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Abstract

Let H be a locally compact group, K a locally compact abelian group with dual group
K. In this article, we consider the wave packet group Gg which is the semidirect product
of locally compact groups H and K x K, where O is a continuous homomorphism from

H into Aut(K x K). We review the quasi regular representation on Gg and extend the
continuous Zak transform to L?(Gg). Moreover, we state a continuous frame based on Gg

to reconstruct the element of L? (K x K ) These results are extended to more general

wave packet groups. Finally, we establish some methods to find dual of such continuous
frames in the form of original frames.
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1. Introduction and preliminaries

The concept Zak transform was first introduced and used in 1950 by Gelfand for a
problem in differential equations [15]. It was developed by Zak in quantum mechanic
[34], and later became a fundamental tool in the analysis of Gabor systems. A basic of
the theory and applications to signal analysis can be found in the survey article of [27].
The Zak transform on locally compact abelian groups widely studied by several authors
[3,23,28,30]. An approach to define the Zak transform on semidirect product groups
G, = H x; K where H is a locally compact group, K a locally compact abelian group and
7 : H — Aut(K) is a continuous homomorphism can be found in [4]. Many non-abelian
groups which appear in mathematical physics and quantum mechanics can be considered
as semidirect product of locally compact abelian groups. In this article, we introduce a
compatible extension of the Zak transform to such groups, which is a generalization of
the Fourier transform. This leads to the development of admissibility conditions on wave
packet groups. When G is the Affine group (which is the semidirect product of the two
locally compact groups (R\{0},.) and (R, +), the group operations on G are

(a,b) (¢,d) = (ac,b+ad), (a,b)"' = (1, —b> :

a a
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The quasi regular representation p of G' on the Hilbert space L?(R) is defined by

(p(ab) ) @) =lal 27 (22)).

a

Then p is an irreducible representation of G. Moreover, a vector 1 € L?(R) is an admissible
[()

w
form, the semidirect prod|u(|:t group of the locally compact group H and R™ [4,5,18]. In
[9], Cordoba and Fefferman introduced wave packets by applying collections of dilations,
modulations and translations to the Gaussian function. Wave packet transform on R has
been well studied and extended for higher dimension by several authors, see [2,13,16,22].
As other recent direction of wave packet theory see [18-21]. In this paper, we study
harmonic analysis properties of quasi regular representation on the wave packet group.
Also, we can construct functions of L?(K x K) from the quasi regular coefficients. More
precisely, we first establish the representation frames based on a wave packet group; so

vector for p if Ci =z P dw < 00, [29]. Many authors have considered, as a general

called the wave packet representation frames on the Hilbert space L? (K x K ), then try

to characterize their duals. As a well known result; the elements of underlying Hilbert
space can be constructed by a pair of dual representation frames. One of our aim is to
provide a construction of a pair of dual wave packet frames.

Throughout this article, let H be a locally compact group and K a locally compact
abelian group, also let h — 75, be a homomorphism of H into the group of automorphisms
of K such that the mapping (h,k) — k" := 73,(k) from H x K onto K is continuous.
Then the set H x K with the product topology and the operations

(hok).(W,K) = (W kmy(K)),  ((h.k) € G-)
(h)™ = (hhm (7)),

which is a (not necessarily abelian) locally compact group, is called the semidirect product
of H and K, respectively. This group is denoted by G, = H x; K and its left Haar measure
is given by dmg_ (h, k) = §(h)dmg(h)dmg (k) where dmg(h) and dmg (k) are the left Haar
measures of H and K respectively, and the positive continuous homomorphism § on H is
given by (15.29 of [26])

dmg (k) = 6(h)dmg (mh(k)).

