Hacettepe Journal of Hacet. J. Math. Stat.
Volume 50 (4) (2021), 982990
Mathematics & Statistics DOI : 10.15672/hujms.732183

RESEARCH ARTICLE

Separated spectra and operator inequalities

M. Sababheh*! @ H. R. Moradi?

! Department of Basic Sciences, Princess Sumaya University For Technology, Al Jubaiha, Amman 11941,
Jordan

2 Department of Mathematics, Payame Noor University, P.O. Box 19895-4697 Tehran, Iran

Abstract

The main goal of this article is to show that many inequalities that are not valid in operator
theory become true if we add a separation condition on the spectra. The applications
include showing how monotone functions behave like operator monotone functions and
how the Choi-Davis inequality becomes valid for convex functions under this separation
condition.
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1. Introduction

Let B(H) denote the C*-algebra of all bounded linear operators on a Hilbert space 3.
When K is finite dimensional of dimension n, we identify B(H) with M,; the algebra of
all complex n x n matrices. The identity operator in B(H) will be denoted by Jgc. If
B(H) = M,,, we use J,, for the identity operator. A linear mapping ® : B(H) — B(K) is
said to be positive if it preserves positive operators. That is, if #(A) > 0 whenever A > 0.
In this context, an operator A € B(H) is said to be positive, and is denoted as A > 0, if
(Az,x) > 0, Vo € H. If A is positive and invertible, it is said to be positive definite and is
denoted as A > 0. If the positive linear mapping ® : B(H) — B(K) satisfies the additional
condition that ®(Jg) = I, then ® is said to be unital (or normalized).

We shall use the notation sp(A) to denote the spectrum of the operator A, which is
defined by

sp(4) = {A € C: A — Mg is not invertible in B(H)}.
If f:J — Ris a given continuous function defined on the interval J, and if A € B(H)
is a self adjoint operator with spectrum contained in J, the Gelfand map ¢ defines a *—
isometrically isomorphism between the set C'(sp(A)) of all continuous functions on sp(A)
and the C*-algebra C*(A) generated by A together with Jg. Then f(A) is defined by
f(A) = ¢(f). This is usually referred to as functional calculus. When A is compact self
adjoint, so it has a spectral decomposition A = >"7°; A\je;®e;, then f(A) =372, f(M)ei®
e;. Recall that if e € 3, then the tensor product e ® e : H — H is defined as (e ® e)(x) =
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(z,e)e. In case A € M,, is Hermitian, then A = Udiag(\;)U*, for some unnitary matrix
U and a diagonal matrix diag();). In this case, f(A) is simply f(A) = Udiag(f(\))U™.

Having defined f(A), for the self adjoint operator A, we cite the following lemma from
[6]. This lemma helps to obtain operator inequalities from scalar ones.

Lemma 1.1. Let A € B(H) be self adjoint and let f and g be continuous real valued
functions such that f(t) > g(t) for allt € sp(A). Then f(A) > g(A).

In this context, the order relation A < B between the self adjoint operators A, B means
that B— A > 0.
Among the most important classes of functions related to operator inequalities are the
operator monotone and the operator convex functions. A function f : J — R is said to
be operator monotone increasing (respectively decreasing) if f(A) < f(B) (respectively
f(A) > f(B)) whenever A,B € B(H) are self adjoint operators with spectra in the
interval J and A < B. It must be noticed that if f is an increasing function (in the
scalar sense), it does not follow that f is operator monotone increasing and the function
f(t) = t% provides such an example, see [4, Example V.1.2., P. 113]. For brevity, an
operator monotone increasing function is usually just called operator monotone.

On the other hand, a function f : J — R will be called an operator convex (respectively
operator concave) function if for all self adjoint operators A, B € B(H), with spectra in

J, one has A A (B)
+ B f(A)+ f(B
r(557) <14

. Again, a convex function (in the scalar sense) is not

(respectively f (AJQFB> > f(A)gf(B))
necessarily operator convex and the function f(t) = t3,¢ > 0 provides such an example
[4, Example V.1.4., P. 114].
It should be noticed that convex (and operator convex) functions are always continuous
on the interior of their domain.

Unlike scalar functions, operator monotony and operator convexity are strongly related

as stated below. See [12, Theorem 2.4] and [2, Theorems 2.1, 3.1, 2.3, 3.7].

Proposition 1.2. Let f: (0,00) — [0,00) be continuous. Then

(1) f is operator monotone decreasing if and only if f is operator conver and
f(o0) < 0.
(2) f is operator monotone increasing if and only if f is operator concave.

