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Oz: Kismi tiirevli diferansiyel denklemlerin soliton cozeltilerini ve Jacobi eliptik fonksiyon
coziimlerini elde etmemizi saglayan genisletilmis deneme denklemi yontemi arastirilmistir. Bu
yontem (3+1)-boyutlu Kadomtsev-Petviashvili (KP) denklemine uygulanmis ve c¢esitli yeni
tam(kesin) ¢ozlimler elde edilmistir. Bu yeni tam ¢oziimler, literatiirde yer almayan ¢dziimlerdir.
Ek olarak, elde edilen farkli tam ¢6ziimlerin fiziksel davranislarini anlamak i¢in iki ve {i¢ boyutlu
grafikler ¢izilmistir.

New Exact Solutions of (3+1)-dimensional Kadomtsev-Petviashvili (KP) Equation
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Abstract: The extended trial equation method is investigated which allows us to achieve soliton
solutions and Jacobi elliptic function solution of the partial differential equations. This method is
implemented to the (3+1)-dimensional Kadomtsev-Petviashvili (KP) equation and various new
exact solutions have been obtained. These new obtain exact solutions are solutions that are not
known in the literature. Additionally, two and three-dimensional graphics were drawn to

understand the physical behaviors of the distinct obtain exact solutions.

biology, geochemistry, chemical kinematics and

1. INTRODUCTION

The solutions of the nonlinear partial differential
equations can guide the understanding of many
problems. Therefore, recent studies on such equations
have also increased. We can use the notion of the wave
to make the solutions of such equations comprehensible.
These nonlinear physical occurrences are commonly
seen in the fields of optical fibers, plasma physics,
chemical physics, fluid mechanics, solid-state physics,

engineering..

A solitary wave is a wave that spreads without changing
over time. We know that the implementation areas of the
waves are fairly high. Consequently, many distinct
vigorous and influential methods have been developed
by different scientists for the nonlinear partial
differential equations. Herewith of these newly
developed methods, many physical occurrences will be
easier to understand with the determination of the new
exact solution functions.
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Therefore, many distinct approach methods have been
proposed and developed. Sine-cosine method [1,2],

Hirota's bilinear transformation method [3,4], (G'/G)-

expansion method [5,6], trial equation method[7-10],
extended trial equation method [11-13], modified
Kudryashov method [14,15] can be given as an example

for the developed exact solution methods.

A robust method to find the exact solutions of the
nonlinear  partial ~ differential  equations  was
recommended by Liu in 2005. Liu's main goal was to
find the finite series solution functions using different
integration methods for solutions of ordinary differential
equations. Later, many scientists developed further this
powerful method and brought different versions of this
method into the literature. Recently, the proposed
method by Liu has been further developed by Giirefe et
al and introduced into the literature as an extended trial
equation method. This developed method allowed us
new and exact solutions of the nonlinear partial
differential equations.

In this study the developed method is implemented to the
(3+1)-dimensional Kadomtsev-Petviashvili (KP)
equation. Codes are written according to the required
algorithms of the extended trial equation method, and
new and different exact solutions of the equations are
obtained. In the next section, the outlines of the extended
trial equation method are explained in detail.

2. MATERIAL AND METHOD

In this section, we aim to define the extended trial
equation method to achieve the new exact solutions of
the nonlinear partial differential equations. The extended
trial equation method is clarified in detail. Let's suppose
the general form of a nonlinear partial differential
equation with independent variables X, VY, zZ,...,t as

QU U Uy, Uyt Uy U U U U ) =0 (D)

XX Hxy t Uixz 1t

Consider travelling wave transformation for Eq. (1) as
described below

t)=u(¢), &=hx+hy+hz+..+ht
@

u(xy,z,

where h, ;tO(j =1 2,3,...,m). Substituting Eq. (2)
into Eq. (1) reduces a nonlinear ordinary differential

equation

T(u,u'u"u",..)=0. ©)

Let's assume the solution of the Eq. (3) with the finite
series approach as follows

U(§)=§r$‘ ($) (4)
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A(l)= Q(T) _g+al+e2+- 4+,
W() &+l +& M2+ T .