—

The above 7-dual action on K induces the homomorphism 7 : H — Aut(K) via h — 7,
given by

~

Th(w) = wp = w o Tp—1

for all w € K, where wy(k) = w(m-1(k)) for all k € K [4]. Also, (h,w) — w o 7, from
H x K into K is continuous. Hence, the semidirect product G~ = H x~ K, which is a
locally compact group, can play the role of dual for G;. Furthermore, the continuous

—

action (h, k) — 7,(k) induces a mapping © : H — Aut(K x K) given by h — O} where
@h(k7w) = (Th(k)awh>' (11)

In [20], it is shown that © is well defined and (h, k,w) +— ©(k,w) is a continuous homo-

—

morphism. Thus O induces the semidirect product group Gg = H xgo (K x K) which is
called the wave packet group. 1t is a locally compact group with the left Haar measure

dmeg(h,k,w) = de(h)de(k‘)dmf((w)
and the modular function
AG@ (h7 k, W) = AH(h)a
for all (h, k,w) € Gg, for more details see Theorem 3.2 of [20].
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Suppose G is a locally compact abelian group with the left Haar measure mg, the
Fourier transform f of any function f € L'(G), denoted by F(f) or f, is defined by

/ f(@)é(z)dme ().

The Fourier transform can be extended to an isometry from L2(G) onto L%(G), the so-
called Plancherel isomorphism. By the Fourier inversion, we can reconstruct a function
from its Fourier transform as following

0) = [ F©e@img(e) (12)

for all f € L' (G) and f € L! (G) For (k,w) € K x K the translation operator Tk ) 18
defined on L? (K X .7(\) by

T f (2, €) = f(zk™, @),
Also the modulation of f by (w,z) is defined as

Mo f (0:6) = 0WE@ S (5,€),  ((w,2) € K x K).

The Fourier transform has served as a bridge between unitary operators modulation and
translation as

Mpf= T(w,k—l)fa Tikw)f = M(k,w)f,

forall fe LXK xK), ke K andw € K.
Let (7, H) be a unitary representation of G. By an admissible vector we mean a vector
1 € H such that

LIt r@fdme(a) < oo, (F € 50). (13)
If 7 is irreducible (1.3) is equivalent to
C¢—/\w, V) |Pdma(z) < o.
Also we have the reconstruction formula as
£=C "% [ (fom(ay) wla)s dme(@), (f € %), (14)

for more details see [1].
For every semidirect product G, = Hx, K, the quasi regular representation (U, L? (K )
on G, is defined by

(Ur (b ) ) (@) = 6(0) 2 (s (k7)) (F € L2 (). (1.5)

It is not irreducible, in general, see [5] for more details.

Let H be a separable Hilbert space and X a locally compact Hausdorff space endowed
with a positive Radon measure v. A mapping F' : X — H is called a continuous frame
if the mapping * — (F(x), f) is measurable for all f € H and there exist constants
0 < A, B < 400 such that

ANIP< [ 1F @) 1) Pdv(a) < BISIE (€ %0). (16)

A continuous frame is said to be tight when A = B. The mapping F' is called Bessel if
the second inequality in (1.6) holds. Suppose that F' is Bessel, then the operator Tp :
L?(X) — 3 defined weakly by

Tpu:/Xu(x)F(:I:)du(x)
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is a bounded linear operator; so called the synthesis operator. The continuous frame operator
is defined to be Sp = TrT} [7]. It is useful to reconstruct the elements of H as

£ =Si'Sef = [ (. F@) S P(@)va). (1.7

The paper is organized as follows. In Section 2, we introduce the concept of Zak
transform on wave packet group Geo and give sufficient admissibility condition for the
quasi regular representation on Gg. This leads to obtain the reconstruction formula and
orthogonality relation. Section 3 is devoted to frame analysis on generalized wave packet
groups. In Section 4, we establish a method to find dual of representation frames on wave
packet and generalized wave packet groups. Finally, in Section 5, we give some examples
to illustrate our results.

