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Abstract
AB

Representations for the generalized Drazin inverse of an operator matrix ( el B) are pre-
sented in terms of A, B,C,D and the generalized Drazin inverses of A, D, under the
condition that BD? = 0, and BD'C = 0, for any nonnegative integer i. Using the repre-
sentation, we give a new additive result of the generalized Drazin inverse for two bounded
linear operators P, € B(X) with PQ? = 0 and PQ'P = 0, for any integer i > 1. As
corollaries, several well-known results are generalized.
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1. Introduction

Let X and Y be complex Banach spaces. Denote by B(X,Y") the set of all bounded
linear operators from X into Y and abbreviate B(X, X) to B(X). An operator A € B(X)
is said to be generalized Drazin invertible if there exists an operator A% € B(X) such that

AAY = A%A, ATAAY =AY, A — A?A? is quasi-nilpotent.

An operator A € B(X) is called quasi-nilpotent if the spectrum o(A) = {0}.

The Drazin inverse is first studied by Drazin [19] in associative rings and semigroups.
The generalized Drazin inverse is investigated for rings by Harte [21-23] and for Banach
algebras by Koliha [27]. The Drazin inverses and the generalized Drazin inverses for
bounded linear operators on Banach spaces, especially for block matrices, have drawn a
lot of discussion due to their interesting properties and wide applications [1-3, 10].

Finding an explicit representation for the generalized Drazin inverse of an operator
matrix M = < A

C D
been studied by several authors [4,5,9,11-16,26,32,33,36,37]. Djordjevi¢ and Stanimirovié
[16] generalize the well-known result in [24,31] concerning the Drazin inverse of block 2 x 2
upper triangular matrices to the generalized Drazin inverse for block triangular operator
matrices, and further consider the case that BC = 0, BD = 0 and DC = 0. These

) in terms of A, B, C, D and related generalized Drazin inverses has
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requirements are relaxed and new conditions are presented in [4,5,9,12-14], for example,
the condition ABC = 0 is dealt with in [4, 5, 14] under some extra assumptions.

This paper is inspired by [4, 14, 18]. Dopazo and Matinez-Serrano [18] gave an explicit
expression for the Drazin inverse of 2 x 2 complex block matrix M under the condition
that BD? = 0 and BD'C = 0, i = 0,1. The results in [18] is generalized in [20] by
considering more general condition that BD'C = 0, for any nonnegative integer i.

In this paper, we give the explicit representation for the generalized Drazin inverse
of a 2 x 2 operator matrix M under the condition that BD? = 0, BD'C = 0, for any
nonnegative integer .

Formulas for the generalized Drazin inverse of a 2 x 2 operator matrix can be very useful
for deriving formulas for the generalized Drazin inverse of the sum of two generalized
Drazin invertible elements.

Actually, In 1958, Drazin [19] first studied the representation for the Drazin inverse of
the sum of two Drazin invertible elements in a ring and proved that (a + b)? = a? 4 b?
under the condition ab = ba = 0. Later, Koliha [27] gave the representations of (a + b)?
under the same condition in a Banach algebra. In 2001, Hartwig, Wang and Wei [25] gave
the formula (P+ Q)¢ under the condition PQ = 0 . Djordjevic and Wei [7] generalized the
result of [25] to bounded linear operators on an arbitrary complex Banach space. More
results on generalized Drazin inverse can be found in [6,8,29,30,35]. In Section 4, we give
a new additive result of the generalized Drazin inverse for two bounded linear operators
P,Q € B(X) with PQ? = 0 and PQ'P = 0, for any integer i > 1. As corollaries, many
results in [4,5,9,13,14,16, 18] are generalized.

2. Preliminary

Throughout this paper, unless otherwise stated we will make the following assumption:

M:(g1 g), (2.1)

where A € B(X), D e B(Y), BeB(Y,X) and C € B(X,Y).
We write o(A) and p(A) for the spectrum and the resolvent set of A, respectively. For
A € p(A), we denote the resolvent (A — A)~! by R(\, A), where I is the identity operator.
If A € B(X) is quasi-nilpotent, then for any complex \ # 0
o0
R(AA) =Y AFlAk (2.2)
k=0
For a deeper discussion of the theory of operator, we refer the reader to [32].

If A is generalized Drazin invertible, then the spectral idempotent A™ of A corresponding
to {0} is given by A™ =T — AA4.