()

Here the F((f) functions are the solution functions of

the nonlinear ordinary elliptical differential equation.
Using Eq (4) and Eq (5), we get

<u'>2(cf)—%@mr“<g>j ®

@'(M)¥(T)-o(T

e R

o - ()

|=O

(7
where CD(F) and ‘P(F) are polynomials. When the

attained derivatives in Eqg. (6) and Eq. (7) are analyzed,
as stated in the solution function (4) turns into a

polynomial expression dependent on a rational F(rj)

function. The balance process according to Eq. (3) is
implemented in terms of the polynomial equivalent of
the highest-order term with the highest-order derivative
term. With the balancing procedure, & in solution
function (4), @ and € values in Eq. (5) will be
calculated. Some balancing terms are calculated as
follows

uu" N F9+25—€—2 (u,)Z N l_,g+2§,€,2

w -T2 u->r*, ®)

Thus, when the calculated values are replaced in the
expressions, zero polynomial related to the I" function
is attained. A system of algebraic equations is attained
by synchronizing the related terms in this zero
polynomial to zero. When the created algebraic equation
system is solved with the help of the Mathematica 10

program, &y,>* 1€y , el and

Ty, "1 T coefficients are obtained. When the attained

package

coefficients are rewritten in the Eq. (5), F(g‘) functions
are attained by calculating the integral

F

+(&-&) IJ—I > ©

Then, F(g‘) functions are substituted in solution
function (4), by applying the

respectively. Thus,
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transformation in the expression of (2) to the obtained
u (é) functions, new exact solutions of the Eq. (1) are
attained.

3. RESULTS

In this section, the extended trial equation method is
implemented to the (3+1)-dimensional Kadomtsev-
Petviashvili equation. The (3+1)-dimensional
Kadomtsev-Petviashvili equation was first introduced in
1970 by Boris B. Kadomtsev and Vladimir I.
Petviashvili. This equation describes long wavelength
water waves with weak nonlinear restore forces, waves
in ferromagnetic media, and two-dimensional matter-
wave pulses in Bose-Einstein condensates. Due to its
importance, it has been extensively studied in the
literature [16-18]. This equation has a structure that
defines three-dimensional solitons in a weak fluid
environment, especially fluid dynamics and plasma
physics. The (3+1)-dimensional Kadomtsev-Petviashvili
(KP) equation is

=0, (10)

3 2 2
au 68_u ou 36u o“u
8t ox  ox°

o) oyt ot

where U is a real valued function [18-23]. First let's
suppose travelling wave transformation to implement the
extended trial equation method to Eq. (10)

u(x y,z,t)=u(w), @=kx+ly+mz+ct,
where K,l,m,c are arbitrary constants. When the

integral is taken twice according to @ and the
integration constants are selected as zero, Eqg. (10)
equation as follows

(ke=3(m*+17))u(@)+3Kk°u* (@) +k‘u" () = 0.
(11)

Using the solution function (4) and differential equation
(5), the related derivatives are calculated and replaced in
Eg. (11). The balancing process is implemented to
determine the &, @ and € values in solution function
(4) and differential equation (5). According to the
extended trial equation method, the balancing process is

determined between the term U" containing the highest

order derivative and the highest order nonlinear term u?
as follows

U2 N 1—~25’ U” N 1—w9+§—e—2.
12)

Accordingly, the balance term is attained as
0 =c+06+2 from the equivalence of the obtained
u” ~u’® terms. To determine the new solution of the
Eq. (10), if the balance terms are selected as & =0and
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O =1, then @=3 is attained. When these balancing
terms are written in solution function (4) and differential
equation (5) respectively, we achieve

u(w)=1,+7 (o) (13)
() - D) _gt+el+el+50° 14
¥(I) &,
The term U” in the Eq. (11) is calculated as
_h (51 +2¢,1 +3¢g,I? ) s)
28,

where & #0 and ¢, #0.
When the calculated values are replaced in the Eq. (11),
a polynomial expression based on the F(?]) function

occurs. If we contemplate this polynomial as a zero
polynomial, the coefficients of this polynomial are
equalized to zero, resulting in a system of algebraic
equations.