2. Continuous Zak transforms on abstract wave packet groups

Throughout this paper, we assume that H is a locally compact group with the left
Haar measure my and K a locally compact abelian group with the dual group K. We
also denote the normalized Plancherel measure of K by mz. In this section, we state a
representation frame based on Gg, where the homomorphism © is defined by (1.1). It
is worthwide to mention that the dilation operator and its Fourier transform, denoted
respectively by Dy, and Dy, for every h € H, are defined by [20]

Dif(k) = ()" f(ma (k) (f € LA(K)),
Dig(w) = 3(h) " 2g(Fa(w)) (g€ LA(K)).

Moreover, the dilation operator extends on L?(K x K ) by

Dpe (kyw) = ¢ (11 (k), Th—1 (W),

and

Dntp (w, k) = ¢ (F1 (W), 71 (K)),
where ¢ € L? (f(\ X K) and ¢ € L? (K X f{\) We summerize the basic properties of the

dilation operators ©; and ®p on wave packet group Gg in the following:

Lemma 2.1. For every wave packet group Go = H Xg (K X f(\) the following assertions
hold.

(1) The mapping h — D(h) := D}, defines a continuous unitary representation of H
on the Hilbert space L2(K x K).

(2) The maping h — D(h) := D}, defines a continuous unitary representation of H on
the Hilbert space L2(K x K).

(3) Onf =Dnf, forallh € H and f € L*(K x f(\)

(4) DT (kw) = T(seh wo,) -

(5)

(6)

S

&) M (,2) = W(k)E(x) My oy T e)-
QhM(w@) = M(wh,:ph)@h-
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Proof. (1) If f € L2(K x K) then for h € H,k € K and w € K we have

1902, ey = Jic S 1w, ) Pdmuc (k) dm gz (w)
= Jklp W(Th—l(k’)a?h—l(w))|2dm}<(k‘)dmf<(w)
= i Jz Wo(k,w) Pdmg (7a(k))dm = (Fa(w))
= Ji Sz 10k w)Pdm (k)dm g (w)
= [lvl

L2(KxK)

Thus D, : L2(K x K) — L*(K x K) is an isometry. Also D, = Dp®; for h,h' € H.
Sothemap ® : H - U (LQ(R\ X K)) given by h — ©(h) := D}, is a continuous unitary

representation of H on the Hilbert space L2(K x K).
The rest follows immediately. 0

The quasi regular representation of Gg can be stated by the quasi regular representa-
tions of G, and G-.

Theorem 2.2. Let (U.r,L2 (K)) and (U?’ L? (f(\)) be the quasi reqular representations
on G and G~ respectively. Then

(1) Geo is isomorphic with the subgroup D := {(h,k,h,w) :h € H k € K,w € f} of
GT X G;:.

(2) The restriction of the representation Ur®@U= to the subgroup D is unitary equivalent
to the quasi regular representation on wave packet group Gg.

Proof. (1) Define ® : Gg — G, x G= by ®(h,k,w) = ((h, k), (h,w)). Clearly , it is an
one to one homomorphis. This easily follows (1). In order to show (2) notice that the
quasi regular representation U on G acts on L?(K x K) by

U(hu k, W)QO($7 f) = T(k’w)ghQO (ZL‘, 5) .

Define the operator I' : L?(K) ® Lz(f(\) — L*(K x f(\), by f1® fo — fi1 X fo. Due to
Section 5.3 of [33], it is enough to show that I' is an intertwing operator only on the tensor
product elements f; ® fs. In fact,

Ulh k) T(f1® )(@,€) = Ulhk,w)(fi x f2) (@,€)
= fi(ms (267")) 2 ((6@)5-1)
= T(Ur (h,k) fi(2) ® Us(h,w) f2(6))
= LU0 U;) ((hR)(hw)) fi ® fole.€).

