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GENERALIZED HERMITE-HADAMARD TYPE INEQUALITIES
FOR PRODUCTS OF CO-ORDINATED CONVEX FUNCTIONS

HUSEYIN BUDAK AND TUBA TUN(

ABSTRACT. In this paper, we think products of two co-ordinated convex func-
tions for the Hermite-Hadamard type inequalities. Using these functions we ob-
tained Hermite-Hadamard type inequalities which are generalizations of some
results given in earlier works.

1. INTRODUCTION

The following inequality discovered by C. Hermite and J. Hadamard for convex
functions is well known in the literature as the Hermite-Hadamard inequality (see,

e.g., [13]):

() < ks [ s L0210

where f: I C R — R is a convex function on the interval I and a,b € I with a < b.

Hermite-Hadamard inequality provides a lower and an upper estimation for the
integral average of any convex function defined on a compact interval. This inequal-
ity has a notable place in mathematical analysis, optimization and so on. However,
many studies have been established to demonstrate its new proofs, refinements,
extensions and generalizations. A few of these studies are ([4], [O]-[11], [I3]-[I7],
[24)-127], [29], [34], [35], [37]) referenced works and also the references included
there.

On the other hand, Hermite-Hadamard inequality is considered for convex func-
tions on the co-ordinates in [12], [I8]. If we look at the convexity of the co-ordinates,
there are a lot of definitions of co-ordinated convex function. They may be stated
as follows [12]:
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Definition 1. Let us consider a bidimensional interval A := [a,b] x [c,d] in R?
with a < b and ¢ < d. A function f : A C R?> — R is said to be conver on A if the
following inequality satisfies

flz+(1—=1t) 2,ty+ (1 —t) w) <t f(z,y)+(1—1) f(z,w)
for all (z,y), (z,w) € A and t € [0, 1].

A modification of definition of co-ordinated convex function was defined by
Dragomir [I2] as follows:

Definition 2. A function f : A — R is said to be convex on the co-ordinates on
A if the partial mappings f, : [a,b] — R, fy(z) = f(z,y) and f, : [c,d] — R,
f=(y) = f(z,y) are conver where defined for all x € [a,b] and y € [c,d).

A formal definition for co-ordinated convex function may be stated as follows:

Definition 3. A function f : A — R is called co-ordinated conver on A if the
following inequality satisfies

flz+ (1 —1) y,su+ (1-s)v) (1)

< s f(x,u) + t(l - S)f(.’L‘,U) + 8(1 - t)f(yvu) + (1 - t)(l - S)f(yvv)
for all (z,u), (y,v) € A and t,s € [0,1].

The following Hermite-Hadamard type inequalities for co-ordinated convex func-
tions were obtained by Dragomir in [12]:

Theorem 4. Suppose that f : A — R is co-ordinated convex, them we have the
following inequalities:

b d
a+b c+d 1 1 c+d 1 a+b
< | —
f<2’2>_2b—a/f(z’2)dx+d—c/f<2’y)dy

b d
1
< m//f(xay) dydx (2)
1
SZ /fxcdax—ki/fxd
+Ciic/f(ay)dy+/fby
< flao)+ fla,d) + f(be) + f(b,d)
- 4

The above inequalities are sharp.
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The following Hermite-Hadamard type inequalities for products of two co-ordinated
convex functions were given by Latif and Alomari in [I8]:

Theorem 5. Let f,g: A — [0,00) be co-ordinated convex functions on A, then we
have the following Hermite-Hadamard type inequalities

b d
1
-_ dxd
=g | [ e vstasay 3
< Yktabe,d)+ L [Lab,e,d)+ Ma,b,c,d)] + —N(a,b, c, d)
—_— 9 a7 707 18 a? 7C7 a7 7c7 36 a? 7c7
and
a+b c+d a+b c+d
(52
1 [ 5
-_ dxd —K(a,b,c,d
s [ e et sty + Kb
7 2
+% [L(a,b,c,d) + M(a,b,c,d)] + §N(a,b, ¢, d)
where

K(a,b,c,d) = f(a,c)g(a,c) + f(b,c)g(b,c) +
L(av b, ¢, d) = f(av C)g(b7 C) + f(b C) ( C)
M(a,b,e,d) = f(a,c)g(

and
N(av b7 ) d) = f(a7 C)g(b, d) + f(ba c)g(a, d) + f(av d)g(b, C) + f(b7 d)g(a, C)-

