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Abstract: In this work, we present a explicit trace forms for maximal real subfields of cyclotomic fields as tools
for constructing algebraic lattices in Euclidean space with optimal center density. We also obtain a
closed formula for the Gram matrix of algebraic lattices obtained from these subfields. The obtained
lattices are rotated versions of the lattices Ag, A1p and A1 and they are images of Z-submodules of
rings of integers under the twisted homomorphism, and these constructions, as algebraic lattices, are
new in the literature. We also obtain algebraic lattices in odd dimensions up to 7 over real subfields,
calculate their minimum product distance and compare with those known in literatura, since lattices
constructed over real subfields have full diversity.
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1. Introduction

Lattices have been considered in different areas, especially in coding theory and more recently in
cryptography. Algebraic lattices are lattices obtained via the ring of integers of a number field and they
have been studied in several papers and from different points of view [1-7, 10-13, 15, 16, 18].
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The classical sphere packing problem is to determine how densely a large number of identical spheres
can be packed together in the Euclidean space. The packing density of a lattice A is the proportion of
the space covered by the non-overlapping spheres of maximum radius centered at the points of A. The
densest known lattice packings in dimensions 1 through 8 and 24 are also the optimal ones, see [12, p.
12] for n = 1,2,...,8, and [11] for n = 24. Those lattice packings are unique. For all other dimensions,
it is not known whether the current records are optimal.

A lattice A has diversity equal to k if k is the maximum number such that any non-zero vector y € A
has at least k non-zero coordinates. Given an n-dimensional lattice A C R”™ of full diversity, the minimum
product distance of A is defined as dp pin(A) = min{[]"; lvil; v = (y1,92,-..,yn) € A, y # 0}. Usually
the problem of finding good signal constellations for a Gaussian channel is associated with the search for
lattices with high packing density, see [12, Chapter 3]. On the other hand, for a Rayleigh fading channel,
the efficiency of the signal constellation, measured by the error probability in the transmission, is strongly
related to the lattice diversity and its minimum product distance, see [10, Section III|. For this purpose
the lattice parameters we consider here are packing density, diversity, and minimum product distance.

The approach in this work, following [2, 3] is the use of algebraic number theory to construct lattices
which have good performance on both channels. For general lattices the packing density and the minimum
product distance are usually hard to estimate [17]. Those parameters can be calculated in certain cases
of lattices associated to number fields through algebraic properties. In [4-6] some families of rotated Z"-
lattices of full diversity and high minimum product distance are studied for transmission over Rayleigh
fading channels. In [13] some families of rotated Z"-lattices of full diversity in dimensions power of 3 are
studied and lower bounds for the minimum product distances of such construction are also presented. In
[7] the lattices A,_1, p prime, Es, Eg, K12 and Aoy were realized as full diversity ideal lattices via some
subfields of cyclotomic fields. In this work we construct the lattices D3, F5, E7, Ag, A1g and Ayq, calculate
(or estimate) their minimum product distance and compare the obtained values with those known in
literature, mainly Z™-lattices given in [5, 18].

In [14, Theorem 1] a trace form for cyclotomic fields Q(¢,) via the Minkowski homomorphism is
derived. In this work, we generalize the result for the maximal real subfields Q(¢, + ¢, 1) via the twisted
homomorphism. In [6, Proposition 4.1(a)] and [8] the Gram matrix of the algebraic lattice constructed via
the Minkowski homomorphism over Q(¢,- +C;;‘1) is determined, but in this work we use a different aproach.
In this work, we generalize the result to the case Q((, + ¢, ') considering the twisted homomorphism.
Trace forms are used to calculate the packing radius of algebraic lattices. As an application, we present
constructions of algebraic lattices with optimal center density in dimensions 3,5,7,9,10 and 11.

The paper is organized as follows. In Sections 2, we collect some results on number fields and
algebraic lattices. In Section 3, we present a explicit trace form for the maximal real subfields via
the twisted homomorphism. We also present a closed formula of Gram matrix for the lattice o,(Ok),
where K = Q(¢,, + ¢;!). In Section 4, we construct algebraic lattices in Euclidean space with optimal
center density in dimensions 3,5,7,9,10 and 11 and calculate (estimate) their minimum product distance.
Finally, in Section 5, we draw our conclusions.

2. Background on number fields and algebraic lattices

If L is a number field of degree n, that is, a field that is a finite degree extension of Q, then L = Q(«),
where a € C is a root of a monic irreducible polynomial p(z) € Z[x]. The n distinct roots of p(z), namely,
Qa1,Q,. .., Q,, are the conjugates of a. If ¢ : L — C is a Q-homomorphism, then o(a) = «; for some
i =1,2,...,n. Furthermore, there are exactly n Q-homomorphisms o;, for i = 1,2,...,n, of L. in C,
where r; are real monomorphisms and 27y are complex monomorphisms with n = rq 4 2rs.

An element a € L is called an algebraic integer if there is a monic polynomial f(x) with integer
coefficients such that f(«) = 0. The set

OL = {a € L: a is an algebraic integer}
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is a ring, called ring of algebraic integers of L [20, 21]. It can be shown that O, as a Z-module, has
a basis {a1,aa,...,a,} over Z, called integral basis, where n is the degree of L. In other words, every
element o € O, can be uniquely written as

n
o= § a0y,
=1

where a; € Z for alli=1,2,...,n.

The trace and the norm of an element o € I over Q are defined as the rational numbers
n n
Tryg(a) = Zai(a) and Np,/g(a) = Hai(a).
i=1 i=1

If o € O, then T'ry g(a) and Ny g(a) are algebraic integers. The discriminant of L over Q is defined
by

d, =d(ar,an,...,a,) = det (cri(ozj))2,

1<i,j<n
where {ay, @s,...,a,} is an integral basis of L.
A lattice A is a discrete additive subgroup of R™ considered as the standard real vector space, that
is, A C R™ is a lattice if there are linearly independent vectors ay, aq, ..., a, € R™ such that
m
A= {Zaiai; a; €L, i = 1,2,...,m}.
i=1

The classical sphere packing problem is to find out how densely a large number of identical spheres
can be packed together in the Euclidean space. The packing density, A(A), of a lattice A is the proportion
of the space R™ covered by the non-overlapping spheres of maximum radius centered at the points of A.
The densest possible lattice packings have only be determined in dimensions 1 to 8 and 24 [12, p. 12]. It
is also known that these densest lattice packings are unique.

Let {a1,a2...,a;} be a set of linearly independent vectors in R” and A = {}_" | a;ay; a; € Z} a
lattice. The set {a1,aa,...,am,} is called a basis for A. A matrix M whose rows are these vectors is said
to be a generator matriz for A whereas G = MM" = ((a;, ;)] is called the Gram matriz of A. The
determinant of A, denoted by det A, is equal to det G and it is an invariant under change of basis. The
volume of A is equal to /det(A). The packing density of A is the proportion occupied by the spheres
centered in the points of the lattice and having radius min{||z — y||; =,y € A, x # y}/2 relative to the
entire space R™. If A(A) is the packing density of A, then 6(A) = A(A)/V,, is the center density of the

lattice, where V;, is the volume of an n-dimensional sphere of radius 1 [12, p. 9].