0

Now we try to extend the notion of Zak transform to wave packet groups. The contin-
uous Zak transform of F' € C.(Gg) is defined on Gg by

ZeF(hww) = [ [Py, el @ dmi)dmz (). (2.1)
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Suppose F' = f ® ¢ where f € C.(H) and ¢ € C. (K X E) then F' can be considered as

an element of L?(Gg). Using the inversion formula (1.2) we obtain

1ZeF 13 = fa, | i S £ eyl @ dmi ()dm ()| dmer(h)dm g (w)dmsc(2)

= Sy ) Pdmar(h) fic S | e S (1)@l @ dmic (wydm ()] dm e (w)dme ()
= 17113 1213
= If @ ll2 = | F2.

So, Z, is a linear isometry in L?—norm on C.(Gg) and therefore can be extended uniquely
to the continuous Zak transform Z, : L?(Gg) — LQ(G@). In particular Z. (f ® ¢) = f®¢,

for every f € L?(H) and ¢ € L? (K X f(\) Hence, Z,. on L? (K X ?) is the same classical
Fourier transform.
In the next, we need the following lemma to state our main result.

Lemma 2.3. Let 1 € L2(K x K). Then
2Ty Do (n,7) = nR)w(@) 2000, @), ((n,2) € K x K),

wherehEH,k‘eKandwEf(\.

Proof. Using (2.1), for every 1 € L2(K x K) we obtain

T @néna) = [ [ Dustuk™ @@ @dmi(v)imz ()
= [ [ Davty vnluRne)dmi (v)dm g ()
= n(k)w(z) / / Dyt (y, Y)n(y)y(x)dm (y)dmz(7)
= WR@) 2D, 2).
forevery he H, k€ K and w € K. O

Theorem 2.4. Let (U, L? (K X f)) be the quasi reqular representation on the wave
packet group Go = H Xg (K X E) and v € L? (K X j(\) Then

(1) The family F(v) := {T(kvw)thﬁ; (h,k,w) € G@} is a representation frame based
on Ge with bounds A and B if and only if A <~y < B a.e., where

(6 9) 1= [ (ZD00)(E )Pdm(h) (22)
(2) 1 is an admissible vector if and only if ||vyp]|co < 00.

Proof. (1) Let F(2)) be a continuous frame with bounds A4, B and ¢ € L? (K X j(\)
Then the frame operator of F(¢)) on ¢, which is given by

Sy = /G (. T o)D) Tty Dby ()i (k) dm (),
(]
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defines as element of L? (K x K ) weakly. Using Lemma 2.3 and inversion formula
(1.2) yields

(ZeSyp) (§y) = /G (@, Tko)PnV) ZeT (1, P (€, y)dmpr (h)dmg (k) dm g (w)

| 2w [ [ [ [ (2eZom)esnimesim

(
g (h)dm (7 )dmc(5)dm () )
= [ (2200)(6.0) 206 0) WD) E )i ()
= Zep(§9) (8, v),

where 7, as a function on K x K , is given by (2.2). In particular,

Swgo = %ﬁ@. (2.3)
Thus,

Allgl3 < (Zepry, Zep) < Bllels. (v € L? (K x K)),
or equivalently,

A<~y <B, ae.

Conversely, assume that A < v, < B a.e., using the above computations we obtain

</G® <997T(k,w)©h¢> Tk ) Dnpdmp (h)dm g (k)dm z(w), 90>

= </G <907T(k,w)©h¢>ZcT(k,w)©h¢de(h)de(k)dm[?(w)aZCSO>
€]

= (e 9.

ie. F(¢) is a frame with bounds A and B.
(2) Suppose [|7p]loc < 00, then F(v)) is a Bessel sequence. Applying (2.3) we have

2
Cy = /G@ W,T(k,w)m@‘ dm > (w)dm (k)dm ()
= <§1/ZZ)712;> = <’7’¢)J7 1Z;>a

So Cy < vyl 1]l < 0o. The converse is follows immediately.
O

The representation frame I (¢), introduced in the above theorem, is called the wave
packet representation frame associated to ¢ € L? (K x K )