Now, we give the definitions of Riemann-Liouville fractional integrals for two
variable functions:

Definition 6. [28] Let f € Li([a,b] X [¢,d]). The Riemann-Liouville fractional
integrals ijc+, Jsfd , Jafg and Jffadf are defined by

fla,d)g(a,d) + f(b,d)g(b,d),
fla,d)g(b,d) + f(b, d)g(a,d),
a,d) + f(b,¢)g(b,d) + f(a, d)g(a, c) + f(b,d)g(b, c)

J:fchr (z,y) = // (z— )" —s)ﬁ_lf(t,s)dsdt, Tz >a, y>c

T f(ay) = (@ =) (s —y)" " f(t,s)dsdt, x> a, y<d,

JCY:B

e f(ay) = T@T?) (t—2)* " (y— ) f(t,s)dsdt, x<b, y>c
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and
b d
JP f(x y):¥//(t—x)a71 (s — )’ ft,s)dsdt, = <b, y<d.
b—,d— ’ F(a)F(ﬁ) ) ) P

The following Hermite-Hadamard type inequality utilizing co-ordinated convex
functions was proved by Sarikaya in [28]:

Theorem 7. Let f,g: A :=[a,b] X [¢,d] — [0,00) be two co-ordinated conver on
Awith)<a<band0<c<dand f € L(A). Then for a,8 > 0 we have the
following Hermite-Hadamard type inequality

f<a—2|—bvc—|2—d> 5)
T(a+1)T(B+1)

4(b—a)* (d—¢)’

x [Je e (b, Dgb,d) + 5, F (b, )g(b,c)

+ JP L fa,d)g(a,d) + J3°, f(a,c)g(a,c)

fla,¢) + fa,d) + f(b,¢) + f(b,d)
- 4
Now, let’s give the notations Ay (x;m,n) and By(x;m,n) used throughout the
study:

n

Ag(z;m,n) = /(n — z)%wy,(2)de, By (z;m,n) = /(n —z)(x — m)wg(z)dx

for k=1,2.
In [7], Budak gave the following inequalities which are used the main results:

Theorem 8. Suppose that w; : [a,b] — R is non-negative, integrable and symmetric
about z = %2 (ie. wi(z) =wi(a+b—2)). If f,g: 1 — R are two real-valued,
non-negative and convexr functions on I, then for any a,b € I, we have
b
[ @i (wyis <

a

M@ 5 was) (6)

Aﬂ%%Admm®+
(b—a) (b—a)

where

M(a,b) = f(a)g(a) + f(b)g(b) and N(a,b) = f(a)g(b) + f(b)g(a).
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Theorem 9. Suppose that conditions of Theorem[8 hold, then we have the following

inequality
b
2f <a—2|_b>g (a;—b) /wl(x)dx (7)
b
M) o N@b)
< [ S@o@m+ TG BGah + T A

a

where M (a,b) and N(a,b) are defined as in Theorem[§

Many convexity is defined on co-ordinates and several inequalities are done by
using these definitions. For example, Alomari and Darus proved Hadamard type in-
equalities for the s—convex functions and log —convex functions on the co-ordinates
in a rectangle from the plane R? in [2] and [3] respectively. In [23] Ozdemir et al.
gave Hadamard type inequalities for h—convex functions on the co-ordinates. For
the others, please refer to ([1]-[3], [5]-[8], [12], [18]-[23],[28],[30]-[33], [36]).

