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A NOTE ON HYPERBOLIC (p,q)-FIBONACCI QUATERNIONS

TULAY YAGMUR

ABSTRACT. In this paper, we introduce a new quaternion sequence called hy-
perbolic (p, ¢)-Fibonacci quaternions. This new quaternion sequence includes
hyperbolic Fibonacci, hyperbolic k-Fibonacci, hyperbolic Pell, hyperbolic k-
Pell, hyperbolic Jacobsthal, hyperbolic k-Jacobsthal quaternions. We give
generating function and Binet’s formula for these quaternions. We also obtain
some identities such as d’Ocagne’s, Catalan’s and Cassini’s identities involving
hyperbolic (p, ¢)-Fibonacci quaternions.

1. INTRODUCTION

Fibonacci numbers have been applied in different scientific areas such as en-
gineering, and architecture. Recently, Fibonacci numbers have been studied and
generalized by many authors in many ways. For example, one of the generalization
of Fibonacci numbers is (p, ¢)-Fibonacci numbers [15,17].

For positive real numbers p and ¢, the sequence of (p, q)-Fibonacci numbers,
denoted by {F,, }n>0, is defined by the recurrence relation

f’rL:pf'r—l_"q‘Fr—Qa n>2

with initial conditions Fyp =0 and F; = 1 [17].
The nth term of the sequence {F,,},>0 is given by

a™ —g"
fn =, ].
— (1)
/02 1 4 YA
where o = W, b = % are the roots of the characteristic

equation t2 — pt — q = 0 [17].
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It must be note that o+ 8 = p, a« — 8 = /p? + 4q and a8 = —q. Moreover, the
generating function for the sequence {F,},>0 [29] is given by

t
) = ————.
fp»‘l() 1—pt—qt2
The (p, q)-Fibonacci sequence is the generalization of the familiar second-order
recurrent sequences, that is, for special values of p and ¢, are defined as follows:

o If p = ¢ =1, then {F,},>0 is the (classical) Fibonacci sequence {F}, },>0
[24].

If p==Fk, ¢=1, then {F,},>0 is the k-Fibonacci sequence {Fj ., }n>0 [9].
Ifp=2,¢g=1, then {F,}n>0 is the Pell sequence {P,},>0 [18].

If p=2, ¢ =k then {F, }n>0 is the k-Pell sequence {Py ,, }n>0 [7].
Ifp=1, ¢ =2, then {F,},>0 is the Jacobsthal sequence {.J, }»>0 [19].
If p==Fk, g =2, then {F,},>0 is the k-Jacobsthal sequence {Jy » }n>0 [22].

Quaternions (real quaternions), introduced by Sir William Rowan Hamilton in
the mid nineteenth century, are four-dimensional hypercomplex numbers. Quater-
nions are widely used in high-tech areas such as computer graphics, signal process-
ing, and robotics, see for example [1,8,10,11], among others.

Quaternions form a four-dimensional non-commutative associative algebra over
the real numbers, are defined as follows:

H={¢=q+ai+ei+teak | 9 q,q90 95 ¢cR}
where {1,1,j,k} is a basis of H, and the imaginary units i, j and k satisfy the
following equalities
==K =ik=-1, ij=k=-ji, jk=i=-kj, ki=j=-ik
For more details on quaternions, one can see, for example [14,32].
Horadam [16] defined the Fibonacci quaternions as
QFn :Fn+Fn+li+Fn+2j+Fn+3ka

where F), is the nth Fibonacci number.

Fibonacci quaternions have been studied and generalized by many authors, some
of which can be found in [2-6,12,13,20,21,26-28,30,31], among others. One of the
generalization for Fibonacci quaternions is done by Ipek. In [20], Ipek introduced
the (p, ¢)-Fibonacci quaternions as

Q]:n:fn+~7_—n+1i+‘7:n+2j+]:n+3ka

where F,, is the nth (p, ¢)-Fibonacci number.
The author also defined the (p, ¢)-Fibonacci quaternions recursively by the rela-
tion
an = prnfl + q@fnfb n > 2.



882 TULAY YAGMUR

Moreover, Patel and Ray [26] investigated some properties of (p, q)-Fibonacci and
(p, 9)-Lucas quaternions.

Alexander Mac-Farlane first described hyperbolic quaternions in 1891, and these
numbers are not associative. Kurt Godel used the name of these quaternions in
1949, but the author actually implied split quaternions in his definition. Hyperbolic
quaternions [25], just like real quaternions, are a generalization of complex numbers
by four real numbers. Moreover, just like real quaternions, hyperbolic quaternions
are not commutative. But hyperbolic quaternions have zero divisors.

