)
— S(ADG(A- 1))

o> talan — 1)

1<i,j<p k=1
= Y tu(dg(vr) = 1).

1<i,k<p

Therefore,
(6—1) Y ti <2Gut(G)-DD(G) < (A—1) > ti
1<i,k<p 1<i,k<p
Hence,
(0 —1)S(ADg) <2Gut(G) — DD(G) < (A —1)S(ADg).
Thus,
dDD(G) < 2Gut(G) < ADD(G),
that is
o2
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3.2. For degree distance

In this subsection, we study the degree distance of strong product graphs. We first begin with an
easy case.

Theorem 3.6. Let G be a connected graph with py vertices and q edges, and K, be a complete graph
with order p. Then

DD(GRK,) = p*DD(G) + 2p*(p — V)[W(G) + q1] + prp(p — 1)2.

Proof. Let V(G) =V and V(K,,) = Va. From the definition of strong product and Corollary 2.5, we
have

DD(GRK,)
- Z [ngKp (a7 b) + dG|Z|Kp (Cv d)]dGngp [((l, b)7 (C7 d)]
{(a,b),(c,d)}ngng

= Z [dg(a) + de (b) +dg (a)de (b) + dG(C) + de (d) + dg(c)de (d)]
{(a,b),(c,d)}CV1 x V>

= Z [de(a) +p—1+dg(a)(p—1) +da(c) +p—1+da(c)(p—1)] - da(a,c)
{(a,b),(c,d)}CV1 X Va,a5#c
+ > [d(a) +p—1+dg(a)(p—1) +da(c) +p—1+da(c)(p—1)]-1
{(a,b),(c,d)}CV1 X Va,a=c
= > [p(da(a) + da(e) +2(p — 1)]da(a, 0)
{(a,b),(c,d)}CV1 X Va,a#c
+ > 2pdc(a) +2(p — 1)]
{(a,b),(c,d)}CVi xVa,a=c
=P > [de(a) + da(c)lda(a, ¢) +2(p — 1) > da(a,c)
{(a,b),(c,d)}CV1 xVa,a#c {(a,b),(c,d)} CV1 x Va,a%c
+2p > dg(a) +2(p—1) > 1
{(a,b),(c,d)}CV1 xVa,a=c {(a,b),(c,d)}CV; xVa,a=c
plp—1) (p—1)

= PPDD(G) + 20*(p — YW(G) +2p- 2+ 2p(p—1)- 2

2 2

= p*DD(G) + 2p*(p — DW(G) + 1] + pip(p — 1)2.

For the strong product of two general graphs, we have the following.

Theorem 3.7. Let Gy be a connected graph with p; vertices and q1 edges, and Go be a connected graph
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with po vertices and qo edges. Then

max {DD(Gl)[2p2qQ + p3] + 4p2g2aW (G1) + 2p2(p2 — 1)1 W (Ga) + DD(G2)(2q1 + p1),

DD(G2)[2p1q1 + pi] + 4p1gi W (G2) + 2p1(p1 — 1)g2W (G1) + DD(G1)(2g9 +pz)}

< DD(Gy K G>) < (22 + p2)(p2 + 1)DD(G1) + g2 (4p2 + 2pT — 2p1) W (G1)
+(2q1 + p1)(p1 + 1)DD(G2) + q1(4p1 + 2p3 — 2p2) W (Ga).

Moreover, the lower bound is sharp.

In particular, if G be a connected graph with p vertices and q edges, then

(2¢ +p)(p+1)DD(G) + 2pq(p + L)W (G)
< DD(GRG) <2{(2¢ +p)(p+ 1)DD(G) + 2pq(p + HYW(G)}.