The aim of this paper is to establish Hermite-Hadamard type inequalities for
product of co-ordinated convex functions. The results presented in this paper pro-
vide extensions of those given in [6] and [I8§]

2. MAIN RESULTS

Theorem 10. Let f,g : A C R? — [0,00) be co-ordinated conver functions on
A. Also, ws : [a,b] — R is non-negative, integrable and symmetric about x = “74”’
(i.e. wi(z) = wi(a+b—1x)) and ws : [¢,d] — R is non-negative, integrable and
symmetric about y = <52 (i.e. wy(y) = wa(c+d—y)). Then, we have the following
Hermite-Hadamard type inequality

b d
Wl(d_c) //f(x,y)g(fmy)wl(x)wz(y)dydx
< m [K(a,b,c,d)A1(x;a,b) + L(a, b, c,d) By (x;a, b)]
-I-M [M(a,b,c,d)A;(z;a,b) + N(a,b,c,d)By(z;a,b)]

(b—a)’(d—c)?

where K(a,b,c,d), L(a,b,c,d), M(a,b,c,d) and N(a,b,c,d) defined by as in Theo-
rem (ol

Proof. Since f and g are co-ordinated convex functions on A, the functions f, and
g are convex on [c,d]. If the inequality @ is applied for the functions f, and g,
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then we obtain

d
= [ £ty < EEED 000 + a@] 9
By (y;c. d)
+ P 1, (002(0) + £ola)ga(c)]
That is
d
1 As(y; e, d)

[ et sty < ZFEED (@ ogte.0) + o dgle.a)] - ©

+ B(Zd(li; Z’)g) [f(z,c)g(z,d) + f(z,d)g(z,c)].

Multiplying the inequality @) by E‘ﬂig and then integrating respect to x from
a to b, we get

b d
/ f(z,y)g(z, y)w (x)ws(y)dydx (10)
A d) /
gyc 3/ g(z,c) + f(z,d)g(z,d)] wi(z)dz
By (y; ¢, d)

Bad / £z, )a(e.d) + F(a. gz, )] wn (@)

a

Applying the inequality @ to each integrals in , we have

/f(m,c)g(x,c)m(x)da: < A(lb(i?;lif) [f(a,c)g(a,c) + f(b,c)g(b,c)] (11)
+ B(lb(i’Z;Qb) [f(a,c)g(b,c)+ f(b,c)g(a,c)],
b
Aq(z;a,b)
/ f(w dgla, dwr(@)de < =5 | (@ dgla. )+ S, d)g(b, ) (12)

a
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b

[ 1t 0gtadyun ) <

a

w [f(a,c)g(a,d) + f(b,c)g(b,d)] (13)
W [f(a,)g(b, d) + f(b,c)g(a, d)]

and
b

/f(a:, d)g(x, c)wy(z)dr <

a

Al (ma a, b)

oo Uadigle.0 1 S0 dgb.] (1)

m [f(a,d)g (b, ¢) + f(b.d)g(a,c)].

Substituting the inequalities — in the inequality and then arranging
the result obtained, we get desired result. On the other hand, the same result is
obtained by using the convexity of functions f, and g,. O

Theorem 11. Let f,g: A C R? — [0,00) be co-ordinated convex functions on A
with a < bye < d. Also, wy : [a,b] — R is non-negative, integrable and symmetric
about x = “b (i.e. wi(z) = wi(a+b—x)) and ws : [c,d] — R is non-negative,
integrable and symmetric about y = 5% (i.e. wa(y) = wa(c+d—y)). Then, we
have the following Hermite-Hadamard type inequality

b d
+b c+d +b c+d
of [r(52 50 ) o (5050w as

b d
< / / £ (@,9) 9 () wn (2)wa () dyd

K(a,b,c,d)
(b—a)2(d—oc)?
L(a,b,c,d)
(b—a)2(d—oc)?

m [Ba(y; ¢, d)Bi(z; a,b) + A2 (y; ¢, d) A1 (x5 a,b) + Bi(x;a,b)As(y; ¢, d)]

[Bl (l’, a, b)AZ(y7 c, d) + B2(y1 c, d)Al ($7 a, b) + Bl ('T7 a, b)BQ(ya C, d)}

[BQ(yv c, d)Bl (.73, a, b) + AQ(y1 c, d)Al (l’, a, b) + Al (:Ev a, b)BQ(y7 c, d)]
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Th—ap(d—op
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[Al(x’ a, b)BQ(ya & d) + AQ(ya & d)Bl (:I,’, a, b) + AQ(ya & d)Al(xa a, b)] :