In [23], Kosal studied on hyperbolic quaternions and their algebraic properties.
In [5], Aydin defined the hyperbolic k-Fibonacci quaternions. The author also
investigated some algebraic properties of the hyperbolic k-Fibonacci quaternions.

Hyperbolic quaternions are defined as

K={¢=q +iq1 +je2 + kg | qo,q1,9,q € R},
where
2= =k>=ijk=1, ij=k=-ji, jk=i=-kj, ki=j=—ik.

Let p = po + ip1 + jp2 + kps and q = qo + ig1 + jgo + kgz be two hyperbolic
quaternions. Then the addition and subtraction of two hyperbolic quaternions are
defined as

pEq=(poEqo) +ilpr £ q1) +j(p2 £ q2) + k(ps £ g3).
The multiplication of a hyperbolic quaternion by a real scalar X is defined as
Ap = Apo + iAp1 + jAp2 + kAps.
The multiplication of two hyperbolic quaternions is defined as

pq = (Poqo + P1q1 + P2q2 + p3gs) +i(Poq1 + p1go + P2qs — P3ge)
+3J(Pog2 — P13 + p2go + p3q1) + k(pogs + p1g2 — p2q1 + Paqo).
The conjugate of a hyperbolic quaternion ¢ is denoted by g and defined by
7 =qo—iq1 —jg2 — kgs.
Moreover, the norm of the hyperbolic quaternion ¢ is
N(g) =q7=q0° —q1* — @2° — g5°.

The main objective of this paper is to introduce hyperbolic (p, ¢)-Fibonacci
quaternions. We then give the generating function and Binet’s formula for the
hyperbolic (p, ¢)-Fibonacci quaternions. In addition, we obtain some well-known
identities involving these quaternions.
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2. THE HYPERBOLIC (p, q)-FIBONACCI QUATERNIONS

In this section, we first give the definition of the hyperbolic (p, ¢)-Fibonacci
quaternions. We then investigate some properties of these quaternions.

Definition 1. For positive real numbers p and q, hyperbolic (p, q)-Fibonacci quater-
nions are defined by the relation

Han:f7L+ifn+l +jfn+2+kfn+3a (2)
where F,, is the nth (p, q)-Fibonacci number, and i, j, k satisfy the equalities
iP=j’=Kk’=ijk=1, ij=k=-ji, jk=i=-kj, ki=j=-ik. (3)

Let HQF, be the nth (p,q)-Fibonacci number. Then, after some necessary
calculations, one can obtain the following recurrence relation:

HQF, =pHQFn-1+qHQF 2, n>2, (4)
with initial conditions

HQFy =i+jp+k(p* +q), (5)

HQF; =1+ip+j(p* + q) + k(p® + 2pq). (6)

Particular cases of Definition 1 are

e Hyperbolic Fibonacci quaternions are
HQF, =F,+iF 11+ jFote + kFhqs,
where F), is the nth Fibonacci number, with initial conditions
HQFy=i+j+k2,
HQF, =141i+j2+k3.
e Hyperbolic k-Fibonacci quaternions [5] are
HQFyn = Fin +1Fg nt1 + jFknv2 + kFg nys,
where Fj, ,, is the nth k-Fibonacci number, with initial conditions
HQFro=1i+jk+k(k*+1),
HQFy1 =1+ik+j(k* +1) + k(k* + 2k).
e Hyperbolic Pell quaternions are
HQP, =P, +iPy,+1+ jPoio + kPoys,
where P, is the nth Pell number, with initial conditions
HQPy =i+ 2j+ k5,
HQP, =1+1i2+j5+kl2.
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e Hyperbolic k-Pell quaternions are
HQPy . = Py + 1Py g1 + jPrngo + KPr g3,
where Py ;, is the nth k-Pell number, with initial conditions
HQPyo=i+j2+k(d+k),
HQPy1=1+i2+j4d+ k) +k(8+ 4k).
e Hyperbolic Jacobsthal quaternions are
HQJn = Jn + 1Jng1 +JJnq2 + Kdnys,
where J, is the nth Jacobsthal number, with initial conditions
HQJy=1i+j+k3,
HQJ, =1+i+j3+kb5.
e Hyperbolic k-Jacobsthal quaternions are
HQJgn = Jkn +1Jknt1 + k2 + kg nes,
where Jj, ,, is the nth k-Jacobsthal number, with initial conditions
HQJro =i+ jk +k(k*+2),
HQJp1 =1+ik +j(k* +2) + k(k* + 4k).