Let @ € L such that a; = oy(a) > 0 for all i = 1,...,n. If R(x) and J(x) denote, respectively, the
real part and the imaginary part of x, the homomorphism o, : . — R” defined by

oa(r) = (\/0710'1 (). ey V0, Oy (), vV Wy 1 R(Ory 475 () vV Qr, +r23(Ory 47 (x))) )

for every z € L, is called twisted homomorphism [2, 3]. When o = 1 the twisted homomorphism
is the Minkowski homomorphism. If M is a Z-module in L of rank n with Z-basis {wq,wa,...,wy},
then the set A = 0,(M) is a complete lattice in R™ with basis {o(w1), 00 (w2),...,00(wy)}. If L
is a totally real number field then G = (TT]L/Q(ozwiwj))?j:l is a Gram matrix for o,(M). From [2],
det(A) = [Ok : M]? Ny g(a)|dL|, so the center density of A is given by

pn tn/2

5(A) = N v
(A) Videt(A)  2MOL : M]y/Nyjg(a)]dL]

143
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where dj, denotes the discriminant of the number field L, [Of, : M] denotes the index of M and

t =min {Try g(az”): x €M, z#0}.

If M is a Z-module in L of rank m, m < n, with Z-basis {wy, ws, ..., wn,}, then the set A = g,(M)
is a lattice of rank m in R™ with basis {04 (w1), 04 (w2),...,04(wm)} and Q = (Tm/@(awiwj)):.lj:l is a
Gram matrix for o,(M). The center density of A is given by

tm/2 . .
———_ if L is totally real.
6(/\) _ 2m 4 /det(Q) (1)

tm/2 . .
T ana) if I is totally complex.

If K is a totally real field number with [K: Q] = n and M C K a free Z-module of rank n, then the
minimum product distance of A = o,(M) is defined as

dp.min(A) = \/ Nr/g(a) O;gief}w | Nk /o (y)]- (2)

In particular, by [5], if M C K is a principal ideal then

dp,mm(A) = “ dT;HiA)~ (3)

The relative minimum product distance of A, denoted by dp re;(A), is the minimum product distance
of a scaled version of A with unitary minimum norm vector. Thus, if A; is a scaled version of A of
dimension n with scale factor vk, i. e., A; = VEA and the minimum norm of A is p, then the relative
minimum product distance of A; is given by

1

ﬁw>@mmmg (4)

dprei(A1) = (

3. Trace forms for cyclotomic fields

In this section, we present explicit trace forms for maximal real subfiel K = Q((, + ¢, 1) via twisted
homomorphism. We also present a closed formula of Gram matrix for the lattice 0,(Ok). A related
result, through a different approach, can be found in [6] and [8], where the authors use abelian fields of
odd prime power conductor.

A cyclotomic field is a number field L such that L = Q({,), where (, is a primitive n-th root of
unity. It can be shown that [L : Q] = ¢(n), where ¢ is the Euler function, O, = Z[(,] is the ring of
algebraic integers of Z[(,], {1,¢n, C3, ..., f(")_l} is an integral basis of L. Let K = Q(¢, + ¢; ') be the

maximal real subfield of a cyclotomic field Q(¢,,). In this case, [K : Q] = ¢(n)/2, Ox = Z[, + ¢, '] and
en) _»®)
LG+GhE G2 Gt G

Lemma 3.1. [14] Let j,n be integers. If gcd(j,n) =d, then

; ¢(n) i/d
T ) = T .
TQ(C'&)/Q(C”) go(n/d) TQ(Cn/d)/Q( n/d)

} is an integral basis of Ok. [21].

Lemma 3.2. [14] If j,a; are integers, a; > 1 and p; is a prime number such that ged(j, p;*) = 1, then

; —1, ifai =1.
ﬂm%mm@hﬂ—{ 0, ifa; > 1.
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Lemma 3.3. [14] Let n = pi*---p%, where a, > 1, for k = 1,...,s. If j is a prime number and
ged(4,m) = d, then

Troc/al6h) = (o] a),

where p is the Moebius function.

Lemma 3.4. Let n=pi*---p%, where a; > 1, for j =1,...s. If i is an integer such that i < p(n) and
d = ged(i,n), then

Troe,)o(Ch) #0 < d = (n/P)ty and i = (n/P)k,

where P =py -+ - pg, tp = ged(k, P) and k =0,1,2,...,0(P) — 1.

Proof. 1If d = (n/P)ty, where t;, = ged(k, P), then the values that t; can assume are 1 and pq, - Pa, s
where 1 < a,. < s, forr =1,2,...;tand . # oy if r Zland 1 <t < s. So, d zp‘flfl---p‘;s’l or

a;—1

d=p{"""opalt - opalt o pe Tt Thus, n/d = pyr---ps or n/d = p1---Pay—1Par+17 " Pay—1Par+1 " Ps;
and therefore, p(n/d) = £1 # 0. But, from Lemma 3.3, it follows that

Trog.)e(Cn) = @ﬁnzl)u(n/d) £0.

Now, if i« = (n/P)k, then ged(i,n) = d, for k = 0,1,2,...,¢(P) — 1. In fact, if ged(i,n) = d’, then
ged((n/P)k,n) = d'. Thus, ged(((n/P)k)/(n/P)n/(n/P)) = d'/(n/P), that is, tx = ged(k,P) =
(P/n)d'. So, d = (n/P)ty = d and k = 0,1,2,...,9(P) — 1. From the Euler function, it follows
that

o) _ e@tpt) ey emi®) _ [pat T (=D [pa s (pa—1)]
e(P) = elpreps) T e(pr)elps) T (pr=1)-(ps—1)
a1—1 as—1 _ n

:pl

P
Thus, it £ > @(P), then i = (n/P)k = (((m)/(2(P)k > (((n))/(2(P))p(P) = (n), which is a
contradiction. Therefore, k = 0,1,2,...,p(P) — 1. Furthermore, d = (n/P)ty, if and only if i = (n/P)k.
Reciprocically, suppose that Trgc,)/q(C;,) # 0 com d # (n/P)t;. Thus, n/d is not square free. So, from
definition of Euler function, it follows that u(n/d) = 0, and therefore, Trg,) /Q(Cil) = 0, which is a

contradiction. ]

*Pg -

Lemma 3.5. Let n = p{*---p%, where a, > 1, for r = 1,...s. If i and j are integers such that
i,7 < @(n) and d = ged(i — j,n), then

Troee,)/o(Ch?) #0 & d= (n/P)ty and |i — j| = (n/P)k,

where P =1py -+ ps, tp = ged(k, P) and k =0,1,2,...,0(P) — 1.