Proof. Since f and g are co-ordinated convex functions on A, the functions f;, g.,
fy and g, are convex. Applying the inequality @ for the functions feia and geta
2 2

ct+d

with y =

we get

4f a+b c+d

(

2 72

d
< 2//f< ,c;d>g( C+2d) w (x)wa(y)dydz
d - _
112 / f(a,5%) g (a, ‘2(‘;)_:1)‘2(@ 44) g (b, 559
d -
f(a,5%) g (b, 5%%) + f (b, 57) g (a, 57)
* {2/ (b—a)?

c L

Similarly, if we apply the inequality @) for the functions f agb and g o with x =

)g(”jb,cgd)/b/dwmx)w(y)dydx

wa(y)dy

wa (y)dy

d
and then multiplying both sides of the result obtained by 2 [ ws(y)dy,
c

(15)

Bl (37, a, b)

Aq(z;a,b).

a+b
2

b
and then multiply both sides of the result obtained by 2 [w;(z)dz, we get

a+b c+d

at+b c+d

()l

2 72

2

a+b

T2

m\cr

b d
) [ [ @t

y) wn (@) (y)dyde

wi (z)dx

wy (z)dx

(16)

Bs(y; ¢, d)

As(y;c,d).
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Using the inequality (7)) for each integrals in inequalities and ([16]), we have
; p d d
c+ c+
2f (a, 5 )g <a, 5 >/w2(y)dy < /f(a, y)g(a, y)wa(y)dy (17)

fla,0)g(a,c) + f(a, d)g(a, d) e
+ { UErE ]Bl(y, ,d)

n [f(a,C)g(a,d) + fla,d)g(a,c

Ve )]Al(y;c,dh

d

2f (b,c+d> ( c+d>/wz dy</ ;) 9(b, y)wa(y)dy (18)

£, 0lo(b,) + 5. D0, )]
d (@~ cp | e

I, 9g(b.d) + fb,d)gb.0)]
+|: (d—C)2 :|A1(ZJ, ’d)v

2f <a,c+d> ( C+d>/dwz dy</ ) 9(b, y)wa(y)dy (19)

[f( )g(b;¢) + f(a, d)g(b, d)
(d—¢)?

+ } By (y; ¢, d)

fla,c)g(b,d) + f(a,d)g(b, c) .
+ |: (d—0)2 :|A1(ya 7d)a
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27 (1550 ) (. 57) /d wa(y)dy < /d (6, )g(a, s )y (20)

of <a+b ) <a+b c)/bw1 daz</ gz, Q)wn (z)dz (21)

N [f (a, C)g(av( Z)_Jraj)” 2(b, )9 (b, 0)} By (x:a,b)

N {f(m c)g(b,c) + f(b,c)g(a,c)

b —a) } Ai(z;a,0),

of (“b ,d) g (““’,d) /b w@ds < [ fedgte. dyu @)t (22)

n [f(a, d)g(a,d) + f(b,d)g(b, d)

o } By (x;a,b)

N [f(a, d)g(b,d) + f(b,d)g(a, d)

b —a) } Ai(z;a,b),
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2f (“;Lb,d> g (“;b,d> /bwl(x)dm < /bf(x,d)g(x,d)wl(x)dm (23)

a

i [Hodsted + 1000

= } By (x;a,b)

n [f(a, d)g(b,d) + f(b,d)g(a, d)

oy } Ay (z30,b),

2f <a;b,c) g (a;bﬂ) /bwl(m)dx < /bf(x7c)g(x,d)w1(:r)dx (24)
N [f (a, C)g(a,(cbl):l)‘ 2<b’ )g(b, d)} B (3 a,b)
N LTS (M) PR

and

2 (S5 ) o (S5 ) /b wn(w)de < /b (2, Dl &) (25)

n {f(a, d)g(a,c) + f(b,d)g(b, c)

o } By (x;a,b)

N {f(a, d)g(b,c) + f(b,d)g(a,c)

= } Ay (30, b).

When the inequalities — is written in and and then the results

obtained are added side by side and rearranged, we obtain
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b d
b ct+d b c+d
8f<a-2i- 7042‘ >g<a; ’c; )//wl(x)WQ(y)dydm (26)

d
b

cof [ (S50) o (S50 meretn

Bl(‘ra a, b
(b—a)?