When this algebraic system is solved with the help of

Mathematica 10 packet program, coefficients are found

as follows

3¢, (17 +m? - 2k’z, )
k4

Eg=&y & =&, &=

24’071

&3 = v Go=C0 Tp=Tp T, =T,

_6(010( +m —2k210)—k4glr1
2K¢, '

When these attained coefficients are replaced in Eq. (5)
and Eq. (9), an integral is obtained

(16)

dr

w a)o Hj — - ,
\/°+1F(a))+21"2(a))+1"3(a))
& & &3
17
2
where H = |[———, It is quite difficult to calculate

21,

the integral in Eq. (17). Integrating Eq. (17), we achieve
the solutions of the Eq. (10) as follows:

+w-wy)= _2H (18)
o 0 - )
«/F—al
(@-@,)=——arctan F—a2 a,>a
O \/7 al’ 2 11
(19)
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H In|\/l"—012 —\/al—a2|

J_r(w_wo)z\/ozl—oz2 |\/F—a2+\/a1—a2|’ %z
(20)
2H
+(w-w,)= — F(ol), o,>a,>ay,
1 3
(21)
dy
“Psinfy
|2:(a2_0‘3)
(o —a)

Also a,,a,,a; and @, are the roots of the polynomial
equation

& £ £ &
M+ 22+ 2r2+ 2r+2=0.
&y & & &

Substituting the solutions (18-21) into (13) and using the
wave transformation, we have

4H%7,
U (X, y,2,t)=| 7+ 70 + 1 5
6,7, (17 +m* -2k, ) -K'gyz,
kx+ly+mz + t- o,
2,
(22)
>T0+T1al

_ — 2 2 _op2_ \_ L4

U (xy.2.8)= +r](az—a,)sechz[ a‘_az{lo<+ly+mz+(—6{°rn(l -2k Tﬂ) kgﬂ]t—@,}]
2H 2k¢,

(23)

T+

= , — 6. 12+ m? - 2k’z, ) - k",
U (xy,2.t) +rl(a1—az)cosechz[ 4 a’[kx+|y+mz+[—4aro( +m To) S‘T‘Jt—mulﬂ
2H 2,
(24)

a(e-a)

ot {dx% [kx+|y+mz+[6§°r°(lz +m? ,2k2ra)fk4g.r,}7%]y(az 7013)}

U, (%, y,2,t)=| 7o+ 72+

¢, (@ -a;)

(25)

If we take 7, =—7,; and @, =0 the equations (22)-
(24) are obtained respectively rational function solutions:

A 2
(26)
kx +ly + mz + ct

A=2H.[z, ,

62,7, (I° +m* —2k’z, ) -k,
C p—
2k¢,

u, (X, y,z,t):(

where

, 1(bright)-

soliton solution:
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u,(xy,z,t)= - B (27)

cosh? (B (kx+ly+mz+ct))

~ o —«

where  B=r7(a, —,), B=Y—1 2

1( 2 1) ZH
singular(dark) soliton solution:

C

u,(X,y,z,t)=— (28)
(X y.2.0) sinh? (B (kx+ly +mz +ct))
where C =17, (o, — ).
Figure 1. Three and two dimensional graphical for

al :51 :z‘o :1' aZ =k=71 :2, é/O =%,0fthesoluti0n (27)

L

x107%
x107%
x1072

%1073

x1072

~12x10°2

Figure 2. Three and two dimensional graphical for
al :51 = TO :1' aZ = k = Tl = 2, é/O :%, of the solution (28)