Proof. 1t is enough to observe that Trgc,y/(Ch?) = Troe,)e(Ch), ged(i — j,n) = ged(j — i,n)
and as 4, j < ¢(n) then |i — j| < ¢(n). Therefore, by Lemma 3.4, it follow the result. O

Lemma 3.6. Let n = pi'---p%, where a, > 1, for r = 1,...s. Ifi and j are integers such that
i,j < p(n) and d = ged(i + j,n), then

Troe,0(Ch) #0s d= (n/P)ty and i+ j = (n/P)k,

where P = py -+ ps, t, = ged(k, P) and k = 0,1,...,2¢(P) =2 ifn =P and k = 0,1,...,2¢0(P) — 1,
otherwise.
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Proof. Forn = P,if k> 2p(P)—1, theni+j = (n/P)k =k > 2p(P) —1 = 2¢p(n) — 1, which is
a contradiction, since i,7 < @(n) — 1 implies i + j < 2p(n) — 2. Thus, k = 0,1,...,2¢(P) — 2. For
n> P, itk < 2p(P)— 1, then i+ = (n/P)k < (¢(n)/9(P))(26(P) — 1) = 20(n) — (n/P) < 2p(n)—1.
So, i +j < 2p(n) — 2. If k > 2¢(P), then i + j = (n/P)k > (¢(n)/e(P))2¢(P) = 2p(n), which is a
contradiction, since i + j < 2¢(n) — 2. Therefore, k = 0,1,...,2p(P) — 1. O
Lemma 3.7. Let n = p{*---p%, where a, > 1, forr = 1,2,...s. If i and j are integers such i,j <
w(n)/2 —1 and d = ged(i 4 24, n), then

TTQ(CH)/Q(C?_QJ-) #20&sd= (n/P)tk and i+ 25 = (n/P)k,

where P =1py -+ ps, tp = ged(k, P) and k =0,1,...,|3p(P)/2 —3P/n], where |y| is the greater integer
less than or equal to y.

Proof. If k > 3¢p(P)/2 — 3P/n, then i +2j = (n/P)k > (n/P)(3p(P)/2 —3P/n) = 3p(n)/2 — 3,
which is a contradiction, since i,j < ¢(n)/2 — 1 implies ¢ + 25 < 3p(n)/2 — 3. Thus, k =
0,1,...,[3p(P)/2—3P/n]. O

<

Lemma 3.8. Let n = p{'---p%, where a, > 1, forr = 1,2,...s. If i and j are integers such i,j
v(n)/2 -1 and d = ged(—i + 24,n), then

TTQ(CH)/Q(C;i+2j) #0&sd= (’I’L/P)tk and | -1+ 2]| = (n/P)k,

where P =py -+ ps, tp = ged(k, P) and k =0,1,2,..., [¢(P) —3P/n].

Proof. It is enough to observe that Trg,)o(Cht¥) = Troe,yo(Ch?), ged(—i + 2j,n) =
ged(i—27,n). Itk > o(P)—3P/n, then |—i+2j| = (n/P)k > (n/P) (¢(P) — 3P/n) = p(n)—3, which is a
contradiction, since 4, j < ¢(n)/2—1 implies | —i+2j| < ¢(n)—3. Thus, k =0,1,..., |¢p(P) —3P/n|. O
Proposition 3.9. Let L = Q(¢,) and K = Q((,+¢,, 1) be its mazimal real subfield, where n = p§* ... p%,
witha; > 1, forj =1,2,...5,m = ¢(n). Let a = ag+a1(Cut+Crt)+aa(CZ4+Cr2) +- - +amm 1 (G2 +
C;m/zﬂ) be a totally positive element of Z[C, + ¢, 4. e., oi(a) >0, for alli =1,2,...,m/2, where o;
are the m/2 distinct Q-homomorphisms from K to C. If x = ag + a1(Cn + ¢ +aa(C2 + (2 + - +
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a%_l(gﬁ/%l + Cﬁm/ﬂl) is an element of Z[(, + ¢ '], then

n [ o) 3~ 5 -
2 2 2
Trgg(az?) = P 5 @04y + ag a%p(tk) + 2apag a%kp(tk) + 20 B%kp(tk)
k=1 k=ls [
?k:e'uen
m/2—1 Ug U2
2 2 2
+ p(P)ag E aj + 2ag E Awe p(te) + ag E s p(tr) + E aiaj p(te)
j=1 k=lo k=lo n;éi+2j:%§
l3<k<us
1<i< o
1<j<B-1
2
N 2 2
+ o(P) 2/ a;aj + E @;a; p(tr) + 2ag E a;a; p(ti)
it2j=n 0<|—it2j|=2% itj=2k
1<i<m 1 0<k<ug P zlgkgﬁl
1<i<F -1 1<i<m/2—1 1<i<m/2=1
1<j<m/2—1 1<j<m/2—1
+ +2a9 E Q;a; p(tk) +2 E o; Bj p(ty) + 2(,0(P) E o; B
0<|i—j|="2k niti="k 1<;:zfn:/gfl
0<k<u ly<k<u ==
15@7{/2471 1§4i§m7/27—1 3sjsm=3
1<j<m/2-1 3<j<m-—3
U m/271
2
+ 2 E a;Bj p(ty) +2 E E a%cajp(tk) +2 g ;A p(te)
0<|i—j|="12k k=l j=1 iti=1k
0<k<ug 1 <k<ug
1<i<m/2—1 1<i<m/2o1
3<j<m-—3 I<j<m 2

+ 2 E OéiAj p(tk)
0<|i—j|="4
0<k<uy
1<i<m/2-1
1< -2

where P = py -+ ps, tp = ged(k, P), [y] is the smaller integer greater than or equal to y, |y| is the greater
integer less than or equal toy, Iy = [2P/n], la = [P/n], I3 = [3P/n], ly = [4P/n], u1 = |¢(P) — 2P/n],
us = [@(P)/2— Pfn], us = |¢(P) —3P/n), us = |o(P)/2 — 2P/n], us = |3p(P)/2— 3P/n], ug =
[(m —2)/4], ur = [3¢(P)/2 —4P/n|, us = |@(P) —4P/n], p(ty) = M(Ti)@(tk) with p the Mobius

function and ¢ the Euler function, A; = a1a41+a2a12+-- tam_1_jany 1, Bj = Z ik,

k>1
k<j—k<m/2—1

and any sum of the trace form must be disregarded if the lower bound of k is greater than the upper bound.