Proof. From Lemma 2.4 and the definition of degree distance, we have

DD(G1KGy) = > [de,me, (a,b) + da,wa, (¢, d)]de,xe, [(a, D), (¢, d)]
{(a0), (e )} CVa x Vs

= Z [dGl ((1) + dG2 (b) + dGl (a’)dG2 (b) + dGl (C) + dGz (d) + dGl (C)dGz (d)]
{(a,b),(c,d)}CV; x V3

-max{dg, (a,¢),dg,(b,d)}

> max { Z [dG1 (G,) + dGz (b) + dGl (a)dGz (b) + dGl (C) + dGz (d) + dGl (C)dG2 (d)]dG1 (0’7 C)
{(a;b),(c,d)}CV1 XV
+ Z [dG1 (a) + dGz (b) + dGl (a)dGz (b) + dG1 (C) + dG2 (d) + dG1 (C)dGz (d)]dGz (b7 d)a

{(a,b),(c,d)} CVy x Va
a=c

> [de, (a) + da, (b) + da, (a)da, (b) + de, (¢) + da, (d) + da, (¢)da, (d)]de, (b, )

{(a,b),(c,d)}CVy x Vo
bd

+ Z [dGI (a) + dg, (b) + dg, (a)da, (b) + da, (¢) + da, (d) + da, (¢)de, (d)]dGl (a, C)}

{(a,b),(c,d)} CVy x Vy
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= max { Z [dG1 (a‘) + dGl (c)]dG1 (a7 C) + Z [dGz (b) + dG’2 (d)}dGl (a= C)

{(a;b),(c,d)} SV x Vo {(a,b),(c,d)}CVy X Vo
a#c aF#c

+ > [de, (a)de, (b) + da, (c)da, (d)]dg, (a, c)

{(a;b),(c,d)} SV X V3
aF#c

+ > 2dc, (a) + (dg, (a) + 1)(de, (b) + dg, (d)))de, (b, d),
{(a,b),(a,d)}CVi x Vs

Z [dG1 ((L) + dG1 (C)]dGz (b7 d) + Z [dGz (b) + dG2 (d)]dGz (ba d)

{(a,b),(c,d)} CVI X Vo {(a,0),(c,d)} CVy XV
b£d b£d

+ > lde, (a)da, (b) + da, (c)da, (d)]de, (b, d)

{(a,b),(c,d)}CVy X Va
b£d

+ > [2dg, (b) + (da, (b) + 1)(de, (a) + da, (¢))]de, (a, C)}

{(a,b),(c,b)}SV1x V2

= max {pgDD(Gl) + 4pagaW(Gh) + > [d, (a)da, (b) + dg, (¢)da,(d)]dg, (a;c)
{(a,b),(c,d)}CVy x V>

+2p2(p2 — 1)1 W(G2) + DD(G2)(2q1 + p1),

PiDD(G2) +4p1i W (G2) + > [da, (a)da, (b) + da, (¢)da, (d)lda, (b, d)
{(ab),(c,d)}CVi x Vo

+2p1(p1 — 1)gaW (G1) + DD(G1)(2a2 +p2) }

Since

> de, (a)dg, (b) + da, (¢)de, (d)]de, (a, c)
{(a,b),(c,d)}CV1 x V>

= > [da, (a)da, (b) - da, (a; )] + > [d, (¢)da,(d) - da, (a;c)]

{(a,b),(c,d)}CV1IX V2 {(a,),(c,d)} V1 x V2
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Z dG1 dG1 CLC Z dG2 Z dG1 dG1 CLC Z dG2

{a,c}CV; {b,d}C Vs {a,c}CW {b,d}C Vs

= 2p2qs - Z dG1 dGl a,c +2p2q2 Z dG1 dG1 a, C)
{a,c}CV; {a,c}CV1

2p2q2 < Z [dGl (a) +dc, (C)]dGl (a7 C))

{a,c}gw

= 2paqo - DD(G1)

and similarly

Z [dGl (a)dGz (b) + dg, (c)da, (d)]dGz (b7 d)
{(a,b),(c,d)}ng X Vs

= 2p1<11( > [da, (b) + day, (d))de, (b, d)) =2p11 DD(G>),
{b,d}C Ve
it follows that
D(G1 R Gy)

> max {DD(GI)[2P2Q2 + p3] + 4p2g2W (G1) + 2p2(p2 — 1)@ W(G2) + DD(G2)(2q1 + p1),

D(G2)[2p141 + 1] + 4p1s W (Ga) + 2p1(p1 = WV (G) + DD(G1) (20 +p2) .
Also, we have

DD(G1 R Gs)