If 7, =—1,a, is taken in Eq. (25), a Jacobi elliptic
function solution is found as

u,(x,y,z,t)= (29)

sn’(¢,.1,)

where D=1, (a, — ),

[ — a,—a
lL061—063(kx+ly+mz+ct), Iy =—2——2

LY a,—a,

Figure 3. Three and two dimensional graphical for
aq=&=1=1 a,=k=1,=2,¢,=3%,0,=4 of the solution (29).
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Here, B and C demonstrate the amplitude of the

soliton and B demonstrates the inverse width of the
solitons and C demonstrates the velocity of the soliton.

Besides, if we get the module as | —1 in the elliptic
solution Eq.(29), then the solution of the Eqg. (10) turns
into the following hyperbolic function solution

D

tanh? 17*‘0[21;0!3(kx+ly+mz +ct)

U (X, y,z,t) =

(30)
where o, = a,.

On the other hand; when the module is selected as
| — 0 in the Jacobi elliptic solution Eq. (29), then the

solution of the Eq. (10) turns into the following periodic
wave solution

D

sin® ii*'og;%(kx+ly+mz+ct)

31)

Us (X, y,z,t)=

where o, = Q.

When all the solutions obtained from the (3+1)-
dimensional Kadomtsev-Petviashvili (KP) equation are
investigated; solutions (27), (28) and (30) are similar to
the results obtained by Lu [19], respectively (4), (10) and
(8). Other solutions are new and distinct exact solutions
that are not included in the literature. With the proposed
method, new exact solutions of this equation are
attained. The graphs of the obtained solution functions
are illustrated in Fig. 1-3.

4. CONCLUSION

The extended trial equation method has been used to get
a new exact solutions of the (3+1)-dimensional
Kadomtsev-Petviashvili (KP) equation. Through the
extended trial equation method elliptic function
solutions, periodic function solutions, singular soliton
solutions and dark and bright soliton solutions were
obtained. This method allows us to find different
function solutions together. To understand which
physical behaviors of these solutions show, two and
three-dimensional graphics are drawn according to the
different values of the coefficients in the soliton
functions. We think that this method also can be applied
to other nonlinear differential equations.

REFERENCES
[1] Wazwaz AM. A sine-cosine method for handling

nonlinear wave equations. Mathematical and
Computer Modeling 2008; 40(5-6): 499-08.

Tr. J. Nature Sci. Volume 9, Special Issue, Page 120-125, 2020

[2] Wang ML. Exact solutions for compound KdV-
Burgers equations. Physics Letters A 1996; 213:279-
87.

[3] Hietarinta J. Hirota's bilinear method and its
generalization. International Journal of Modern
Physics A 1997; 12(1): 43-51.

[4] Pashaev O, Tanoglu G. Vector shock soliton and the
Hirota bilinear method. Chaos, Solitons & Fractals
2005; 26: 95-105.

[5] Akbar MA, Ali NHM, Mohyud-Din ST. The
modified alternative (G' / G) -expansion method to

nonlinear evolution equation: application to the
(1+1)-dimensional Drinfel’d-Sokolov-Wilson
equation. SpringerPlus 2013; 327: 2-16.

[6] Shakeel M, Mohyud-Din ST. New (G’/G) -

expansion method and its application to the
Zakharov-Kuznetsov-Benjamin-Bona-Mahony (ZK—
BBM) equation. Journal of the Association of Arab
Universities for Basic & Applied Science 2015;
18(1): 66-81.

[7]Liu CS. Trial equation method for nonlinear
evolution equations with rank inhomogeneous:
mathematical ~ discussions  and  applications.
Communications in Theoretical Physics 2006; 45(2):
219-23.

[8] Liu CS. Applications of complete discrimination
system for polynomial for classifications of traveling
wave solutions to nonlinear differential equations.
Computer Physics Communications 2010; 181(2):
317-24.