Proof. Let w=ao+ai(Cu+Cph) +a2(C2+ G2+ + a1 (G172 +¢2) be an element of
Ok = Z[(n + ¢ Y], with a; € Z, for i = 0,1,2,...m/2 — 1. Thus,
m/2—1 m/2—1 2
_ m/2—1 — 241 i —j
z? = (ag+ a1Gn + a1¢, " +"'+0:m/2—14n/ T ampaCn® )= Z a;G, + Z a;C,”
j=0 j=1
m/2—1 2 m/2—1 2 m/2—1 m/2—1
= | D a2 WG] v Y wd ]| D aG | =
j=0 j=1 j=0 j=1
m/2—1 m/2—1
= > a+2 Y aaGH+ Y a2 Y 4t
7=0 0<i<j<m/2—-1 j=1 1<i<j<m/2-1
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m/2—1 m/2—1
2 > aG || D @) =
§=0 j=1
m/2—1 m/2—1 m—3 m/2—1
= ag+ D TG 2 D a0a (GG 2D BiG G +2 Z a;
j=1 j=1 =3
m/2—2
+2 ) A6 +G),
j=1
where A; = aiaj41 + azajp2 + -+ + Qpj2—1-jlm/2—1 and B; = Z araj—r. Now, let a =
k<j—hem/2-1
ag+ar(Gn + Y+ an(C + %) + 4 amy2—1(Cn m/2-1 +<;m/2+1) be a totally positive element of
Ok = Z[(n + ¢, with o; € Z, forz-O 1,2,...m/2 — 1. Thus,
m/2—1 m/2—1 m/2—1
ar? = lao+ Y (G +¢) ] e+ Z 2T+ 2 Y aoas (¢ +¢GY)
i=1 j=1
m—3 m/2—1 =2
+2> Bi(Gh+G)+ 2 Y a§+2ZAj(<%+<;J) =
j=3 j=1 j=1
m/2—1 m/2—1
= agag + ag Z 3¢+ M) + 20000 Y ai(Ch 4G +2aoZB (G +¢7)
Jj=1 j=3
m/2— 1 =2 m/2—1
200 > ai+ 200 Y A(G+G) Fag DY i+
=1 =1 i=1
m/2— {m/Z 1 ’ m/2—1m/2—1
FET @ DS )
m/2 1m/2 1 m/2 1m/2 1
+2ag Z Z aiaj(Cij—l—C;i_j)—F?ao Z Z Oéi(lj(dl_j"rc;i-‘rj)
— — ‘ —
m/2—1m-—3 m/2—1m—3 !
+2 Zaz G+ + 2 30 Y a6+ G)
i=1 = i=1 3
m/2— 1m/2 1 m/2— 1m/2j2

+2Z Zaz (e e +2Z Zaz (G + G )
m/2 1m/22

+23 3 el G,

Since ¢* and (;* are conjugates, it follows that they have the same trace, i. e., TTL/@(Q’j + k) =
2Try,)0(¢%) and as Ty g(aa?) = [L: K] Trg/g(az?), it follows that

1
TTK/Q(azz) = §TTL/@(04I2).
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Thus,

TTK/@(osz) =

m/2—1 m/2—1

1
T?“]L/Q aoag + ag Z 2+ ) + 2a0a0 Z a; (¢ +¢7)
j=1 Jj=1
m— m/2—1 m/2—2
+204()ZB (¢ +¢,7) + 29 Z a + 2ag Z A (E+¢7)
j=3 Jj=1 Jj=1
m/2—1 m/2—1m/2—1
+ag Z (¢ + ¢t Z Z Q;a; HCa )
=1
m/2—1m/2—1 m/2—1m/2—1
S S O R M FECLERO
m/2 1m/2 1 m/2 1m 3
+2aq Z Z aia; (GG 2 Y0 D aiB(G + ¢ )
i=1 3
m/2 1m 3 m/2— 17n/2jl
20 2 aiBiGT G R ) Zaz (Gt 6")
i=1 j=3
m/2—1m/2—2 m/2 1m/2 2
+2 Z Z A G+ 2 Y YT AT+ )
i=1  j=1
m m/2 1 m/2—1
ana?)—kozo > alTre(CH) +200a0 Y a;Trg(C))
1 i—1
m—3 ! m/2—1 ! m/2—2
+200 3 BiTrig(Ch) + mao Y a+2a0 Y ATrog(d)
j=3 j=1 j=1
m/2—1 m/2—1m/2—1
-l—a% Z a;Tryo(Gl) + Z Z aiG?TTL/Q(szH])
=1 i=1 =1
m/ZJ—Im/Q—l ! m/2—1m/2—1
+ Z Z Oéia?TT]L/Q(C;ZJer)‘FQ(IO Z Z aiajTrL/@((ffj)
; i— i j=1
m/2—1m/2—1 m/2—1m-3
+2ayg Z Z O(ZCLJT’I”]L/Q —|—2 Z ZO&ZB TTL/Q +])
i=1 j=3
m/2 1m 3 m/2—1m/2—1
+2 ) Y aiBiTre(G?)+2 Y Y aiaiTrig(C)
m1/271m/272 m/2*1ﬂ_1/2*2

+2 Z Z O{zAJTTL/Q(C:j_j)—‘rQ Z Z OziAjT’I“L/Q(C;_j).
1=1 j=1 =1 j=1
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5

(0]

From Lemmas 3.3 to 3.8, it follows that

where [

m/2—1 w1 m/2—1

Z a?Tr]L/@(CTZL]) = Z ﬂkp (tr), Z a;Try o(¢l) = Zankp t),
Jj=1 A’;_:h j=1 k=ls

m—3 m/2—2

ZBTT]L/Q Cj ZBnkptk Z A, TT‘]L/Q CJ ZAnkp i),
7j=3 k= l3 j=1 k=lo

m/2—1

Z a;Try o (&) = Z Qnk p p(tr),

J=1 k=ls

m/2—1m/2—1

2 2
Z Z aia?Tm/@(Cﬁzj): ZZala p(ty) + ZZO@CL?,

=1 =1 n#it2j="1f 1<ji+<21£7;j1
l3<k<ug 22 _
1<i<m/2-1 t<jsm/2-1
1<j<m/2—1
m/2—1m/2—1