= Z [dGﬂXGg (aab) + dGﬂng (Ca d)]dG1®G2[(a’b)’ (C, d)]
{(a,b),(c,d)}CV1 x V>

= > [de, (a) + da, (b) + da, (a)da, (b) + da, (¢) + da, (d) + da, (¢)da, (d)]
{(a:b) () }C Vi X Va

-max{dg, (a,c),dq,(b,d)}

IA

> [de, (a) + da, (b) + dg, (a)da, (b) + da, (¢) + da, (d) + da, (¢)da, (d)]de, (a, ¢)
{(a:b)(e:d)}C Vi x V2

+ Z [dGI (a) + de, (b) + dg, (a)da, (b) + da, (¢) + da, (d) + da, (¢)de, (d)]dGz (b, d)
{(a7b)7(cvd)}gvl xVa

(22 + p2)(p2 + 1) DD(G1) + g2 (4p2 + 2pT — 2p1) W (G1)
+(2g1 + p1)(p1 + 1)DD(G2) + q1(4p1 + 2p3 — 2p2) W (Gy2).

To show the sharpness of the lower bounds of Theorem 3.7, we consider the following example.

Example 1. Let G be a complete graph of order n. If n = 2, then G = K5 and G X G = K4, and hence
DD(GRG)=36=(2¢g+p)(p+1)DD(G) +2pq(p + 1)W(G). It n =3, then G = K3 and G X G = Ky,
and hence DD(GX G) = 576 = (2¢ + p)(p + 1)DD(G) + 2pq(p + 1)W(G). From the proof of Theorem
3.7, one can check that K, X K, is an sharp example of the lower bound.

131
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3.3. For Gutman index

In this subsection, we study the Gutman index of strong product graphs. We first begin with an
easy case.

Theorem 3.8. Let G be a connected graph with py vertices and q edges, and K, be a complete graph
with p vertices. Then
Gut(GR K,) = p*Gut(G) +p*(p — 1)DD(G) + p*(p — 1)* - W(G)

N p*(p — I)MI(G) N p(pg 1)

5 p1+2p%(p — 1)°qr.

Proof. Let V(G)=V; and V(K,) = V5. From the definition of strong product and Corollary 2.5, we
have

Gut(GRK,)

= > dark, (a,b) - dogk, (¢, d) - dawg, [(a,1), (¢, d)]
{(a,b),(c,d)}CV1 x V>

= > [da(a) + di, (b) + da(a)di, (0)] - [da(c) + dk, (d) + da(c)dk, (d))]
{(a,b),(c,d)}CV1 x V3

. dGIZIKp [(aa b)7 (C’ d)]

= > [pdc(a) +p — 1]+ [pda(c) + p —1] - da(a,0)
{(a,b),(c,d)}gle\/%a?éc
+ > [pde(a) +p — 1] - [pde(a) + (p — 1)] - 1
{(aab)7(cvd)}gvl xVa,a=c
= v > dg(a)de(c)dg(a, c)
{(a’b),(c,d)}gleVg,a;éc
+p(p—1) > [do(a) + da ()l (a,c)
{(avb)a(cvd)}gvl X Va,a#c
+(p—1)? Z da(a,c) +p? Z d%(a)
{(a;b),(c,d)} V1 X Va,a#c {(a,b),(c,d)}CVi x Va,a=c
* > (p=1)°+2p(p - 1) > da(a)
{(a,b%(c,d)}glevz’a:c {(a,b)’(c’d)}glevz)azc

= p*Gut(G) + p*(p —1)DD(G) + p°(p — 1)*- W(G)

+p73(p2_ D) +

—1)3
plp—1)° 5 ) 1 +20°(p — 1)1

For the strong product of two general graphs, we have the following.
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Theorem 3.9. Let Gy be a connected graph with p; vertices and q1 edges, and Go be a connected graph
with pa vertices and q, edges. Then

max {Gut(Gl)(pS + 4page + 43) + (2p2q2 + 4¢3) DD(G1) + 43 W (Gh)
+ M1 (G1)W (Gs) + [2¢1 + M1(G1)]DD(G2) + [p1 + 41 + M1 (G1)]Gut(G2),
Gut(Ga)(pt + 4prr + 4¢7) + (2p1q1 + 447) DD(G2) + 4¢iW (Ga)
+Ma(Go)W (Gh) + [202 + Ma(G2)]DD(Gh) + [pa + dga + Ma(G2)|Gut(Gh) |