Finding conditions that make scalar increasing functions satisfy the operator monotony
property or those properties that make scalar convex functions satisfy operator convexity
have received a considerable attention in the literature as one can see in [9, 10].

Our main target in this work is to explore further those conditions. For this purpose,
we begin with the following definition.

Definition 1.3. Let A € B(H;) and B € B(Hz) be two self adjoint operators. We say
that the spectra of A and B are separated if there exists a number M such that

a<M< B, Vaer(A),feT(B) or a>M>p, VaerT(A),BeT(B),

where the notation 7(X) is used to denote the smallest interval containing the spectrum
of the self adjoint operator X.

Notice that the condition that the spectra are separated is more strict than the spectra
being disjoint. Also, we observe that when A and B have separated spectra, then the
intersection 7(A) N 7(B) is either empty or a singleton.

Among the most interesting operator inequalities is the celebrated Choi-Davis inequality
which states that

f(2(A)) < ©(f(A)), (1.1)



984 M. Sababheh, H. R. Moradi

for the self adjoint operator A € B(JH), the operator convex function f : J — R and the
unital positive linear mapping ®. Of course, sp(A) C J. The inequality (1.1) is not true in
general for a convex function f that is not operator convex.

In [9, Theorem 1], an n—tuple version of (1.1) was given. For n = 1, this result provides
a convex version of (1.1), as follows.

Theorem 1.4 ([9, Theorem 1]). Let A € M,,, be Hermitian and let ® : My, — My, be a
unital positive linear map such that A and ®(A) have separated spectra. If f:J — R is a
convex function on the interval J and if T(A), 7(®(A)) C J, then

f(2(A)) < @(f(A)).

We remark that in [9], the definition of separated spectra was not given, but the condi-
tion stated in that reference is equivalent to the spectra being separated.

Our discussion will show that the assumptions of Theorem 1.4 cannot hold except for
trivial cases. So, this result becomes more valuable when n > 1. See Proposition 3.3 and
Remark 3.4 below.

Our main results include showing how separated spectra makes an increasing function
behave like an operator monotone function and convex functions behave like operator
convex functions.

In the sequel, A\1(X), A2(X), -+, A\ (X), will denote the eigenvalues of the Hermitian
matrix X € M, arranged so that A\ (X) > Aa(X) > -+ > A\ (X).

2. Separated spectra and monotone functions

In this section we discuss separated spectra and their role in operator monotony. In
the sequel, if A € B(H) is self adjoint and if M is a scalar, we understand the inequality
A< M as A < MJg. Similar understanding applies for m < A, when m is a scalar too.

Lemma 2.1. Let f : J — R be an increasing continuous function on the interval J.
If A € B(H) is a self adjoint operator with spectrum in J, and if A < M for some
scalar M € J, then f(A) < f(M). On the other hand, if m < A for some m € J, then

f(m) < f(A).

Proof. It suffices to show the first inequality. So, assume that A < M for some scalar
M € J. Since f is increasing on J and M € J, it follows that

f(t) < f(M); Yt e J, t <M. (2.1)

Now since A < M and sp(A) C J, it follows that sp(A4) C (—oo, M]NJ := Jy; a sub-interval
of J. From (2.1), we have f(t) < f(M) for all ¢ € J;. Finally, since sp(A) C Ji, applying
functional calculus (Lemma 1.1) for ¢ = A in the last inequality yields f(A) < f(M); as
desired. O

Strongly related to our discussion, we present the following lemma, which presents a
sufficient condition for the order A < B or B < A.

Lemma 2.2. Let A, B be two compact self adjoint operators in B(H) with separated
spectra. Then either A< B or B < A.

Proof. By the spectral decomposition, let {uy} and {vx} be two orthonormal bases of H
such that

Az =" A (@, up) up and Bz =Y 1y, (z,vp) v,
k=1 P
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and such that Auy = \yuy, and Bug = nvg. Noting that [|z]|? = 3202, | (@, ug) |2, we have,
for x # 0,

1

W(Aa:,:c) T ||2 <Z A (@, ug uk,z x, uk) >
k=1
(z,ug) |2
_ M ’
Z BERE

k=1
which is a convex combination of the {)\k} Therefore,

iz ||2 (Az,x) € T(A).

Similarly, we conclude that

”;’2 (Bz,x) € 7(B).