Let HQF, = F, + iFp41 + jFnte + kFnss and HQF,, = Fpo + iFs1 +
JFm+2 + kFnts be two hyperbolic (p, ¢)-Fibonacci quaternions. Then the addition
and subtraction of two hyperbolic (p, ¢)-Fibonacci quaternions are defined by

HQF, + HQF,, = (Fn £ Fn) + W(Fne1 £ Frng1) + 3(Frpe £ Frnso)
FK(Fors £ Fonss). (7)

The multiplication of a hyperbolic (p, ¢)-Fibonacci quaternion by a real scalar A is
defined by

AHQF, = AF, +iAFq11 + A Fngo + kKAF 43, (8)
The multiplication of two hyperbolic (p, ¢)-Fibonacci quaternions is defined by

HQF, x HQF,,
= (fnfm + fn—&-l]:m-i-l + fn+2-7:m+2 + -7:n+3fm+3)
+ i(fnfm—&-l + fn+1fm + fn+2~7:7n+3 - fn+3fm+2)
+j(fnfm+2 - fn+1fm+3 +~Fn+2fm +fn+3fm+1)
+ k(]:n}—m+3 + fn+lfm+2 - ~7:n+2~7:m+1 + ]:n+3-7:m)~ (9)

The generating function for the hyperbolic (p, ¢)-Fibonacci quaternions is given
in the following theorem.
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Theorem 2. The generating function for the hyperbolic (p,q)-Fibonacci quater-
nions is given by
t4+i(1+t —pt) 4+ j(1 + 2t — pt) + k(2 + 3t — 2pt)

Gp,q(t): 1— pt — g2 .

Proof. Let Gp4(t) be the generating function for the hyperbolic (p, q)-Fibonacci
quaternions. Then we write

Gpg(t)=> HQF " =HQFo+ HQF it + ...+ HQF t" + ... . (10)
n=0
Multiplying the Eq. (10) with pt and ¢t? respectively, we get
ptGpo(t) = pHQFot + pHQF t* + ... + pHQF, 1" + ...
and
qt* Gy q(t) = qHQFot* + gHQF > + ... + qHQF, _ot™ + ...
Then we have

(1 —pt — qt*)Gpq(t) = HQFo + (HQF, — pHQFo)t

+ Y (HQF, — pHQF o1 — qHQF,_2)t"

n=2
= HQFo + (HQF1 — pHQFo)t.
By the Egs. (5) and (6), we get
(1 —pt — qt*)Gpo(t) =t +i(1 +t — pt) + j(1 + 2t — pt) + k(2 + 3t — 2pt)
which is the desired result. (]

Particular cases of Theorem 2 are

e The generating function of the hyperbolic (classical) Fibonacci quaternions
is

t+i+jl+1) +k(2+1)
t =
f) T
e The generating function of the hyperbolic k-Fibonacci quaternions is
folt) = t+i(1+t(1—k)+j1+t(2—-Fk)) + k(2 +t(3 - 2k))
A 1—kt—t2
e The generating function of the hyperbolic Pell quaternions is
t+i(l—t)+j+k(2-1)
t) = .
9t 1—2t— 12
e The generating function of the hyperbolic k-Pell quaternions is
t+i(l—t) +j+k(2—1)
t =
9x (1) 1— 2t — kt?
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e The generating function of the hyperbolic Jacobsthal quaternions is
t+i+j(l+t¢ k(2+t
ht) = +i+j1+1) +k(2+ ).

1—¢—2¢2
e The generating function of the hyperbolic k-Jacobsthal quaternions is
ot (1 - k) +§(1 (2 — k) + k(2 + (3 — 2F))
B 1— Kkt —2t2

The following theorem gives the Binet’s formula for the hyperbolic (p, ¢)-Fibonacci
quaternions.

hi ()

Theorem 3. The nth term of the hyperbolic (p,q)-Fibonacci quaternion is given
by
a*an _ 6*/877,
a—pB
* : s 2 3 _ ptyVpPH4q w . . 02 3
where o = 1 +ia + jo* + ka’, a = —5—— and 7 = 1 +iB +jB” + kB,
ﬁ — P— p24+4q

2

HQF, =

Proof. Using the definition of the hyperbolic (p, ¢)-Fibonacci quaternions and the
Binet’s formula of the (p, ¢)-Fibonacci numbers, we have

Han :fn+ifn+1 +jfn+2+k]:n+3

n__ an n+l _ pn+l n+2 _ ant+2 n+3 _ ant+3
B e A e A sl
a—p a— 0 a—p a—pf
_a"(I+ia+jo® + ko) — B"(1+i8 +j6° + k5°)
= " )
If we take a* = 1 +ia + jo? + ka3 and 8* = 1 +i8 + jB° + k>, we obtain the
desired result. O