Gut(G1 X GQ)
Gut(G1)[p3 + 4paga + 4G5 + pa + 4ga + Mo (G2)] + [2p2ge + 445 + 2g2 + Ma(Go)|DD(G1)
+[4¢3 + Ma(G2)]W (G1) + Gut(G2)[py + 4p1q1 + 4g7 + p1 + 4q1 + M1 (G1))

+12p1q1 + 447 + 2q1 + My (G1)]DD(G2) + [4¢7 + My (G1)]W (Ga).
In particular, if G be a connected graph with p vertices and q edges, then

Gut(G)[p* + 4pq + 4¢> + p + 4q) + [2pq + 4¢° + 2q + M1 (G)|DD(G) + [4¢* + M (G)]W (G)
< Gui(GRQ)
< Q{Gut(G) [p? 4 4pq + 4¢* + p + 4q] + [2pq + 4¢° + 2¢ + M, (G)|DD(G) + [4¢* + M, (G)]W(G)}

Proof. Let V(G1) =V, and V(G2) = V. From the definition of strong product and Lemma 2.4, we
have

Gut(G1 X GQ)

= Z dG1®G2 (a’7 b) ’ dG1®G2 (C, d) : dGl&Gz [(CL, b)v (Cv d)]
{(a,b),(c,d)}CV1 x V>

= Z [dGl (a) + dGz (b) + dGl (a)dGz (b)] ’ [dGl (C) + dGz (d) + dGl (C)dGz (d)]
{(a,b),(c,d)}CV1 x V>

-max{dg, (a,c),dg,(b,d)}

> max { Z [dG1 (a‘) + dGz (b> + dGl (a)dG2 (b)] . [dG1 (C) + dGz (d) + dGl (C)dgz (d)]dGl (a’ C)
{(a,b),(c,d)}CVy xVy
+ > [de, (a) + dg, (b) + da, (a)da, ()] - [da, (¢) + da, (d) + da, (c)da, (d)]da, (b, d),

{(a,b),(c,d)}CVy XV
a=c

> lde, (a) + da, (b) + de, (a)de, ()] - [da, (¢) + da, (d) + da, (c)da, (d)]da, (b, d)

{(a,b),(c,d)}CVy x Vo
bd

+ Z [dGl (a) + dc, (b) +da, (a’)dGz (b)] ’ [dGl (C) +da, (d) +da, (c)dGz (d)]dGl (a7 C)}

{(a,b),(c,d)}CV1 X Vo

133
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134

_ max{ >

[dG1 (a‘) +da, (b) +da, (a)dG2 (b)] . [dG1 (C) + da, (d) +dg, (C)dg2 (d)]dGl (a, C)

{(a,b),(c,d)}CVy X Vy

aF#c

DD

[da, (@) + da,(b) + dg, (a)da, ()] - [dg, (a) + dg,(d) + da, (a)da,(d)]da, (b, d),

{(a,b),(a,d)}CV1 x V3

Z [dGI (a) + dg, (b) + de, (a)dg, (b)] : [dGl (c) +dg,(d) + dg, (c)da, (d)]dGz (b, d)

{(a,b),(c,d)}CVy x Vo
bd

LY

{(a,b),(c,b)}CV1 x V>

[dG1 (a) + dG? (b) + dGl (a)dGz (b)} ’ [dGl (C) + dG2 (b) + dGl (c)dGz (b)]dGl (a7 C)}

= max{X; + X»,Y; + Yo},

where

X, = >

{(a;b),(c,d)} SV XV
a#c

X, = >

[dGl (a) + dGz (b) + dGl (a)dG2 (b)] : [dGl (C) + dGz (d) + dGl (C)dG2 (d)}dGl (a7 C)a

[dGl (a) +da, (b) +da, (a)dG2 (b)} : [dG1 (a‘) +da, (d) + dg, (a)dGQ (d)]dGz (b’ d)’

{(a,b),(a,d)}CV1 x Vs

Yy = >

{(a.b),(c,d)}CVy x Vo
b£d

and

vy

[da, (a) + dg,(b) + dg, (a)da, (b)] - [da, (c) + da, (d) + dg, (c)da,(d)]da, (b, d),

[dG1 (CL) + da, (b) +dg, (a)dGz (b)] ’ [dGI (C) + da, (b) +dg, (C)dGz (b)]dG1 (av C).