Lemma 2.1. If A and D are quasi-nilpotent and BD*C = 0, for any nonnegative integer
1, then M is quasi-nilpotent.

Proof. From (2.2) we can verify that BR(XA, D)C = 0 for any complex A # 0. Since A
and D are quasi-nilpotent, it follows that

R(\, A) R(\, A)BR(\, D) )

R\, M) = ( R(\,D)CR(\,A) R(\ D) +R(/<,D)CR(A,A)BR(A,D)

for any complex A\ # 0. Thus o(M) C 0(A) Uo(D) = {0}, implying that M is quasi-
nilpotent. O
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Lemma 2.2 ([17]). If P,Q € B(X) are generalized Drazin invertible and PQ = 0, then
P + @ is generalized Drazin invertible and

(P—l—Q QﬂZQz sz+l+z de-i-lePTr

=0 =0

Lemma 2.3 ([1]). For B € B(X,Y) and C € B(Y, X), BC is generalized Drazin invertible
if and only if C'B is generalized Drazin invertible. In this case, ((BC)?)! = B((CB)?)*'C,
for any positive integer 1.

For notational convenience, we define a sum to be 0, whenever its lower limit is bigger
than its upper limit. We define A° = I.

3. Main results
We start with a special case of our main results, which is of independent interest.

Lemma 3.1. If A is generalized Drazin invertible, D is quasi-nilpotent and BD!C = 0,
for any nonnegative integer ¢, then M is generalized Drazin invertible and

Al T
Md:< A AAF), (3.1)
where T' = 322 (A2 BD? and A = Y32, D'C(A)i+2.

Proof. 1t is easy to check that ' D‘C' = 0, BD'A = 0 and ' D!A = 0, for any nonnegative
integer i. Let W be defined as in (3.1). We first prove that MW = WM. Since BA =0
and I'C' = 0, it follows that

AAd AT
MW = < CAY+ DA CT + DAAT )
A4 AYBLTD )

WM = ( AA AB 4 AATD

We can verify that

A'B4+TD = A'B + Y (A)*2BD"™! = (A% BD = AT,
1=0 1=0 (3'2)
CAY+ DA =CA% + Z D C(AY)H? = Z D'C(A%) = AA,
=0 =0
Since AAT =T and AAA? = A, the equation (3.2) yields

CT + DAAT = CT + (AA — CAYAT = CT + AA’T — CT
= AAT = AA(AB +TD) = AB + AATD.

Thus MW =W M.
Next, we will prove that W = W?2M. Since TA = 0 and AAAY = A, we get

war- (4 QA )
Since AT' = AYB +TD by (3.2), we have
(AN2B 4+ ATD = AAT =T,
AAYB + AT'D = AAT.
Thus W = W2M.
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Finally, we will prove that M — M?W is quasi-nilpotent. Since BD'C = 0 and BD'A =
0, for any nonnegative integer i, a calculation yields
AA™ B — A’T
CA™ - DCAY—D?A D-% )’
where ¥ = CAT+DCT'+D?AAT. From I'D'C = 0 and T'D*A = 0, it follows that X DY =
0 for any integer ¢ > 0. Since D is quasi-nilpotent, by (2.2) we have Y R(\, D)X = 0 for
any A\ # 0, whence

M—M2W:<

(M — D + X)(R(A\, D) — R(\, D)SR(A, D)) = 1.

Hence R(A\,D — ¥) = R(\, D) — R(A\,D)XR(\, D) for any A # 0, which implies that
D — ¥ is quasi-nilpotent. By Lemma 2.1, M — M?W is quasi-nilpotent. Thus W is the
generalized Drazin inverse of M. O

We are now in a position to prove our main results.