Z Z a;iaiTryo(¢ ) = Z aad p(ty),
=1 =1

0<|—it24]="2k
0<k<ug
1<i<m/2—1

1<j<m/2—-1
m/2—1m/2—1

YD TG = Y gy plte),

i=1  j=1 itj=1k
1 <k<uj
1<i<m/2—1
1<j<my2—1
m/2—1m/2-1

D> @i TrigC )= ), i p(tr),
=1 =1

0<|i—j|="15
O<k<u4

1<i<m/2—1

1<j<my/2-1

m/2—1m—3
E E . (A E 20.B. E 20 B.
aZBJTT]L/Q(Cn ) - iaZBj p(tk) + (P(P) iasz,
i=1 j=3 ntitj=nk itj=n
e gt fi
1<i<m/2-1 <i<
3<j<m-—3

m/2—1m—
Z Z iBiTro(G7) = Z @i Bj p(tk),
=3

i=1 0<li—g|=2%
0<k<ug
1<i<m/2—-1
3<j<m—3
m/2—1m/2—1 uy m/2—1
2
aaTr E E « p(tr)
Z Z ? ]L/Q % ] k
i=1  j=1 k=ly j=1

m/2—1m/2-2

YooY AT = Y Taidy plt),
i=1  j=1

=1k
11 <k<ug
1<i<m/2—1
1< <73 m _2

m/2—1m/2—2

Z Z a; AjTry (¢ ) = Z aiAj p(te),
=1 =1

0<|i—jl="1k
0<k<uy

1<i<m/2-1

1<j< 3 —2

2], 1 = [E] s = [2], b = [2], w = o)~ 2], w = |4
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n n n

2
us = [p(P) — 22|, p(ty) = (tﬂ) (tx) with p the Mobius function and ¢ the Euler function. Therefore,

n

the result follows. O

= AP = | = [ = (22 e = (2]

As a corollary of the last theorem, we present an explicit Gram matrix of a lattice via the maximal
real subfield of K = Q({, + ¢,;}), when the Z-module is the ring Ok.
Corollary 3.10. Let be K = Q(¢, + ¢, '), e0 =1 and ej = I + ¢,/ forj =1,2,...,m/2 — 1, where

n= gttt m = pln) and @ — g + (G -+ G + as(CE o) o+ o (R G2
is a totally positive element of Z[(, + ¢, Y], i- e., oi(a) > 0, for all i = 1,2,...,m/2, where o; are the
m/2 distinct Q-homomorphisms from K to C. A Gram matrixz for the lattice A = 04(0k) is given by

G = (TTK/Q(aeleJ)):nJ/O_ , where

Ul
mag N
(a) Trg/g(aeoen) = TO + Iz Z a%p(tk),

k=1,
(b) For j>1,
o(n) n n
Tr aepei) = ————u(n/dy)og + = a,qp(ty) + = ap(ti),
k(aene;) = ZOogsuln/d)as + 5 THZM pltr) + - T_]an p(tr)
12§k§52 o§k§u§
1<r<m/2-1 1<r<m/2—1
(c) For i,j>1,
Trejglacies) = —2) um/dr)ao + —20) u(njds)oo + % 3 anplta)
o0/ ds) on/ds) P2
i=%

l3<k<ug
1<r<m/2—1

n n n
+P E arp(tlc) + F E arp(tk) + F E arp(tk)a
Ir—(i+s)| =1 It (i—5) | =1 Irt (=) | =1
0<k<ug 0<k<ug 0<k<ug
1<r<m/2-1 1<r<m/2-1 1<r<m/2-1

where P = py---ps, t, = ged(k, P), [y] is the smaller integer greater than or equal to vy, |y| is the
greater integer less than or equal to y, l; = [P/n], lo = [2P/n], I3 = [3P/n], uv1 = |¢(P)/2 — P/n|,
uz = [p(P)=2P/n|, us = LsO(P)/QL us = [3¢(D)/2 = 3P/n], us = [p(P) —3P/n], di = ged(j,n),
dy = ged(i + j,n), d3 = ged(i — j,n), p(ty) = p(L —)p(ty) with p the Mobius function and ¢ the Euler
function, and any sum must be dzsregarded if the lower bound of k is greater than the upper bound.

Proof. From Lemmas 3 to 6 and following the same steps of the proof of the Proposition 3.9, the result
follows. -

The next proposition, stated and proved in [19, Corollary 2.3|, will be used in the next section.
Before recalling it, we need a few assumptions. Let L/Q be a Galois extension of prime degree p such
that p is unramifed in Oy, the ring of integers of L. Denote the conductor of I by n, that is, n is
the smallest positive integer such that . € Q(,). Then {o(®(#)}’-) is an integral basis for L where
0 = Tro(c,)/L(Cn) and o is any generator of Gal(LL/Q).

p—1
Proposition 3.11. Let z = Z a;o D (0) be any element in Op. Then
i=0
Sy
TT]L/Q Z a;
i=0

15

[}
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4. Constructions of algebraic lattices

In this section, we construct algebraic lattices in Euclidean space with op-
timal center density in  dimensions 9, 10 and 11 which are rotated ver-
sions of the lattices Ag,Aqg and Ay via  twisted  embeddings applied to
Z-modules of the ring of integers of a number field K. We believe these constructions, as alge-
braic lattices, are new in the literature. Constructions of rotated D3, D5 and E;-lattices via ideals
and free Z-modules that are not ideals are also presented. The same lattices are also constructed in
[15, 16], through a different approach, where the authors construct these lattices by shifting ideal lattices

constructed over cyclotomic fields via ideal or module in the maximal totally real subfields of cyclotomic
fields.

4.1. Construction of the Ds-lattice

If K=Q( + Cg_l), then [K : Q] = 3 and dg = 3% If a = 1, then « is a totally positive element
of Z[¢o + Cg_l] and N(a) = 1. If M is a submodule of Ok generated by {2+ e1 + ea, —e1 + €2,2 — ea},
where e; = (J + (g7, for j = 1,2, then M is a submodule of Ok of index 6 and

/2 183/2 1

ooalM)) = 20 : M]\/N(@)lde]  2%6/3%]  4v2'

i.e., with the same center density of the lattice D3. The norm equation |Ng,g(y)| = 2 has no solution in
Ok [9], however |Ng,q(y)| = 3 when y = 2 —es € M. Thus, Oénir}\/l |Nk/q(y)| = 3. and the minimum
ye

norm in Dj is 1 = 2. As Ng/g(a) =1 and 04 (M) is a scaled version of D3 with scale factor v/9, from
Equation (4), it follows that

dp ret(0a(M)) = <¢%> V1 x 3 =0.03928,

and therefore,

¢ dy rer(06(M)) = 0.33994.

4.2. Construction of the Ds-lattice

If K = Q(C11 4 ¢1'), then [K: Q] = 5 and dx = 11%. If @ = 2 — e;, where e; = (11 + (13}, then a
is a totally positive element of Z[(11 + Cﬁl} and N (o) = 11. If M is a submodule of Ok generated by
{2+e1,—e1, —ea, —e3, —eq}, where e; = ({; + (7, for j = 1,2,3,4, then 0,(M) is a lattice of rank 5 and

/2 2925/2 1
© 2[00 : M]\/N(a)|dg| 26V115 82

(7 (M))

i.e., with the same center density of the lattice D5. In this case, 0;nir}\/1 |Nk/o(y)| = 1, because Nk q(y) =
yeE

1, where y = 2+ e; € M. The minimum norm in Ds is 1 = 2. As Nk g(a) = 11 and 0,(M) is a scaled
version of Dy with scale factor v/11, by Equation (4), it follows that

1 5
dp rer(0a(M)) = (@) V11.1 = 0.00146,
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and therefore,

V/dp.ret(0a(M)) = 0.27097.