Corollary 2.5. Let Gog = H xg (K X f(\) and ¢ € L? (K X f(\) generates wave packet
representation frame F (). Then

(1) The following reconstruction formula for the elements of L?(K x f(\) holds
o= /G (8.7 Mt o)D) Ty Ol (h)dm () dme (k) (2.4)
[S]

(2) The optimal frame bounds of F(v) are given by ||’yl;1|]gol and ||vplloo, respectively.
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Proof. (1) Using Theorem 2.4 follows that
(Spp, @) = (w38, (peLl?(KxEK))
where Sy, is the frame operator of F(z)). This easily follows that

(Syt0) =7 '@ (2.5)

Therefore, we can rewrite (1.7) as
0 = / <¢,?(S_1T(k,w)©h¢)>T(k;,w)@h?/)de(h)dm;?(w)dmf((k)
Geo
= /G <85, ’Yw_lM(w,k)ﬁ@ Tk w)y@npdmp (h)dm g (w)dmg (k).
(S]

(2) Applying (2.3) yields || Syl = [[v4]loc- Hence

1Syl = 17y lloo-

Using Proposition 5.1.1 of [24] follows the desired results.
U

As usual, by using the quasi regular representation U on Gg, for an admissible vector
Wy € L? (K x K ) one can define the wave packet transform on L2 (K x K ) by

Wosp (h, b, w) = (9, U (hy b, w) ) = (0, T Dnth) -

In this case, the reconstruction formula (1.7) can be read as
p=Cy /2 /G <¢,T(k7w)th>T(,W)thde(h)de(kz)de(w), (2.6)
[S]

which is different from the inversion formula (2.4). In fact, (2.6) is followed from the
continuous wavelet theory and is obtained by the constant Cy, see also (1.4). However,
(2.4) is the reconstruction formula (1.6) and follows from the frame theory.

Corollary 2.6. Let F(v¢) be the representation frame given by Theorem 2.4. Then the
wave packet transform satisfies the following orthogonality relation

Wy, Wyn) = (7p@,7) .

As a consequence of Theorem 2.4, we can construct the admissible vectors of (U ,L2(K x K ))
by using its components.

Corollary 2.7. Let ¢y € L? (K) and 15 € L? (ff\) The following assertions hold.

(1) If ¥ is an admissible vector with respect to the representation (Ur,L? (K)) and
Py € L2 (ff\) is bounded, then 1 ® o is admissible with respect to the represen-
tation (U, L? (K X E))

(2) If 12 is an admissible vector with respect to the representation (U?, L? (ff\)) and
Y1 € L% (K) is bounded, then 11 @1y is admissible with respect to the representation
(U,L2 (K X I(\))

(3) The vector ¢ € L? (K X ff\) defined as

o] =[] " ]

is an admissible vector for (U, L? (K X IA()) provided that 11 and 1o are admis-
sible.
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Proof. (1) Putting ¥ = ¢ ® 12 € L*(K x ﬁ) Using the continuous Zak transform
we obtain

volw,z) = /H\Zczvhqf(w,x)demH(h>
| |Z:Dwtn © D)) (i)
- R L 2
- /H /K Dyt (y)(y)dmc (y) /[?thz(v)v(l‘)dmf((v) dm (h)
/,

(ZeDptpr ® ZeDpiha)(w, ) ’2 dmp (h)

Brwo )| dmi ()[$alloe < oo.