Theorem 3.2. Let M be defined as in (2.1) such that A and D are generalized Drazin
invertible. If BD% = 0 and BD'C = 0, for any nonnegative integer i, then M is generalized

Drazin invertible and
Al r
d _
M= ( Y9 DI+ A ) ’
o0

I=> (A)"*?BD",
1=0

where

EO = D7 Zch(Ad)H-Q + Z(Dd)i—i-QCAiAW o DdCAd,
i=0 1=0
A=D"Y">"D'C(AYyHHBDI + 3> (DY) +*CA/BD"
1=0 =0 1=0 =0
_ Z Z(Dd)l+1CAZ(Ad)j+QBDj
i=0 j=0

(3.3)

C DD~ 0 D*D¢
By [27, Theorem 5.4], (D2D%)? = ((D%)4)? = D?. Hence

r=(§ B) () 8)

and so QQ™ = 0. It follows from Lemma 2.2 that

Proof.Leth(A B >andQ:<0 0 >.ThenM:P+Q,andPQ:O.

oo
M*=Q™P'+> QY™ PP, (3.4)
i=0
Note that DD™ is quasi-nilpotent and B(DD™)!C = BD'C = 0, for any nonnegative
integer i, since BD™ = B. We can apply Lemma 3.1 to P with D replaced by DD™, to
d . 4
obtain P? = ( 12, A’I;H‘ ), where A’ = 32 (DD™)!C(A%)"™*2. Hence D™A' = D™A
and

Al r

T pd __

QP = ( DTA DTAAT ) (3.5)
Note that BA’ = 0. A calculation yields

AT — AT
T _ 7 d _
PT"=]—- PP —(_CAd_DDwA I_CF—DD”AAl“)‘
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Since B(DD™)'C' = 0, for any positive integer i, by induction on i > 1 we deduce that
. Al B;
[ . ?
P = ( C. DiD™ + N ),Where
i—1 A
Bi=>» A"BD'"'™™,
m=0
i—1 A
Ci= Y (DD™)"CA~'™™,

m=0
1—2 1—2—m )

N;= > (DD™)™C Y A"BD'*7""
m=0 n=0

Now we can check that

S@ P =3 (0 e ) (6 pptin )

=1 =1

>, 0 0
P < (Dd)z#chifl (Dd)iJrlC 22;20 AnBDi72fn )

0 0
- ( ZQiO(Dd)iJrQCAi ?22(Dd)i+10 Z;_:Zo AnBDifon ) .
Since BD'C' = 0, BD? = 0 and BD'A = 0, we have
)

Z(Qd)i—HPiPw —

i=1

0 0
( Z?io(Dd)HQCAiAW Z?io(Dd)H_gC Zfz:o AnBDz'—n _ Zfio(Dd)HZCAHlF > :

7r 0 0
By QdP = < —DdCAd Dd—DdCF ),We have
d ’L+1 Y3 T ' '
i:o(Q ) PP = < Z;?io(Dd)erZCAzAﬂ —DicAd DI+ Q ) , (3.6)

where ‘
Q=> (DHY*3C> A/BD" - (DY FICAT.
i=0 j=0 i=0
Combining (3.5) and (3.6) with (3.4) gives

2l — Ad r
“\ DA+ 32,(DF2CATAT — DICAY DT+ DTAAT + Q
(AT T
"\ % DI+A )

Let A* denote the conjugate operator of an operator A. Then (A%)* = (A*)¢ by

28, Lemma 1.3]. Let M* = ( g* 107* ) = ( fcli gi ) then By DiCy = C*(D*)'B* =
A*

(BD'C)* and B D¢ = C*(D*)4 = (DC)*. Applying Theorem 3.2 to M* = ( B D )
gives the representation for the generalized Drazin inverse of M satisfying the following
condition.

O
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Corollary 3.1. If A and D are generalized Drazin invertible and D*C = 0 and BD'C = 0,
for any nonnegative integer i, then M is generalized Drazin invertible and

Al S
d _
M _<F1 Dd—i-Al)’

where
Fl — ZDiC(Ad)i+2,
i=0

S — AT Z AiB(Dd)H-Q + Z(Ad)i-i-?BDti _ AdBDd,
=0 =0

Al _ Z Z ch(Ad)l+j+3BDjD7r + Z Z Dz—jCAJB(Dd)Z—H’)

i=07=0 =0 j=0
o (0@
i=0 j=0
; F D C. . . .
Furthermore, the mapping M — M = B 4 ) san isometric isomorphism from
B(X®Y) to B(Y ® X) and M = M*. Applying the theorem 3.2 to ( g i ) and

( g* A ) respectively, gives the following two corollaries. The following corollary
generalizes [13, Theorem 6(3)].