Now since 7(A) and 7(B) are separated, we infer that
a<pVaeT(A),peT(B)ora>pVacT(A),peT(B).

Consequently,

1
either T ||2 (Az,x) < Tl (Bx,x) Yz € H or T2 H
x
But this latter conclusion leads to the fact that either (Ax,z) < (Bx,z) for all x € H or

(Az,x) > (Bz,z) for all x € 3, which yields A < B or B < A, as required. O

(Az,x) > (Bz,x) Yo € H.

[l ]2

So, in some cases, one can use Lemma 2.2 to determine if A < B (of course, or B < A).
Notice that determining whether A < B or not needs to determine positivity of B — A.
However, Lemma 2.2 presents a very special case, where one can determine this order by
finding the spectra of A and B.

After finding the spectra of both A and B, the intervals 7(A) and 7(B) become clear.
If the two intervals are separated, then Lemma 2.2 says that either A < B or B < A. To
decide, we just compare \1(A) and A\ (B). If, for example, A\;(A) < A1(B), then we have
the order A < B.

The next theorem shows how separated spectra affect operator monotony.

Theorem 2.3. Let f: J — R be a continuous increasing function and let A, B € B(H)
be two self adjoint operators with spectra in J. If A and B have separated spectra and if
A< B, then [(4) < [(B).

Proof. Since 7(A) and 7(B) are separated and since A < B, it follows that there is a
scalar s such that

i1 <5 < 1o, (2.2
for all t; € 7(A),t2 € 7(B). Clearly s € J. Now applying Lemma 2.1, we obtain f(A)
f(s) < f(B), which completes the proof.

DI/\\J

Corollary 2.4. Let A, B be two self adjoint operators in B(H) and let M be a scalar such
that A< M < B. If f:J — R is a continuous increasing function on the interval J that
contains the spectra of A, B. Then f(A) < f(B).

Proof. Since A < M < B, we infer that 7(A) C (—oo0, M] and 7(B) C [M, o). This
means that A and B have separated spectra. From Theorem 2.3 we get the desired
inequality. O

In the next result, we show a monotone result without having separated spectra. We
emphasize that this result was shown in [11] using a completely different argument and
approach. Our proof depends on separating the spectra.
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Corollary 2.5. Let f : (0,00) — R be a continuous increasing function and let A, B be
positive definite matrices in M, such that A < B. Then

() < 0

Proof. Notice that since A, B > 0 and A < B, then
)\](A) < )\](B), Vj = 1, e, M.

From this, it follows that

(3681 -sin-nen <

But since A, (B) < \j(B) for 1 < j < n, the latter inequality gives

s (i) = G )

(
= M(A) < A(B) < \(B);1<j <n.

An(A) ) _ [ M)
T(AAA>A>“[AwAVA"“”]‘
But also we have 7(B) = [A,(B), A1(B)], and this gives

r (i’;&; A)ne(B) =0,

From this, we infer

except for the case when A, (A) = A, (B), which then assures that 7 (i?((ﬁ)) A) N7(B)is a
singleton. By Lemma 2.2 we have

>

either /\n(A)A < Bor B< n(4)

A.
/\1(14) - - /\1(14)
However, since A (i*;((ﬁ)) A) < X\j(B), it follows that //\\’11((1‘2))14 < B. By Theorem 2.3, the
desired inequality follows. O

Similarly one can show the following better estimate than the one in Corollary 2.5.
Corollary 2.6. Let f: (0,00) — R be a continuous increasing function and let A, B > 0
be such that A < B. Then

An(B) )
Al < f(B).
(i) =1

In the following result, we present a different, but a related condition that guarantees
operator monotony. Then we present some applications.

Proposition 2.7. Let A, B € M,, be two commuting Hermitian matrices such that A < B.
If f: J — R is a continuous increasing function on the interval J that contains the spectra
of both A, B, then f(A) < f(B).

Proof. This follows from the fact that two commuting Hermitian matrices are simulta-
neously diagonalizable. O

Now we present an interesting application of Proposition 2.7. We know that (see [11])
if ® is a unital positive linear map and m < A < M, then
< M+m

~ o/ Mm’

D (A) 10 (A*l) (2.3)
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=

where A§B = A2 (A_%BA_%) Az, In [8], it is shown that

2
_ M)? _
12 o (m + 2 '
as a squared version of (2.3). In fact, from (2.4) we infer
_ + M)?
s(APsp(ay? < (M) 2,
(APpa(aty < Y (25)

In the next result, we use Proposition 2.7 to obtain a refinement of (2.5). In the sequel,
|| - || denotes the usual operator norm.