[9] Gurefe Y, Sonmezoglu A, Misirli E. Application of
trial equation method to the nonlinear partial
differential equations arising in mathematical
physics. Pramana-Journal of Physics 2011; 77(6):
1023-9.

[10] Gurefe Y, Sonmezoglu A, Misirli E. 2012.
Application of an irrational trial equation method to
high dimensional nonlinear evolution equations.
Journal of Advanced Mathematical Studies 2012;
5(1): 41-7.

[11] Pandir Y, Gurefe Y, Kadak U, Misirli E.
Classifications of exact solutions for some
nonlinear partial differential equations with
generalized evolution. Abstract and Applied
Analysis 2012; 2012: 1-16.

[12] Pandir Y, Gurefe Y, Misirli E. Classification of
exact solutions to the generalized Kadomtsev-
Petviashvili equation. Physica Scripta 2013;
87(2):1-12.

[13] Gurefe Y, Misirli E, Sonmezoglu A, Ekici M.
Extended trial equation method to generalized
nonlinear partial differential equations. Applied
Mathematics and Computation 2013; 219(10):
5253-60.

[14] Pandir Y. Symmetric Fibonacci function solutions
of some nonlinear partial differential equations.
Applied Mathematics & Information Science 2014;
8:2237-41.

[15] Tandogan YA, Pandir Y, Gurefe Y. Solutions of
the nonlinear differential equations by use of
modified Kudryashov method. Turkish Journal of

124



https://www.worldscientific.com/doi/abs/10.1142/S0217751X97000062
https://www.worldscientific.com/toc/ijmpa/12/01
https://www.tandfonline.com/toc/tabs19/current
https://www.tandfonline.com/toc/tabs19/current
https://www.thefreelibrary.com/Journal+of+Advanced+Mathematical+Studies-p22645

Tr. Doga ve Fen Derg. Cilt 9, Ozel Sayi, Sayfa 120-125, 2020

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

Mathematics and Computer Science 2013; 1. 54-
60.

Ma WX. Comment on the (3+1)-dimensional
Kadomtsev-Petviashvili equations.
Communications Nonlinear Science & Numerical
Simulation 2011; 16(7): 2663-66.

Osman MS. Nonlinear interaction of solitary waves
described by multi-rational wave solutions of the
(2+1)-dimensional Kadomtsev-Petviashvili
equation with variable coefficients. Nonlinear
Dynamics 2017; 87(2): 1209-16.

Chen Y, Yan Z, Zhang H. New explicit solitary
wave solutions for (2+1)-dimensional Boussinesq
equation and (3+1)-dimensional KP equation.
Physics Letters A 2003; 307: 107-13.

Lu D, Tarig KU, Osman MS, Baleanu D, Younis
M, Khater MMA. New analytical wave structures
for the (3+1)-dimensional Kadomtsev-Petviashvili
and the generalized Boussinesq models and their
applications. Results in Physics 2019; 14: 102491.
Ablowitz MJ, Clarkson PA. Solitons, nonlinear
evolution equations and inverse scattering,
Cambridge, Cambridge University Press; 1991.
Wazwaz AM. Multiple-soliton solutions for the KP
equation by Hirota’s bilinear method and by the
tanh-coth method. Applied Mathematics and
Computation 2007; 190(1): 633-40.

Sinelshchikov DI. Comment on: new exact
traveling wave solutions of the (3+1)-dimensional
Kadomtsev-Petviashvili (KP) equation.
Communications Nonlinear Science & Numerical
Simulation 2010; 15: 3235-36.

Khalfallah M. New exact traveling wave solutions
of the (3+1)-dimensional Kadomtsev-Petviashvili
(KP) equation. Communications Nonlinear Science
& Numerical Simulation 2009; 14: 1169-75.

Tr. J. Nature Sci. Volume 9, S

pecial Issue, Page 120-125, 2020

125