Corollary 3.2. If A and D are generalized Drazin invertible and CA% = 0 and CA*B = 0,
for any nonnegative integer i, then M is generalized Drazin invertible and

Al+ 7z S
D __

where

=Y (DN*CA,

=0
S =AY A'B(DY)*? 4+ (A)*2BD'D™ — A’BD",
i=0 =0
7 — AT Z Z AiB(Dd)i+j+3CAj _ Z Z(Ad)i+1BDi(Dd)j+QCAj
i=0 j=0 i=0 j=0
+Y ) (AYTEBDICAT.
i=0 j=0

Corollary 3.3. If A and D are generalized Drazin invertible and A°B = 0 and CA'B = 0,
for any nonnegative integer i, then M is generalized Drazin invertible and

4 -
p_ [ A*+2Z, U
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where ¥g is as in (3.3) and

\I’ Z Al Dd Z+2

ZZAZ Dd z+]+3CA]A7r+ZZAz ]BD]C<Ad)z+3
=0 j=0 =0 j=0

_ ZZAZ Dd 2+2DJC(Ad)j+1
=0 5=0

The following result is a direct corollary of Corollary 3.3, the conditions of which were
considered in [9, Theorem 2.10].

Corollary 3.4. If A and D are generalized Drazin invertible and AAB = 0 and C(I —
AAY) =0, then M is generalized Drazin invertible and

A+ 7 0
D __

where

Z Az Dd z+2

Z ZAZ ]BDJC Ad i+3 ZZAZ Dd z+2D]C(Ad)j+1
=0 j=0 1=0 j=0
Proof. Since AAYB = 0 and C(I — AA?) = 0, we have A’B = 0 and CA'B = CAY(I —

AANB = 0, for any nonnegative integer i. So M satisfies the condition of Corollary
3.3. O

The following result is a direct corollary of Theorem 3.2, which extends [18, Theorem
2.2] to bounded linear operators on a Banach space, and generalizes the results in [9,13,16].

Corollary 3.5. If A and D are generalized Drazin invertible and BC =0, BDC = 0 and
BD? =0, then M is generalized Drazin invertible and

Al — Ad (AD3(AB 4+ BD)
~\ %9 D!+ (DY3CB + %2(AB + BD)

where
Z Dd H—n-{—ZCAzAW + DTI'ZD’L Ad)z+n+2 Z(Dd)i+1C(Ad)n_i+1.
=0 1=0 =0

Proof. 1t is sufficient to simplify I' and A in Theorem 3.2 to the form given here under
the assumption that BC' = 0, BDC = 0 and BD? = 0. Clearly I' = (A%)?(AB + BD).
We can check that

A= DWZDiC(Ad)i+4(AB + BD) _ Z(Dd)iJrlCAi(Ad)S(AB + BD)
=0 1=0

+ (Dd)2+3CAZB + Z(Dd)i+3CAi—1BD
i=0 i=1
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00 2
= D"y D'C(AY)"**(AB+ BD) - > (D*)"*'C(A*)*"(AB + BD)
=0 =0
— > (DY) CATIA} (AN (AB + BD) + (D*)*CB
=3
+> (DY TPCA'B+ Y (DY) *PCAT'BD
=1 =1
= D" Y D'C(AY)"*(AB+ BD) - > (D")*'C(AY)*"(AB + BD)
i=0 1=0
+> (DY) CA'A™(AB + BD) + (DY)*CB
=0

= (DY)3CB + %2(AB + BD).
O

The following result is a corollary of Theorem 3.2, the conditions of which are considered
in [18, Theorem 2.5] for matrices.

Corollary 3.6. If A and D are generalized Drazin invertible and BD™C = 0, BD? =0
and DD™C = 0, then M is generalized Drazin invertible and

Al — Al r
- Dﬂc(Ad)2 4 El@io(Dd)iJrQCAiAﬂ' _ DdCAd Dd + E )

where T is as in (3.3) and

E=D"CAT +Y > (DN*CA'BD"™7 - (D) *'CAT.
i=0 j=0 i=0

Proof. 1t is sufficient to check that M satisfies the condition of Theorem 3.2. Since
BD% = 0, we have BDDC = 0. Hence BD™C = 0 implies BC' = 0, and DD"C = 0
implies DC' = DYD2C. Thus BD'C = BD?D**'C = 0, for any nonnegative integer i. [

4. Applications

In this section, we first derive some representations for the generalized Drazin inverse
of M with application of Theorem 3.2.