IN
S

The result foll\ows from Theorem 2.4.
(2) For (w,x) € K x K we have

o) = [ |ZDbw.o) dmuh)
= [ PG @) 7 @) dma(h)
[ 19 Gaes @] @ [ (s @) dim(h)

1/2 1/2
< Va1 (w) / Yepo (x> / 5
it follows the results. O

3. Frame analysis on generalized wave packet groups

Gabor systems generated by the action of translations and modulations on a signal give
the time- frequency content of a signal. This is often not the most desired resolution, which
leads to the appearance of wavelet analysis. Wavelet systems are obtained by shifting and
dilating a finite family of functions. In [9], Cordoba and Fefferman by using certain
collections of dilations, modulations and translations, introduced wave packet systems. In
fact, Gabor systems and wavelet systems can be considered as special cases of wave packet
systems. In this section, we show that the interplay of all three operators gives generalized
wave packet system on locally compact groups, this leads up to sufficient conditions that
generalized wave packet system be the tight frame.

Let H be a locally compact group and K be a locally compact abelian group. The
action H x K — K; (h, k) — m,(k) and its dual indicate us to consider the action

Hx(KxKxKxK)—-KxKxKxK

(hy kw0, &, 2) 1= o1 (kyw, €, @) = (K", wn, &n, ")

It is not difficult to see that gy is a hon/lpmgr\phism om KxKxKxK , and therefore, the
semidirect product G, := H X, (K x K x K x K); so called the generalized wave packet
group, is well defined. A direct calculations shows that

dme,, (h, k,w,&,z) = dmp(h)dmg(k)dmg(w)dmz(€)dmk(z)
AGp(hvkvwv‘Saw) = AH(h)

Let ¢ € L? (K x K ) The generalized wave packet system

() = {Dn Ty Meayts (b how,€,2) € Gy}
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introduces the unitary representation (A, L? (K x K )) on G, given by
A(h7 k7 w, 67 ‘T)w = ghT(k,w)M(f,x)w
In the rest, we discuss on the irreducibility of A and characterize its admissible vector.

Theorem 3.1. The homomorphism (A, L? (K X E)) on the generalized wave packet
group G, is a continuous unitary irreducible representation.

Proof. Obviously, A is a continuous unitary representation. In order to show the irre-
ducibility of A, let M be a nonzero closed invariant subspace of L? (K x K ) Then we

claim that M = L? (K X .7(\>, or equivalently M+ = {0}. Let ¢ € M+ and ¢ € M be
nonzero. Then for each hg € H we have

- /K/ / S VDT Mgyt o) Plm (k)i (o) . (€)amc ()
N / / /K/ Mg oy Tim1,8) D10 ) Pdmc (k)dm g (w)dm g (€)dmc ()
- //A/ / 1 (0Tl ) D) (6 @) [P (k)dm () dim - (€)dmc ()

_ //Kw)(g, )| dmA(é)de(x)/K/l?]Dhalcp(xk‘,wg)|2de(/~c)dmIA<(w)
= [l®l3llell3-

)

=

)

=
=

=
=

So ¢ = 0 and M+ = {0}. O

Theorem 3.2. Let G, := H x, (K x K x K x K) be the generalized wave packet group
then the representation (A, L? (K X IA()) has an admissible vector (and so all vectors are
admissible) if and only if H is compact.

Proof. Suppose ¢ € L? (K x K ) Applying (1.2) we obtain
Cy = /G (¥, A(h, k,w, &, )| dm (h)dm (k)dm 2 (€)dm s (w)dm (@)

©

:/G ’<T<k*h,wh>¢vM(ah,xh)@h¢>’2de(h)de(k)dmg(f)dm;{(w)de(g;)

- 2
[ | Ty @t gy (5P () ()

= Ju.
dmpy (h)dmg (k)dmz(§)dm g (w)dmg ()

:/G@

2
dmp (h)dmg (k)dmz(§)dm z(w)dmk (z)

/-\

25.0) (W )

Sr' (T(Ehﬂ—h 1 LL‘))
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“Jule e i

dmf{(f)de(x)

N /H /;? /K /1? /K T(e, 1 (a)) O (1:9)

= [ L[] Prianvm@)| [9 0] dm g )dmic g)dmn () dm g (€)dmc ()

2
dmy (K" )dmz (wy,-1)dmg (h)