4.3. Construction of the E-,-lattice

If K is a subfield of L = Q(Ca9) such that [K : Q] = 7 and (¢) = Gal(K/Q), where o : (a9 — (59,
then K = Q(0), where

0 = Tryx(Cao) = Cao + Gog' + (g + oo

If
a = Nyg(l— (o) = H (1-(39) =
i€{1,~-1,12,—12}
= —(60 + 40(0) + 402(0) + 403(0) + 40*(0) + 30°(0) + 45°(0)),
then
Trg g(a) = Ngjgla) = 29.
If

M = {apf + a1o(0) + -+ aga®(0) € Ok; a; =0 (mod 2), for j =0,1,2,4},

then M is a Z-submodule of Og and M is not an ideal of Ok, because for x = 0(f) € O and y =
a3(0) € M it follows that zy = —360 — 20(0) — 402() — 203(0) — 30*(0) — 30°() — 40°(0) ¢ M. Since
dg = 295, it follows that

5o (M) tn/2 (22.29)7/2 1
O.Oé = = = -,
2n[Ok : M]\/N(a)ldx| 27.16,/29]296] 16

i.e., with the same center density of the lattice E7. As E7 is the only lattice with such center density
in R, it follows that o,(M) is a rotated version of E7. In this case, 0 imr}w |Nk,/o(y)| = 1, since for
yE

y = —20 — 20%(0) + () — 0°(0) € M, Ngjg(y) = 1. Now, the minimum norm in E7 is g = 2. As
Ni/g(a) =29 and 04 (M) is a scaled version of E;7 with scale factor v/58, by Equation (4), it follows that

7
dp,rel(aa(M)) = <\/iT6> \/@1 =3.203 x 1077,

and consequently,

U/ dy et (00 (M)) = 0.11809.

4.4. Construction of the Ay and A;j-lattice

Let K be a number field such that K = Q(C180 + Crgo)- In this case, [K : Q] = 24, taking ey = 1
and e; = (go + (g0, for j = 1,2,...,23, we have that {1,eq,ea,...,€20,€23} is a basis of K. Let
a = 165 + 12962 + 15364 + 12066 + 11968 + 105610 + 67612 + 82614 + 25616 + 49618 + 3620 + 17622 be a

1E-

[3 18
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totally positive element of Z[(1s0 + Cfglo] and let M; be a submodule of Ok generated by the linearly

independent vectors {wy,wy, -+ ,wig}, where w = Mv,w = (wy,ws, -+ ,wio)T,v = (1,e1,e2, -+ ,ea3)T
and the matrix M is given by
8-24 8 8 0 8 16—-16 24 0-16 0 &8—-24 16 8-32 32 -8 8 —8 0-24 8
8—-16 —8 24—-16 0 8-72 8 24-—-16 64 &8-56 16 8—-16 40 —8—-48 16 & 8 32
—8—16 8 24 1616 -8 —8 —8 24 16 16 —8—-40 —16 —8 16 24 &8-16—-16—-24 -8 0
0—-16 -8 24 0 8 8—40 0 24 8 40 &8—-48 -8 0 0 32-24-32 0 -8 16 16
—8 48 0-32 16 —8 0 96 —8—-16 24-56 0 88 —16—24 8—-88—-16 32—-16—-16 8 —48
—16 -8 —8 24 16 16—-16 0-32 32 40 24 —-8-32 —-32-16 40 8 —8-24 —8-32 32 -8
—56—-16—-16 16 56 8 —56—-24—-96 16 128 24 —-32-32—-104 0 136 24 —8—-16—-40 —8 80 &
0 8-16 0-16 8 -8 40-16 &8 0-16 0 16 0-16 16—24 0 8 24-24 32-24
24 48 16—-52 —8 8 24 84 44-36-32-48 12 88 24-20-56-72 0 40 —8 0—48 —-36
—16 52 0-60 8—4-24104-16-36 20-56-12 96 —12—-28 28—-80 48 0 4 —8 20—44
In this case, 0, (M) is a lattice of rank 10 in R?* and forall 2 € M; we have that o, (x) = YT A, where
7= (0,17(12,ag,(14,(1,570:6,&7,&8,0;9,0/10)7
26 8 20 2 4 -4 6 0-4 02 -6 42 -8 8-2 2 -2 0 -6 2
2-4-2 6-4 0 2-18 2 6-4 16 2-14 4 2 —4 10-2-12 4 2 2 8§
2.4 2 6 4 4 -2 -2 -2 6 4 4-2-10 4-2 4 6 2 4 —4-6 -2 0
0-4-2 6 0 2 2-10 0 6 2 10 2-12 0 0 -2 8-6 -8 0-2 4 4
4| 2120 -8 4-2 0 24 -2-4 6-14 0 22 46 2-22-4 8 —4-4 2-12
= 4-2-2 6 4 4 4 0 -8 810 6-2 -8 -8-4 10 2-2 -6 —2-8 8 —2
14-4-4 414 2-14 —6-24 432 6-8 —8-26 0 34 6-2 —4-10-2 20 2
0 2-4 0-4 2 -2 10 -4 2 0 -4 0 4 0-4 4 60 2 6-6 8 —6
612 4-13-2-2 6 21 11-9-8-12 3 22 6-5-14—18 0 10 —2 0-12 —9
413 0-15 2-1 —6 26 —4-9 5-14-3 24 —3-7 7-20 0 12 1-2 5-11
and
01( 0’24(04)024
\/01( 01 61 024(04)024
A= . y
\/01( &)o1 623 \/024 024 623

where A is a generator matrix of lattice o, (Ok), since {1,ey,ea,. ..,
= T A is a generator matrix for g, (M), and as B; has rank 10, it follows that the lattice o (M)

has rank 10. A Gram matrix for the lattice o,(M;) is Q = TGT?, where G =

that Bl

€92, €23} is a Z-basis for Og. We have

(Trjo(aeie;) ™

4,j=0 1S a
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Gram matrix for the lattice 0, (Ox). From Proposition 3.10, it follows that the matrix G is given by