Corollary 2.8. Let A € M,, be a positive definite matrixz and let ® be a positive unital
linear map on M,,. Then

a(AP0(A) < H<I>(A)2tt<1> Ay’

< (e (a))’

M+m)
- 4Mm

Proof. Notice that the two matrices

@ (A)g2 (A7) and M+ m

2V Mm

commute. Therefore, with f(t) = t2, Proposition 2.7 can be applied to obtain

(222 (a7))" < (A4 +m)”,

In

4AMm
from (2.3). Now, from Ando-Hiai inequality [1] it follows that
2 2 M +m)?
H(I)(A)QtiCb(Al) H < H(cp (e (a)) < W (2.6)
On the other hand, since <I>(A)2]ti<1)(A*1)2 is a positive operator, we have
o(a)’0(47)" < H@(A)QﬂCP(Al)ZH . (2.7)
Combining (2.6) and (2.7), we get the desired inequalities. O

To present the next application of Proposition 2.7, we recall that for the positive def-
inite matrices A, B and the operator monotone function f : (0,00) — (0, 00), the binary
operation oy defined by

AofB = At f (A"3BATE) A

is an operator mean, provided that f(1) = 1. In this context, we remind the reader that a
binary operation o on the cone of positive definite matrices is said to be an operator mean
if it satisfies the following conditions [7] for the positive definite matrices A, B, C, D:

A< Cand B<D imply AcB < CoD.
C(AoB)C = (CAC)o(CBC).

Ay n A and By, |, B imply (A,0By,) ln (AcB).
Jnodn =17J,.
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When f is not operator monotone, oy does not satisfy some of the desired properties for
an operator mean. It is well known that when f is operator monotone such that f(1) =1,
the condition B < A implies AoyB < A. Also, it is well known that when o is symmetric
in the sense that Aoy B = BoA, then AoyB > B. We refer the reader to [3]. In the next
result, we show these properties for a monotone function f that is not necessarily operator
monotone.

Corollary 2.9. Let A, B € M,, be positive definite. If f : (0,00) — (0,00) is a continuous
increasing function such that f(1) =1 and B < A, then AoyB < A. Further, if AoyB =
BO’fA, then B < AO’fB.

Proof. Since B < A, we have A"3BA"2 < J,. Proposition 2.7 gives f (A_%BA_%) <

f(3n) = J,. Now conjugating with A2 yields the first desired inequality. For the second
inequality, we observe that the condition B < A implies J,, < B_%AB_%, which means
In = f(0n) < f (BféABfé). Conjugating this inequality with B> gives B < BojfA,
meaning that B < Aoy B since o is symmetric. U

3. Separated spectra and convex functions

Let f : J — R be a function defined on the interval J and let A be a self adjoint
operator in B(H). If 7(A) = [m, M], we use the notations
fM)—f(m) . Mf(m)—mf(M)

M-—m M—-m ‘

Theorem 3.1. Let A € M,,, be Hermitian and let ® : M,,, — M, be a positive linear
map such that A and ®(A) have separated spectra. If f:J — R is a convex (continuous)
function on the interval J containing 7(A) and T7(®(A)), then

f(@(A4)) < @(f(A)) + by.o(a)(Tny = ©(Tny))-

Proof. Assume that 7(®(A)) = [m, M] and let g(t) = ayaat + byaa) be the line
equation through (m, f(m)) and (M, f(M)). Then

F#) < arot +bpa; V€ [m, M].

afA =

Applying functional calculus argument to the above inequality with t = ®(A), we get

f(@(A)) < afaa)P(A) +bsaoa)In, (3.1)

On the other hand, since 7(A) and 7(®(A)) are separated, we may apply functional calculus
argument to the inequality

f(t) > apaat +braay; vt € J\[m, M],
using t = A to obtain
f(A) 2 apoa)yA+braoa)Ing,
which gives, upon applying @,
D(f(A) > apaa)P(A) +braoa)y®(n,)- (3.2)
Then the desired inequality follows by combiing (3.1) and (3.2). O

The following converse of Theorem 3.1 can be obtained by applying the same ideas as
in Theorem 3.1, but taking g as the secant of f over the interval 7(A) instead of 7(®(A)).
That is, if 7(A) = [m, M], then g(t) = af at+by a; the secant through the points (m, f(m))
and (M, f(M)).
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Theorem 3.2. Let A € M,,, be Hermitian and let ® : M,,, — M, be a positive linear
map such that A and ®(A) have separated spectra. If f : J — R is a convex (continuous)
function on the interval J and if T(A), 7(®(A)) C J, then

(I)(f(A)) < f((D(A)) + bf,A((I)(Jvu) - an)'
Notice that if ® is unital in Theorems 3.1 and 3.2, we deduce that
f(@(A4)) = (f(A)).