2

IN

e

_|_

[f(a,y)g(a,y) + f(b,y)g(b, y)] wa(y)dy

S~—
n\&

Al (.’13, a, b)

MCEE

[f(a,y)g(b,y) + f(b,y)g(a,y)] wa(y)dy

n\&

+

b
Baly; e, d) / [f(z,c)g(z,c) + f(z,d)g(z, d)] wi(z)dx

(d—¢)?

b
SABD [, dgted) + fodg(e. ) s (o

a

b= a)2(d—cp @ ab)Balyic.d)

2(abed) y
b= a)(d—cp 1@ ab)Bayc.d)

2M(a, b, c,d)
(b—a)*(d—c)?

mfll(ﬁ a,b)As(y; ¢, d).

Bi(z;a,b)As(y; ¢, d)

The inequality @ is applied to f (a:, ng) g (x, %) and then the result is multiplied
by wi(x) and integrated over [a, b],we get

2 /b /d f (x = d) g (:c C;d) wi (2)ws (y)dyda (27)
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b d
/ / £ (2, y)g(, y)wi (2)ws (y)dyda

b
Bs(y; ¢, d)
Jr(d—0)2/[f(x’c)g(zvc) + f(z, d)g(z, d)] wi(z)dx

a

b
+w [ (@ lgled) + fa, dg(a, ) wr ()

a

Similarly, if we apply the inequality to f (“7“’, y) g (‘%H’, y) and then the result
is multiplied by ws(y) and integrated over [c, d],we get

2 / / F(500) o (S5 watdys (29)

b d
/ / F (@, )9l y)wn (2)ws (y)dyda

d

/ Flay)glary) + F(b.1)g(b,y)] waly)dy

c

Bi(z;a,b)
(b—a)?

d
2D (10,0 + 101900, vl

c

Substituting the inequalities and in the inequality and reordering the
results obtained, we have

b d
A ] i

b d
< 2 / / £ (@, 9)9 (@, y)un (2)wa(y)dyda

d
231 (z;a, b / g(a,y) + f(b,y)g(b,y)] wa(y)dy
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d
2f(l;(f;ao;’zb)/[f(a,y)g(b,y)+f(b,y)g(a,y)] wa(y)dy

c

b
2B5(y; ¢, d)
(d_c)z/[f(m,C)g(x,c)+f(:c,d)g(a:,d)] wy (z)dx

a

b
ZZ%BfX/U@wM@d)+ﬂ%®ﬂ%MWN@W

a

mBl (x;a,b)Ba(y; ¢, d)

(b= a)*(d —c)?
(b—a)2(d—c)?

By applying the inequality @ to each integral in and later rearranging the
results obtained, we obtain desired inequality. ([l

Bi(x;a,b)As(y; ¢, d)

Al (:L‘a a, b)AQ(y7 C, d)

Remark 12. If we choose wi(z) =1 and wa(y) = 1 in Theorem[10 and Theorem
we get (@ and respectively.
Remark 13. If we choose wy(x) = Toaya=T [(b—2)*"t + (z — a)* ] witha >0

and wo(y) = # [(d—y)’~ '+ (y— )’ with B > 0 in Theorem m and
Theorem [11], we get

T(a+1)T(B+1)
A(b—a)> (d—c)’

X [ e (b, g (b, d) + T F (b, 0)g(b,0)

+I50, o d)gla,d) + T3, f(a,e)g(a,0)]

< [ meneral b @rnaes) oo
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(1 B o
Tz (6+1)(6+2)} [<a+1><a+2>

15} 1 «@
* _(ﬂ+1)(6+2)} [2 @+ 1) (a+2)

15} e
+_(ﬂ+1)(6+2)} [<a+1><a+2>

4f<a+b c;d)g(a;rb,c;rd)
D(a+1)T(B+1)
4(b—a)> (d—¢)’

X [Je e (b, Dgbyd) + T2, F (b, )g(b,c)

} L(a,b, c,d)

} M(a,b, c,d)

} N(a,b,c,d)

and

IN

I dgla,d) + T3, f(a0)glac)]

1

T e T ETN 6T B T ETy) ) Kehed

+{;B_(a+1 a+2] [a+1 H B+2]}Lab0d

+{;[;_<5 6+2] [a+1 H 6+2]}M““d
N

i levers) lemal ) Yese

which is proved by Budak and Sarikaya [6].

[\V]
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