Particular cases of Therorem 3 are
e The Binet’s formula of the nth hyperbolic (classical) Fibonacci quaternion
is
HQF, = (0" — 3°4")
n—= =& o — )
V5
where o* = 1 +ia + jo? + ko?, a = 1+T‘/5 and % = 1+i8 + jB* + k3>,

B = 172\/5-
e The Binet’s formula of the nth hyperbolic k-Fibonacci quaternion [5] is

1

HQFk,n = T—f—ll

(7"1*7’1” - 7"2*7’2”),
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. . k2 . .
where ri* = 14+ir; +jri2+kr 3, r = w and ro* = 1+ire+jro2+kro?,
— 2
ry = b=V

e The Binet’s formula of the nth hyperbolic Pell quaternion is

1
HQP, = —=(zjz1" — x2"2]),

2v2
where z1* = 14+iz; +jri? +kai®, 21 = 1+ V2 and 22" = 1 +izs +jzo? +
k.’L‘23, Ty = 1-— \/i
e The Binet’s formula of the nth hyperbolic k-Pell quaternion is
2\/m yl Y1 Y2 yQ )
where y1* = 1+ iy; +jyi? + ky®, y1 = 1+ V1 +k and o = 1 + iy +
jy22 + ky23, Yo = 1-— vV 1 /{J
e The Binet’s formula of the nth hyperbolic Jacobsthal quaternion is
29" — (—1)"(=1)"
3 )
where 2* =1+ i2+j4+k8and (—-1)* =1—-i+j—k
e The Binet’s formula of the nth hyperbolic k-Jacobsthal quaternion is

HQPk,n =

HQJ, =

HQJin = (wiwi™ — we W),

k2 +8
where wi* = 1+ iwy + jwr? + kw3, wy = EVEES V2k2+8 and wo™ = 1+ iws +
jwo? + kw3, wy = E=VEES ‘2k2+8.

The d’Ocagne’s identity involving the hyperbolic (p, ¢)-Fibonacci quaternions is
given in the following theorem.

Theorem 4. Let m and n be two positive integers, such that n < m. Then we
have

HQFp, x HQFpi1 — HQF i1 x HQF, = i(a*ﬁ*am*" — Brarpmm.
p? +4q

Proof. Using the Binet’s formula of the hyperbolic (p, ¢)-Fibonacci quaternions, we
have

HQj:m X HQ]:TL+1 — HQ]:erl X HQ]:n

a*a™ — ﬁ*ﬁm a*an+1 _ ,B*ﬁnJrl O[*O[m-‘,-l _ B*Bm+1 oot — ﬂ*ﬁ”
a—pf a-p3 - - X o

= ﬁ(a*ﬁ*(am-‘rlﬁn _ am,@nJrl) + B*a*(an6m+1 _ an—HBm))
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1 * Ok Mo On. * kM Qm
1 n( k¥ M—n __ Q% _kom—n
_(a—ﬁ)(aﬁ) (B Brapm ).

Since a — 8 = y/p? + 4q and a3 = —q , we obtain the desired result. O

Note that, if we take p = k, ¢ = 1 as a special case in Theorem 4, we obtain
the equivalent result for d’Ocagne’s identity involving the hyperbolic k-Fibonacci
quaternions given in [5].

The following theorem gives the Catalan’s identity for the hyperbolic (p,q)-
Fibonacci quaternions.

Theorem 5. Let n and r be two positive integers. Then we have

(="

HQF,—» x HQF i, — HQF2 =
Q QFn+ Q 2 11

(@ f7B" = B a"a")(a" = 7).

Proof. Using the Binet’s formula of the hyperbolic (p, ¢)-Fibonacci quaternions, we
have

HQFH—'!‘ X HQ‘FH—H" _HQ]:n X HQ]:?L

afa™ " — ﬁ*ﬁn*?” a*an-‘r?" _ B*ﬂnJﬂ” a*a™ — 5*571 afam — 5*Bn

a—pf a—pf a—pf a—pf

= 0 (@) (@ = B 4 8 (@) (07— o))
1 X
= e @ o)l — )
Since a — 8 = \/p? + 4¢q and a8 = —q , we obtain the desired result. O

Note that, if we take p = k, ¢ = 1 as a special case in Theorem 5, we obtain
the equivalent result for Catalan’s identity involving the hyperbolic k-Fibonacci
quaternions given in [5].

If we take 7 = 1 in Theorem 5, we obtain the Cassini’s identity involving the
hyperbolic (p, ¢)-Fibonacci quaternions as

_ )nfl
VP? +4q
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HQFp-1 x HQFpy — HQF] = (a"B"B — B a"a).
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