Theorem 4.1. Let M be defined as in (2.1) such that A and D are generalized Drazin
invertible. If

BD?*=0, D"CA=0 and D"CB =0, (4.1)
then M is generalized Drazin invertible and
= ( A+ AlTC r >
T — DYCATC + DINC DY+ N )
where I is as in (3.3) and

T =Y (DY) CA'A™ — DCAY,
1=0

A = Z Z(Dd)i+3cAjBDi—j _ Z Z(Dd)i+ICAi(Ad)j+2BDj.
1=0 j=0 i=0 j=0

(4.2)
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Proof. Let
0 0 A B
P_<D“C o) and Q_<DDdC D)'
Then M = P+ @, PQ =0, and P? = 0. Hence Lemma 2.2 implies that
M= Q%+ (Q%)P.
Since BD? = 0 and BD?(DD?C') = 0, for any nonnegative integer i, we can apply Theorem

3.2 to ) to obtain
Ad r
d _
@ _< T Dd+A’>‘

Note that TD? = 0, TA’ =0, A’'D4 =0, A? =0, TD™ =T and A’'D™ = A/. We can
check that

aep [ % AT _ AlrC 0
<Q>P—<* (Dd)2+TF+DdA’>P_(TFC+DdA’C A

where * denotes entries we need not specify, I is as in Lemma 3.1 and T, A are as in (4.2).
Since TT' = —D?C AT, we conclude that

At — Al + AdTC r
“\ T—DICATC + DINC D+ N )
0

As a special case of Theorem 4.1, the following corollary extends [18, Theorem 2.7] to
bounded linear operators on a Banach space.

Corollary 4.1. If A and D are generalized Drazin invertible and
BD =0, D"CA=0 and D"CB =0, (4.3)
then M is generalized Drazin invertible and

A+ (AY3BC  (AY)’B
Yo+ Yo,BC DP+1B |’

where
n

(Dd)i+n+2CAiA7r . Z(Dd)i+lc(Ad)n—i+1’ 7 = 0’ 1’ 2. (4'4)
=0

o

Il
=)

T, =

(2

The rest of this section is devoted to a generalization of Theorem 3.2 by changing the
condition BC' =0 to ABC = 0. We start with the following additive result.

Theorem 4.2. If P,Q € B(X) are generalized Drazin invertible, PQ% = 0 and PQ'P = 0
for any integer ¢ > 1, then P + @ is generalized Drazin invertible and
(o el o) o
(P+Q)T=Q"Y > QP QI+ (Q)™PPT

i=0 j=0 i=0

_ i i(@d)i—s—lpi(Pd)j-&-le—f—l + i zi:(Qd)i+3Pj+1Qi_j+1'

i=0 j=0 i=0 j=0

(4.5)

Proof. Let Y = R(P). Let B: X — Y and C : Y — X be defined by B(z) = P(x) and
C(y) = y,z € X,y € Y. Evidenty, B,C are linear bounded operators and P = CB. By

PQfl =0, we have CBQ? = 0. Because C is a inclusion mapping, we have BQ?* = 0. By
PQ'P =0, we have CBQ'C'B = 0 and then BQ'C'B = 0.
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Note that R(B) = R(P) is dense in Y and BQ'C are bounded linear operators, so we
have BQ'C' = 0, for any integer ¢ > 1. By Lemma 2.3, we obtain that

pear=(en(8) =en((5 8Y) (5)  wo

Since BQ? = 0 and BQ'C = 0 for i > 1, Theorem 3.2 shows that
BCc B\* [ (BCY T
QC Q - 26 Qd 4 A )

= (BO))™BQ",

1=0

where

= Q7S QOB + 3 (@Y O(BC) (BC)T - QQUC(BOY,
1=0 1=0

A = Q7r i i Qi+lc((BC)d)i+j+3BQj + i i:(@d)HzC(BC)JBQliJ

=05=0 i=0 j=0
0 . .
_ Z(Qd)Z—HQC(BC)ZF/.
i=0
Since T'X}) = 0,T'Q% = 0,T'A” = 0, A"}, = 0, A”Q% = 0 and (A”)? = 0, therefore