J (T(ah,fh_mx))@\h&@) (x".2)

2 ~
5 ()| dmaa(h)dmc(y)dm 2 (€)dm g () dmc ()

:/H/I?/K/z?/K 5;1;(5,37)‘2dmf{(€)dm1<(37) ‘TZ(%y)‘2de<y)dmg(’Y)de(h)

= [ ][ [owite.a)] dmu(ydmuc(@amz ) [ |5 6] dniclyamg ()

= [ l|zmm (H).
Since my(H) < oo follows that H is compact, this immediately follows the result. g

Corollary 3.3. Let G, be the generalized wave packet group and 1 € L*(K x f) an
admissible vector for (A, L*(K x ?)) Then

(1) The generalized wave packet system T () = {DpT k)M n)¥; (b, k,w,§2) €
G} is a tight representation frame, in particular,

= WHEQ/G <<P,@hT(k,w)M(5,m)1/1> DT (o) M mydma,, (h, k,w, €, x)
©
(2) The following orthogonality relation for all o1, s € L? (K X f) holds.

/ <9017A (h7 k,w,&,x) 1/}> <A (ha k‘,w’§7ﬂj) 1/}5 @2) dep(h7 k,w,f,x) = 01};/2 <901> @2> .

©

Proof. Using Theorem 3.2 follows that
/G (@, Alhy by w, & @) ) * dmp (h)dmc (k) dm g (€)dm g (w)dmi (z) = [[4[13 ] 2lf3,

©
for all p € L? (K X f(\) In other words, the family T(¢) is a tight representation frame
with the bound |[[2||3. This proves (1), and (2) follows immediately by (1). O

4. Characterizations of dual representation frames

In this section, we intend to discuss on the duality of representation frames. Several
authors proposed necessary conditions for dual frames [6,11,12]. In [8], Chui and Shi give
necessary conditions for dual frames on L?(R). The construction of dual on bandlimited
framelets with desired time localization can be found in [32].

Let (X,v) be a measure space. For two Bessel families F,G : X — H we define the
operator Sp g on H weakly via

Seal = [ (1. F @) Glaydv(a).

Bessel families /' and G are called dual if and only if Spe = I. Further, suppose Srq
is invertible, then it is easy to see that SglF + SFSEIGG — Fis a dual frame for F. We
collect in the next proposition some characterizations of continuous dual frames.
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Proposition 4.1. Let F,G : X — H be Bessel families. The following are equivalent:

(1) F and G are continuous dual frames.
(2) Fand Sp'F + SpG — F are continuous dual frames.
(3) There exists a Bessel family L : X — H such that G(z) = S~ F(z) + L(z) and

/ L) (f, F(z)) dv(z) = 0.
X

The characterization of our dual frames, which introduced in the previous section, are
given in the next subsections.

4.1. Dual of wave packet frames

In general, the canonical dual frame of a wavelet system has not the wavelet structure
[10]. In the sequel, we introduce many duals which have the same structure of the original
frames, and therefore, they are suitable for applications.

Theorem 4.2. Let 1,1 € L*(K x f(\) The following are equivalent:

1) F(¢) and F (i/?) are dual representation frames.

(1) F

(2) a7 (&) = [y Dnd(& )D&, y)dmu(h) = 1, ae. (§y) € K x K.
(3) There exists ¢ € L2(K x K) such that ¢ := Sy YW + ¢ and ImW,, L ImW,.
(4) There exists p € L*(K x K) such, that ¢ := S Y + ¢ and ay,, = 0.

Proof. Define the operator S v on L? (K x K ) weakly by
Sy5f = /Ge <907T(k,w)@h¢> Tl wy@npdmp (h)dm g (k)dm g (w).