{(a,b),(c,b)}g\/l X Vo

Note that
Xy > dg, (a) - dg, (c) - dg,(a,c) + > dg, (a) - dg,(d) - dg, (a, c)
{(a,b),(c,?é}glevg {(a,b),(c,d)} SV X Vy

DS

dGl (a)dG1 (C)dg2 (d)dGl (a7c) + Z dGz (b)dG1 (c)dG1 (a’ C)

{(a,b),(c,d)}C V) X Vo {(a,b),(c,d)}C V) X Vy

azc

azxc
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+ Z da, (b)dGz (d)dG1 ((l, )+ Z da, (b)dGI (c)dGz (d)dGl (avc)
{(a;b),(c,d)}CV1 XV {(a,b),(c,d)}CV1 X Vo
a#c a#c
+ Z dGl (a)dG2 (b)dGl (C)dGl (avc) + Z dGl (a’)dGQ (b)dGz (d)dG1 (a7c)
{(a;b),(c,d)}CV1 XV {(a,b),(c,d)} SV X V3

+ Z dGl (a’)dGz (b)dGl (C)dGz (d)dG1 (a‘7 C)

{(a,b),(c,d)}CV1 XV
a#c

= p%Gut(Gl) + 4p2q2Gut(Gy) + 4q§Gut(G1) + 2p2g2DD(G1) + 4q§DD(G1) + 4q§W(G1)

= Gut(G1)(p3 + 4p2ge + 463) + (2p2q2 + 4¢3)DD(G1) + 4¢2W (G1)

and
Xo
= Z da, (a)2 ~dg, (b, d) + Z de, (a) - dg,(d) - de, (b, d)

{(a,b),(c,d)}CV1x V2 {(a,b),(c,d)} Vi x V2

+ > de, (a)*de, (d)dg, (b,d) + > dg, (0)de, (a)dg, (b, d)
{(a,b),(c,d)}CV1 x V> {(a,b),(c,d)}CV1 x V>

+ Z ng (b)dGz (d)dG2 (b7 d) + Z dGz (b)dG1 (a)dG2 (d)ng (bv d)
{(a,b),(c,d)}CV1 X V> {(a,b),(c,d)}CV; x V>

+ Z dGl (a)2d02 (b)dGz (b’ d) + Z dGl (a)dG2 (b)dGz (d)dGz (b7 d)
{(a,b),(c,d)}CV1 x V> {(a,b),(c,d)}CV1 x V>

+ Z dG1 (a)szz (b)dG2 (d)dG2 (b7 d)

{(a,b),(c,d)}CV1x V>

= My(G1)W(Ga) + 2q1 DD(Ga) + My (G1)DD(Ga) + prGut(Ga) + dgy Gut(C)
My (G1)Gut(Ga)
= M (G1)W(G2) + [2¢1 + M1(G1)|DD(G2) + [p1 + 4q1 + M1(G1)]Gut(Ga).
Similarly, we have
Y1 = Gut(G2)(pT + 4p1g1 + 447) + (2p1q1 + 4¢7) DD(G2) + 4¢i W (Ga)
and
Yo = Ma(G2)W(Gh) + [2q2 + Ma(G2)|DD(Gh) + [p2 + g2 + Ma(G2)|Gut(Gh).
Then
Gut(G1 R Gy)
> max { Gut(G1)(p + 4page + 403) + (2p20> + 443)DD(G1) + 4g3W (G1)
+M1(G1)W (G2) + 21 + M1(G1)|DD(Gs) + [p1 + 4q1 + M1 (G1)]Gut(G2),

Gut(Ga)(p} +4prq1 +44¢3) + (2p1q1 + 4¢3)DD(G2) + 46 W (G2)
+M2(G2)W (G1) + [2¢2 + M2(G2)|DD(G1) + [p2 + 42 + Mz(G2)]GUt(Gl)}
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and

Gut(Gy B G)