<< BC B )") o ( (BO)%)? (BC)™T )
QC Q T\ SHBO)+ ISy S+ (@) + QI )
Substitute the equation above into (4.6), we obtain
(P+ Q)= C((BC))’B + Q"+ £(,(BC)B + Q'%\B
+ C(BO)I'Q + 2I'Q + QIN"Q
= (CB)* +Q* + £4(BC)'B + Q*%\B

+C(BO)T'Q + SI'Q — i(@d)i“o(BC)ir’Q 1)
=0
+ i zl:(Qd)iJr?)(CB)jJrlQifjJrl.
i=0 j=0
We can check that
(CBY! + SH(BOY'B = Q"3 Q'(CBYY ™, (45)
=0
Q'+ QIS)B = S QYT (CB)(CB) (49)
=0
and
C(BC)"+ x4 - (@Y™ (BCO)
=0
_ Qﬂ' i QZC((BC)d)erl _ i(@d)iJrlc(BC)iJrl (BC)d (4‘10)
=0 1=0

= Q?T i QZ((CB)d)H-lC o i(@d)@-ﬁ-l(CB)H-l(CB)dC

=0 i=0
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Substituting (4.8) and (4.10) into (4.7) and noting that CT'Q = >.3°,((CB)*)T1Q'*!, we
can get the desired expression of (P 4 Q). O

As corollary of Theorem 4.2, the following result extends the main result in [34] to
bounded linear operators on a Banach space.

Corollary 4.2. If P,Q € B(X) are generalized Drazin invertible, PQP = 0 and PQ? = 0,
then P + @ is generalized Drazin invertible and

(P—i—Q QWZQ Pd z+1_|_Q7rZQz Pd z+2Q+Z Qd 1+1P1P7r

(Qd)i+3pi+1p7rQ _ QdeQ _ (Qd)QPPdQ

i=0
Now, we give another result. In this case, the representations are quite complex.

Theorem 4.3. Let M be the form defined by (2.1) such that A, D and BC are generalized
Drazin invertible. If

BD? =0, ABC =0 and BD'C =0, (4.11)

for any positive integer ¢, then M is generalized Drazin invertible and

Md B P A &, B + Z'?i() (I)H_Q(AB + Bl))D%Jrl
o\ A+ Uy YoB + (CB+ D*)4D + AD ’

where
00 n—1 ) )
7r Z BC Ad 2i42n + Z BC z+nA2zA7r _ Z((BC)d)l<Ad)2n_2l,

1=0 =0 i=1

0 . . e . . n_l .

U, = D7 Z D2zc((BC)d)z+n + Z(Dd)QH-QnC(BC)z(BC)W _ Z (Dd)QzC((BC)d)n—z
=0 =0 i=1
Yo = (CB)™ Y _(CB + D*)'C(A%)?*3 + D™ D* 0,45
1=0 1=0

. D2 Z(CB+D2> (Ad 2i+3 +Z\II 2A21+1A7r
=0 =0
+ Z(Dd)2i+3C(A2 + BC)iAW - Z(Dd)%—i-lC(BC)i(I)l _ \Iled’
=0 =0
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A = ((CB)™ — D*(CB + D?)? Z Z (CB + D?)'C(AY)**+245(AB + BD)D%
=0 75=0

+D"> N D**'C®;yjy3(AB+ BD)D*
i=0 j=0

oo 1
+3°3 " Wi 3A¥TH(AB + BD)D*
i=0 j=0

+> 3 (DY*5C(A% + BC)!(AB + BD)D* %
i=0j=0

=33 W1 A% (AT (AB + BD)D¥
i=0 j=0

— >3 (DY) 1C(A® + BC)'®j42(AB + BD)D*.

i=0 j=0
(CB—I—D2>d Z ZD22 CB) )Z+]+1D2j + Z Dd 21+2(CB) (CB)
1=0 j=0 =0
. Z Z(Dd)2i+2(CB)i((CB)d)jJrlDQjJrZ
=0 j=0
I i i(Dd)2i+6(CB>j+1D2if2j+2.
=0 j=0

Proof. 1t is easy to see that

w2 ((A2+BC AB+BD
“\CA+DC CB+D?