47 0 68 O 8 O 72 0 8 O 76 0 69 0 76 0 62 0 71 0 55 0 64 0
0O 162 0 157 O 161 O 152 O 156 O 145 O 145 0 138 O 133 0 126 O 119 0 ,112
68 0 183 O 140 O 169 O 148 O 149 O 152 0 131 O 147 0 117 0 135 O 103 O
0O 157 0 166 O 148 O 165 O 141 O 156 O 138 O 140 O 131 0 126 0 119 0 111
8 0 140 O 174 O 144 0 158 O 148 O 142 0 147 O 124 O 140 O 110 O 127 O
0 161 O 148 O 170 O 137 O 165 O 134 0 151 O 131 O 133 0 124 O ,118 0 109
72 0 169 0 144 0 163 O 144 O 151 0O 143 O 135 O 140 O 117 O 132 0 100 O
0O 152 0 165 O 137 O 170 O 130 O 160 O 127 O 144 0 124 0 125 0 114 0 109
8 O 148 O 158 0O 144 0 156 O 139 O 144 O 136 O 128 O 132 O 107 O 123 O
0O 156 O 141 O 165 O 130 O 165 O 123 0O 153 O 120 O 136 O 114 O 116 0O 106
76 0 149 0 148 0 151 O 139 O 149 0 132 0 137 O 128 0 118 O 123 O 99 0
90 0O 145 0 156 O 134 0 160 O 123 0 158 O 116 O 145 0 110 O 127 O 106 O 102
69 0 152 0 142 0 143 0 144 O 132 0 142 0 124 0 127 0 119 0 110 O 109 O ’
0O 145 0 138 O 151 O 127 O 153 O 116 O 150 O 106 O 136 O 102 O 113 O 100
76 0 131 0 147 O 135 O 136 O 137 O 124 O 132 0 115 O 119 0O 105 O 104 O
0O 138 0 140 O 131 O 144 O 120 0O 145 O 106 O 141 O 98 0 122 O 96 0 96
62 0 147 O 124 O 140 O 128 0 128 0O 127 O 115 O 124 O 101 O 113 O 88 0
0 133 0 131 0 133 0 124 O 136 O 110 O 136 0O 98 O 127 O 92 O 105 O 93
71 0 117 O 140 O 117 O 132 O 118 O 119 O 119 0 101 O 118 0 84 0 110 O
0 126 0 126 0O 124 O 125 O 114 O 127 O 102 O 122 O 92 O 110 O 89 0 87
55 0 135 0 110 O 132 O 107 O 123 0O 110 O 105 O 113 O 8 O 115 O 66 0
o 119 0o 119 0 118 0 114 o0 116 O 106 0 113 0 96 0 105 0 8 O 92 0 82
64 O 103 O 127 O 100 O 123 O 99 O 109 O 104 O 8 O 110 O 66 0 108 0O
0o 112 0 111 0 109 O 109 O 106 O 102 O 100 O 96 O 93 O 87 O 82 0 80

and consequently,

4 -2 00000000

-2 4-22000000

0-2 40020000

0 2 04220000

¢ 0 0 02420021

Q =TGT" = 5760 0 0 22242212

0 0 00024202

0 0 00022402

0 0 00210042

0 0 00122224

such that det(Q) = 278321510, By Proposition 3.9, the trace form of 2 € M is given by

Tri jo(az?) = 23040a3 — 23040a; as + 23040a3 — 23040az2a3 + 2304043 + 23040aza4 + 2304043
+11520a19as5+23040a4a5 + 23040@% +23040a1gas +23040aza6 +23040a4a6 +23040a5a¢
+ 23040@% +23040a1ga7 + 23040agar + 23040&% +23040a1gas + 23040agas + 23040a7ag
+ 2304002 + 23040a1pag + 23040asag + 11520aag + 23040a3 + 23040a%,.

Thus, t = min{Trg,g(az?); x € My, x # 0} = 23040 with a; = 1 and a; = 0, for j # 1. By Equation
(1) it follows that the center density of lattice o, (M) is given by

tm/2 23040)10/2 1
8(oa(My)) = _ ) = .
2m,/det(Q) 210278321510 16V/3

1
Therefore, o,(M) is a lattice of rank 10 with the same center density of Ajg. As %Q is a standard

Gram matrix of Ajg [12], it follows that 04(My) is a rotated version of Ajg. Using a computer,

1
V5760

ot
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we observed that 0;nir}\4|NK/Q(y)\ < 4.13 x 10*°. Now, the minimum norm in Ajp is u = 4. As
ye

N o) = 8.3 x 10° and 0 (M) is a scaled version of Ay with scale factor /5760, by Equation (4)

1 24
dy M) < | —— 8.3 x 109 x 4.13 x 10%° = 1.68 x 10~%7,
pra(0a00) < (Ss)

and consequently,

kY dp,rel(aa(M)) é 0.00210.

Now, let M2 be a submodule of Ok generated by the linearly independent vectors {wi,ws, ..., we},
following the same steps as the construction of Ajg, it follows that

2-6 8 20 2 4 -4 6 04 02 -6 4 2 -8 8-2 2 -2 0 -6 2
2—-4-2 6-4 0 2-18 2 6-4 16 2-14 4 2 -4 10-2-12 4 2 2 8
-2-4 2 6 4 4 -2 -2 -2 6 4 4-2-10 -4-2 4 6 2 -4 —-4-6 -2 0
0-4-2 6 0 2 2-10 0 6 2 10 2-12 0 0 -2 8-6 -8 0-2 4 4
T=14 -212 0 -8 4-2 0 24 -2—-4 6-14 0 22 —4-6 2-22—-4 8 —4-4 2-12],
-4-2-2 6 4 4 -4 0 -8 810 6-2 -8 -8—-4 10 2-2 -6 —-2-8 8 -2
—-14-4-4 414 2-14 —6-24 432 6-8 —8-26 0 34 6-2 —4-10-2 20 2
0 2-4 0-4 2 -2 10 -420-40 4 04 4-60 2 6-6 8 —6
612 4-13-2-2 6 21 11-9-8-12 3 22 6-5-14-18 0 10 -2 0-12 -9
and consequently a Gram matrix for the lattice o,(M2) is given by
4-2 0000000
-2 4-2200000
0-2 4002000
0 2 0422000
Q=TGT'=5760| 0 0 0242002 |,
0 0 2224221
0 0 0002420
0 0 0002240
0 0 0021004

such that det(Q) = 2723185%. By Proposition 3.9 the trace form of x € My is given by

Tri jg(az?) = 23040a3 — 23040a1as + 23040a3 — 23040aza3 + 2304043 + 23040aza4 + 23040a3
+ 23040a4a5 + 23040@% + 23040a3ag + 23040a4ag + 23040asae + 23040@% + 23040agar
+23040a2 + 23040agag + 23040a7ag + 23040a2 + 23040asa9 + 11520agag + 23040a3.

Thus, t = min{Trg,g(az?); * € Ma, x # 0} = 23040 with a; = 1 and a; = 0, for j # 1. By Equation
(1) it follows that the center density of lattice o, (Ms) is given by

/2 (23040)9/2 1
§(0a(Ms)) = = = :
(0a(Ma)) = = JAet(Q) 2992723155 16y2

1
Therefore, o, (M2) is a lattice of rank 9 with the same center density of Ag. As %Q is a standard Gram

matrix of Ag [12], it follows that 0o (My) is a rotated version of Ag. Using a computer, we observed

1
V5760

56
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that oénh}\/t |Ng/o(y)] < 2.28 x 10%!. Now, the minimum norm in Ag is u = 4. As Ng/g(a) = 8.3 x 10°
ye
and o,(M) is a scaled version of Ag with scale factor v/5760, by Equation (4)

24
1 JE3 X100 _
8.3 x 109 x 2.28 x 10%2! =9.29 x 1027
\/23040> ’

dy ret (70 (M) < (

and consequently,

O/ dp re1(0a(M)) < 0.00128.