At first glance, this conclusion seems to be a contradiction to the case n =1 [9, Theorem
1] stated in Theorem 1.4 above. In the next proposition, we clarify this, where we show
that when ® is unital, A and ®(A) cannot have separated spectra except for trivial cases
that allow the identity f(®(A)) = ®(f(A)) to hold.

Proposition 3.3. Let A € M,, be Hermitian and let ® : M,, — M,, be a unital positive

linear mapping. Then A and ®(A) have separated spectra if and only if either ®(A) =
M (A)T, or @(A) = A\ (A)T,,.

Proof. Assume first that ®(A) = A1(A4)J, or ®(A) = A\, (A)J,,. Then 7(P(A)) = {1 (A)}
or T7(®(A)) = {\.(4)}, and in both cases A and ®(A) have separated spectra.

On the other hand, assume that A and ®(A) have separated spectra. We know that, since
® is unital,

M (A)Tn <A< AN (A)T, = M(A)T, < P(A) < A (A)T,.

But the latter inequality assures that 7(®(A)) C [A(A), A1(A)]. Now since, by assumption,
7(A) and 7(®(A)) have separated spectra and since 7(®(A)) C [A,(A), \1(A)], we must
have 7(®(A)) = {A\,(4)} or 7(P(A)) = {A(A)}, upon which we infer that o(P(A)) =
{M(A)} or o(®(A)) = {\(A)}. Since ®(A) is Hermitian, it follows that ®(A) = A\ (A4)T,
or ®(A) = A\, (A4)J,,, completing the proof. O

In the following remark, we show the same conclusion as Proposition 3.3 but for the
special case when ® is a state.

Remark 3.4. Notice that if ® : M,, — C is a state; that is ®(A) = (Az,z) for a specific
unit vector z, then using the spectral decomposition Az = Y 7| A\p (@, ug) ug, we have

O(A) = (Az, z)
- Z )\k| <x7uk> ’2 € T<A)7
k=1

where the last inclusion follows from the fact that x is a unit vector, which in turns assures
that the above sum is a convex combination of the {\x}. This shows that ®(A) € 7(A) and
hence, when ® is a state, A and ®(A) do not have separated spectra unless ®(A4) = \,,(4)J,
or ®(A) = A\ (A)I,.

We conclude this article with the following subadditive inequality for convex functions.
Recall that a concave function f : (0,00) — (0, 00) is subadditive in the sense that

fla+0) < fa)+ f(b). (3.3)

This inequality does not hold for operator concave functions. That is, if f : (0,00) —
(0,00) is an operator concave function and if A and B are two positive definite operators
in B(H), then it does not follow that

f(A+B) < f(A) + f(B). (3-4)
In [3], it is shown that
[f(A+B)llu < [f(A) + f(B)lu, (3.5)
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for the operator concave function f : (0,00) — (0,00) and the positive definite matrices
A, B € M,,, where || - ||, is any unitarily invariant norm. Later, Bourin and Uchiyama [5]
proved the validity of (3.5) for the concave f (not necessarily operator concave). We also
refer the reader to [10] for further discussion in this direction. In the next result, we prove
a subadditive inequality for convex functions, under the separated spectra condition.

Theorem 3.5. Let A,B € B(H) be such that A and A+ B as well as B and A+ B
have separated spectra. If f: J — R is a convex (continuous) function on the interval J
containing the spectra of A, B, A+ B, then

f(A+B) < f(A) + f(B) = byasBJac

Proof. Assume that 7(A + B) = [m, M] and consider the line g(t) = ay a4t + by a+B-
Since, on [m, M], f(t) < g(t), applying functional calculus argument to A + B gives

f(A+ B) <afarp(A+ B) +bfa+pIx. (3.6)
On the other hand, since A and B both have separated spectra with A + B, it follows that
f(A) > apaypA+bparplsc and  f(B) > ayarpB + by awpJs,
which imply

f(A) -l-f(B) > af,A+B(A—|-B) +2bf,A+BjiH~ (37)
Then the desired inequality follows by combining (3.6) and (3.7). O
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