Notice that ABC = 0, by Lemma 2.2 we have A% 4+ BC is generalized Drazin invertible
and

(4% + BC)* = (BCO)" f:(BC)i(,axd)%+2 + i((BC)d)”lA%A”.
1=0 1=0

Also (A2 + BC)™ = A™ — BC(A? + BC)?. By Theorem 4.2, we have (OB + D?)? is as in
(4.5) with D replaced by D? and

(CB+D2)d Zsz CB) )l+j+1D2j +Z Dd 22+2(CB) (CB)
=0 7=0 =0

- i i(Dd)QiJ’Q(CB)i((CB)d)j+1D2j+2

i=0 j=0
+ i XZ:(Dd)2i+6(CB)j+1D2i—2j+2’
i=0 j=0
(CB + D2)7r :(CB)W - Z((CB)d)i+1D2i+2 _ D2<CB + D2)d.
=0

It follows from Theorem 3.2 that

[ (A2 + BC)? r
(M2)d_ ( io (C’B—}—D2)d—|—x )7
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where f‘,io and A are correspondingly I', ¥y and A in Theorem 3.2 with A,~B,C,D
replaced by A2+ BC, AB+ BD, CA+ DC, CB+ D?, respectively. Notice that I'C = 0,
AC =0 and M?¢ = (M?)?M, we have
A — (A2 + BC)4A (A2 4+ BC)B+TD
~ \ Y04+ (CB+D*»%C %yB+ (CB+D*¢D+AD )’
For any n > 1, by the hypothesis of the theorem, we have

((A2 + BC)d)n _ (BC)ﬂ' i(BC)i(Ad)%-i-Qn + i((BC)d>i+nA2iAW
=0 =0
- S (moyhican,
=1

(CB+D*%"C =D i D¥C((BC)hH)Hm + f:(Dd)22‘”%0(30)@'(chr
1=0 1=0
n—1

- Y ey,
i=1
and
A((A% + BOYY" = (4%,
(CB+D*)H"DC = (DY)*~'C.
Let @, = ((A2 + BC)H™ and ¥,, = ((CB + D?)#)"C. Using (4.11) to simplify ', %y and
A, we obtain their expressions as stated in the theorem. ]

The conditions of the following corollary are weaker than ones in [5, Theorem 3].

Corollary 4.3. Let M be the form defined by (2.1) such that A and BC' are generalized
Drazin invertible. If ABC =0, DC =0 and D be quasi-nilpotent, then M is generalized
Drazin invertible and

ad— [ 214 @B+ Y2 @ip(AB + BD)DH!
| 0P, S+ 2X,((CB)HIDXHL L KD

where where ®; are as in Theorem 4.3 and

S0 = C(BC)™ Y (BC) (AN* 3+ 3" C((BC)) T2 A* 1 AT — (BC)? A,
i=0 i=0
A=C(BC)"> > (BC)(A%)**%*5(AB + BD)D%
i=0 j=0

+>3 C((BC)H)H3AY Y (AB + BD)D*~%

i=0 j=0
— i i C((BC)"*1 A% (A3 (AB + BD)D.
i=0 j=0
Corollary 4.4. If A, D and BC are generalized Drazin invertible and
ABC =0 and BD =0, (4.12)
then M s generalized Drazin invertible and

A — dA o, B
T\ oA+, DYy SeB )
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where ®1, ¥y and io are as in Theorem 4.3.

Proof. Obviously, if (4.12) holds, then (4.11) is satisfied. By Theorem 4.3, we have
AD =0 and

(CB + D2)d — D~ ZDZL((CB)d)erl + Z(Dd)ZlJrQ(CB)z(CB)ﬂ'
i=0 i=0
Therefore (CB + D?)¢D = D O
The following corollaries can be obtained by Corollary 4.4.
Corollary 4.5. [4] If A, D and BC are generalized Drazin invertible and
ABC =0, BD=0 and DC =0, (4.13)

then M is generalized Drazin invertible and

ad— (214 B
“\ CP®; DY+ C(91AY + (BO)YYP1A - AN)B )

where

71'2 BC Ad 2142 + Z BC Z+1A21A7‘(‘
=0 =0

Proof. By assumption, we compute ¥,, = ((CB)%)"C for n > 1. Furthermore,

So = (CB)™ Y _(CB)'C(A")**3 + 3" ((CB)"T2CA* T A" — (CB)'CA”.
=0 1=0

y (CB)4C = C(BC)%, we can obtain the result.
U

Remark. It can be proved that all the results about generalized Drazin invertibility in
the paper are still valid for Drazin invertible cases.
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