4.5. Construction of the A;;-lattice

Let L = Q((23), K the subfield of L such that [K : Q] = 11, and (¢) = Gal(K/Q), where o : (a3 — (35.
Then K = Q(0) where 0 = Trp/x(Ce3) = (o3 + (3t A Z-basis for Ok, the ring of integers of K, is
{o%(0)}12,. By Proposition 3.11, the trace form of K is given by

T?“]K/Q($2) = 23(a(2) + a% +oee 4 afo) —2(ap+ a1+ + a10)2,

where 7 = agf + a10(0) + - - - + a1001°(6). Let

10
v = Nyr(l = Gas) = (1= Cas)(1 = (35') = =0 =2 o' (6).
=0

It follows that

Tri/o(v) = Nr/o(y) = 23.

Furthermore, let
10
e=6» o'(0) +40°(0) + 07 (0)
i=0

be a unit in Og. The element o =
denote the lattice 0,(Ok), where o,
ga(r) = (o (a)o(a),
by

ey is totally positive and Ngsgo(a) = 23. Let A

K — RY is the twisted homomorphism given by
o(a)o(z),...,/ol%(a)o!?(x)) and M be the Z-submodule of Ok defined
M = {aph + a10(0) + -+ -+ a100'°(0) € Ox; a; =0 (mod 2), for j = 2,4,6,8,10},

then the Gram matrix of o, (M) is given by

4-2 0 2-2-2 0 2 0 0-2
-2 4 0-1 4 0 0-1-4-1 2
0 012 0 0-2 0 4-8-2-4
2-1 0 4-6-2-2 0 0 2 O
-2 4 0-624 0 0 0-4-6 O
G=23]1-2 0-2-2 0 4 4-2 0-1 O
0 0 0-2 0 412-2-4-4 0
2-1 4 0 0-2-2 4-2 04
0-4-8 0-4 0-4-216 4 4
0-1-2 2-6-1-4 0 4 4 0
-2 2-4 0 0 0 0-4 4 0 8

~
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o)

We have that t = min{TTK/Q(axg) cx € Myx #0} =22 %23, withag =1,a; =az =--- = ajgp =0 and
[Ok : M] = 32. Since dx = 23, the center density of the lattice o, (M) is given by

tn/2 (22.23)11/2 1

T 200k : M/ N(a)lde] 2! x 32,/23]2310] 32’

max

i.e., the same as that of the AJ}* lattice [12, Chapter 6, Section 4]. The above lattice is a rotated version
of ATy, Indeed, G’ = EUGU", where

5(0a(M))

-2 000000000
4-220000000
400200000
042200000
024200210
222422120
000242020
000224020
002100420
001222242
000000024

G/

4
-2
0
0
0
0
0
0
0
0
0

-2
2
0
0
0
0
0
0
0

is a Gram matrix of AJ7* and

o
w

o
[\

|
= O = ON
|

\ \

DO — NN DN == =N W
\

— m, O R RO RO
\ \

BOR O R R N W N NN N
\
\
\

NO—RFOOOoONONOO

[=leNole el = -
\

HOHROOOH,ORF,OO

N WNNNONNON N
|
N R NNRF OO =

|
NN O NN N~

|
I\
|

is an element of GL(11,Z). Thus, oéniri\/t |Nk/q(y)| = 1, since for y = =0 € M, Ng,q(y) = 1. Now, the
yeE

minimum norm in Ay is 4 = 4. As Ny g(a) = 23 and 0,(M) is a scaled version of Aj; with scale factor
V23, by Equation (4)

11
dp.rer(Ta(M)) = (\/1@> V23.1 =758 x 1071,

and consequently,

" dp rei(0a(M)) = 0.12022.

5. Conclusions

In this section, we assess the performance of the lattices presented in this paper in terms of center
density and relative minimum product distance. These parameters are associated with the efficiency in
signal transmission over Gaussian and Rayleigh fading channels, respectively. Table 1 shows a comparison
between the best known relative product distance of rotated Z"-lattices, obtained via cyclotomic, cyclic
and mixed constructions [5] and via Kriiskemper method [18] (First column), the densest lattices Ag
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(D3, D5 and E7) obtained in [15, 16] (Second column), and the densest lattices A, (A3 = D3, A5 = Dy,
A7 = E7 and Ajs = K12) from our construction (Third column). The center density ¢ of these lattices
are also displayed.

For the lattice D3 the minimum product distance 0.36964 presented in [16, Table 3] is higher than
that from our construction, while for dimension 5 our construction yields the same value. In dimension
7 (see [15, Remark 4.13]) the authors obtained a lower bound on the minimum product distance whereas
for our construction the bound holds. For dimensions 9 and 10, we constructed the lattices Ag and Aqg
with an upper bound for their minimum product distance. Although the bounds are not very high, the
lattices in those two dimensions and in dimension 11 are new and are not known in the literature (as
algebraic lattices). In particular, the value that we obtained in dimension 11 is half of the one obtained
for Z™ (cyclotomic and cyclic constructions in [5]).

A broader question to be investigated is whether algebraic constructions of lattices, mainly in dimen-
sions 9, 10 and 11, as the ones approached here, can provide greater relative minimum product distance
for rotated densest lattices.

It is noticed that the relative minimum product distances dj r¢;(Ay,) of the rotated lattices obtained
in the present paper are smaller than the relative minimum product distances dj, y;(Z") of rotated Z"-
lattices constructed for the Rayleigh channels in [5, 18]. Nevertheless, if the goal is to construct lattices
which have good performance on both Gaussian and Rayleigh channels, were may assert that taking into
account the trade-off center density versus product distance, there are some advantages in considering
the rotated A,-lattices instead of rotated Z™-lattices.

Table 1. Relative minimum product distance versus center density (from [5, 15, 16, 18] and the

results presented here)

n | Y/ dpre(Zr)| Y/ dprer(Mo) | §/dp,rei(An)| 8(Z") | 8(A)

3 0.52275 0.36964 0.33994 {0.12500(0.17677
5 0.38321 0.27097 0.27097 [0.03125|0.08838
71 0.30080 > 0.11809 0.11809 [0.00781]0.06250
9 0.27018 - < 0.00128 [0.00195(0.04419
10| 0.25627 - < 0.00210 |0.00097|0.03608
11| 0.24045 - 0.12022 [0.00048]0.03125
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