= Z dGﬂXGz (av b) ’ dG1®G2 (C7 d) ’ dG1®G2 [(av b)v (C’ d)]
{(a,b),(c,d)}gle‘é

= > [de, (a) + da, (b) + de, (a)de, ()] - [da, (¢) + da, (d) + da, (c)da, (d)]
{(a,b),(c,d)}CV1 x V>

-max{dg, (a,c),dg, (b,d)}

< [dGl (a) + dGz (b) + dGl (a’)dGz (b)] ’ [dGl (C) + dGQ (d) + dGl (c)dG2 (d)]dGl (a’7 C)
{(a,b),(c,d)}CV1 x V>
+ Z [dG1 (a) + dG2 (b) + dG1 (a)dG2 (b)] ! [dG1 (C) + dG2 (d) + dG1 (C)dGQ (d)]dGQ (b7 d)

{(a,b),(c,d)}CV1 x V>
= Xi+ X0+ + Y,
< Gut(Gy)[ps + 4p2ga + 4¢3 + p2 + 4g2 + M2(G2)] + [2paga + 4¢3 + 2q2 + Ma(G2)|DD(Gh)

+[4g3 + Ma(G2)]W (G1) + Gut(G2)[p? + 4p1aqr + 447 + p1 + 4q1 + M1 (G1))]

+2p1q1 + 447 + 2q1 + M1 (G1)|DD(G2) + [4¢7 + M1 (G1)]W (Ga).

To show the sharpness of the lower bounds of Theorem 3.9, we consider the following example.

Example 1. Let G be a complete graph of order n. If n = 2, then G = K5 and G K G = K4, and hence
Gut(GRG) = 54 = Gut(Q)[p* +4pq+4¢* +p+4q]+[2pqg+4¢* +2q+ M1 (G)| DD(G) + [4¢* + M1 (G)|W (G).
If n = 3, then G = K3 and G X G = Ky, and hence Gut(G X G) = 2304 = Gut(GQ)[p? + 4pq + 4¢*> + p +
49) + [2pq + 4¢* + 2¢ + M1 (G)|DD(G) + [4¢*> + M1 (G)]W(G). From the proof of Theorem 3.9, one can
check that K, X K, is an sharp example of the lower bound.

3.4. For complete product

We first give the following lemma.
Lemma 3.10. (1) If A= [aijlnxm be any matriz and I = [1],xn, then S(I A) = pS(A);
(2) If A = [aijlmxn and I = [1]nxp, then S(AI) = pS(A);
(3) If A = [aijlpxms I = [Lmxn and B = [bijlnxq, then S(AIB) = S(A) - S(B). In particular, if
A = [aijlnxn then S(AT A) = S(A)2.

Proof. For (1), we have

n m

D) SEFEHES 9 95 9P

1k=1 i=1 k=1 j=1

=)
~
=
I
M@
NE

.
Il
—

<.
Il

I
.M“

©
Il
-

S(A) = pS(A).
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For (2), we have

m p n P m n
S(AI) Zzza“ﬂk:*ZZ Ak
=1 j=1 k=1 Jj=11i=1 k=1
p
= > S(A)=pS(4)
j=1

For (3), we have

n p m n

qg m q
Zzazkzlksbsjzzzaikz b
s=1

1 j=1k=1 i=1 k=1 j=1s=1

S(4)-S(B).

Il
M@

S(AIB)

7

I
A I

O

Corollary 3.11. Let G be a (p,q)-graph and A and K be the adjacency matriz of G and K, respectively.
Let I = [1],x, and I, be the identity matriz. Then S(AKA) = 4¢*> — M;(G).

Proof. By Lemma 3.10, we have

S(AK A) = S(A(I — I)A)

= S(ATA)—S(A?)
= S(A)? — 5(A?) = 4¢® — My (G).

Theorem 3.12. Let G be a (p, q)-graph, then

(1) If diam(G) = 2, then Gut(G) = 4¢> — M1 (G) — Ma(G).
(2) If diam(G) = 3 and G has no cycles of size 3 then

Gut(G) = 64> — ng(G) My (G) — Na(G).

Proof. (1) By Lemma 3.4 and Observation 3.1, we have:
2Gut(G) = S(ADg A) = S(A(A+2A4)A) = S(A%) +2S(AA A)

2S(A(A+ A)A) — S(A%) = 2S(A K A) — S(A?)
= 8¢° — 2M,(G) — 2M(G).

(2) By Lemma 3.4 and Observation 3.1, we have:
2Gut(G) = S(ADg A) = S(A(BK —2A— B)A)

= 3S(AK A) —2S5(A%) — S(AB A)
= 12¢> — 3M,(G) — 4M>(G) — 2Nz (G).
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Remark 3.13. Let Ay = [aijln, xn, and Ay = [bij]n,xn, be the adjacency matriz of G1 and G, respec-

tively. Let Dg be distance matriz of graph G = G1V Ga. Let It = [1]n,xnys 12 = [LUnyxngs 11 = [Ung xnos
Iy = [1nyxn, and I, be identity matrices. Then

Do — (20 = A1 =26, I
IQ, 21, — A2 - 2In2

is distance matriz of G1 V Gs.

Theorem 3.14. Let G be a graph with order ny and my edges and Go be a graph with order ny and mo
edges. Then

DD(G1V G3) = 4(n1 +ng — 1)(my +ma + ninz) — M(G1 V Ga).
Proof. Since diam(G1 V G2) = 2, it follows from Lemma 3.3 that

DD(Gy V Ga) =4(ny +ng — 1)(mq + mg + ning) — M1(G1 V Ga).
For computing M;(G; V G2), let A be the adjacency matrix of graph G = G V G3. Then

Ay, T4 Ay, T4

My(GLV Gs) = S(A%) =8

I, Ay) \ I, A,

A+ 1L, AL+ 1A,

LA + Aol LI + Ay?

S(A2) + S(I, 1) + S(ALIy) + S(I, Ag)

+ S(I A1) + S(AxLy) + S(I,I}) + S(As?)

Ml(Gl) + ’l’L%ng + dnomy + 4nims + n%nl + Ml(Gg)

Theorem 3.15. Let Gy be an (n1,my)-graph and let Go be an (n2, ms)-graph. Then

GUt(Gl V GQ) = 4(m1 —+ mo + n1n2)2 — Ml(Gl V Gz) — MQ(Gl V Gg)

Proof. Let Ay = [aij]n,xn, and Az = [bijln,xn, be the adjacency matrix of G and of G respectively.
Let D¢ be distance matrix of graph G = G V Ga. If we set I; = [1]n, xnys T2 = [Lnyxngs 11 = [nyxngs
Iy = [, xn, and I,, be identity matrix, then it follows from Theorem 3.12 that

GUt(Gl V GQ) = 4(m1 —+ mo + n1n2)2 — Ml(Gl \Y Gg) — MQ(Gl V GQ),

since diam(G1 V G3) = 2.
For computing M>(G; V Gs), let A be the adjacency matrix of graph G = G V G3. Then
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2M5(Gy V Ga)
Ay, I Ay, I Ay, I

S(AS):S ’ ’ ’
]23 A2 127 A2 ]27 A2

§ A+ NI, A+ LA\ (A
B4 grea2 ) 54

. AP+ LA+ AT L + 1 AoDy, AT + 1L I + Ay Ay + 1, Ay?
B LAC + AL Ay + LI T + APT, LA + Ay LIy + L1 Ay + Ay°

= S(A,%) + S(I,I,A1) + S(A I, I,) + S(I; A5 L)
+ S(AL2L) + S(II,0L) + S(AL T, As) + S(I, As?)
+ S(IA%) + S(AsIyAr) + S(IL1 1) + S(AL*T)

+ S(IA L) + S(AslyIy) + S(Io 1 As) + S(A5°).
From Lemma 3.10, we have

2M2(G1 \Y Gz) = 2M2(G1) + 4dninamy + 2no My (Gl) + 271%71% + 8mimo

+ 2n?m2 +2n1 M1 (Gs) + 2n§m1 + 4ninamso + 2M3(Gs),

and hence
My(G1V Ga) = Ma(Gy) + Ma(G2) +naMi(Gr) + ni M (G2)
+ 2ninoms + 2ninamq + n%n% + dmims + n%mg + n%ml
= My (G1) + M2(G2) + na My (G1) + niMi(Ga)
+ (ning 4+ 2mea)(nine + 2my) + n?mg + ngml.
O
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