Obviously, 1 and @Z generate wave packet dual representation frames if and only if .S i is
the identity operator.
(2) = (1). Using Lemma 2.3 yields

ZeS, sp(&y) = /G (0, Tk o)D) Z T oy Dnt(€, y)dmpz (h)dim e (k) dm 5 (w)

e

[ Eowey [ [ (ZpZBib) b
H KxK JKxK

() ERNw () dmp (R)dm 2 (7)dmc ()dm = (w)dmc (k)
= [ (ZDD)(& ) Zep(6. 5 ZDRDNE Ddmin ()

= Zep(& ), 76 y).

Therefore, S T Jcp, and hence S g = 1. Thus, ¢ and J generate wave packet dual
representation frames. Conversely, let F (¢) and F (12) be dual frames. Then « " {;f: f,
for every f € L?(K x f) Applying Lemma 4.19 of [14] we have o, ~ =1, a.e..

by
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(1) & (3) Combining (2.2) and (2.5) we obtain

o)t (S?w) (,2) = (71 >,T;1<m>)
_ ( ,:1@:)) P (7 @ @)
N wj(w#ﬂ) T (w)’Thl(x))

Hence,
Tiho) 1Sy 0 = Sy T ) Dn-

So 51; ! commutes with the translation and modulation operators. Putting p= {/; — S; L,
we have

T(k,w)gh@z =5, ") Dt + T ) Onep-
Due to Proposition 4.1 (3) the families F (¢)) and F (1;) are dual frames if and only if
(W, Wyil) = /G (1 Ty @0 (7 T D0 ) drgr () dmc (k) dm o () = 0,
(S

for all n and 77 in L? (K X f(\) .
(1)< (4) IfF(¢) and F (1;) are dual representation frames, then

a5 = JuDnd(&y)Drd(& y)dmp(h) = 1, by (2). Putting ¢ := ¢ — S, ' then ¢ =
51; L + ¢. Similarly, F (v) and F (S~149) are dual representation frames, it follows that

/H D15 L(E, 1) Dt (€, y)dmp (h) = 1.

Hence,
e = [ DR WDIE D (0) — [ D0S TH(E 0 DE w)dm(h) =0
Conversely, if there exists ¢ € L2(K x f(\) such that ¢ := SJIT/J + ¢ and ay, = 0, then
Ypd T /Hﬁ@(s,y)mm(h) g, =1.
Thus, F (¢) and F ({E) are dual representation frames by (2). 0O

Corollary 4.3. Let Go = H xg (K X E) and q/},& € L? (K X f(\) generate continuous
wave packet representation frames. The following are equivalent:

(1) F($) and F () are dual frames.

(2) F () and F (20— S, zp) are dual frames.

(3) F(¢)) and F <25 Y — ~> are dual frames.
(4) F (¢) and JF( 1¢ + SW ¢) are dual frames.
(5) F () and F (8" — -0+ ¢) are dual frames.
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Corollary 4.4. Let ¢, € L2(K x K) and a, s #0, a.e.. Thend (F(¢)) and 2-F (IF(@Z))
; v
are dual frames. In particular,

7/ @5 Tikw) @h¢> ( kw)©h¢)de(h)de(k)dm[?(w)'

4.2. Dual of generalized wave packet frames
In this subsection suppose G, := H x, (K X K x K x K), and
TW) = DTy Mgy (hkw,& x) € Go}
is a generalized wave packet representation frame for some 1) € L? (K x K ) In the sequel,
we characterize dual of such continuous frames.

Theorem 4.5. Let 1/1,12 € L*(K x f) and H be a compact group. The following are
equivalent:

(1) T(¢) and ‘J'(J) are dual represetation frames.

(2) (¥,9) =1.
(3) v:=25, Y 4 ¢ for some ¢ € LA(K x K) such that ImW, L ImW,.
(4) There exists p € L*(K x K) such, that ¢ := Sy Y+ and (b, p) = 0.

Proof. The operator S w0 L? (K x K ) is defined weakly by

Sy o¥ = /G <90,©hT(k,w)M(k;,w)¢> DT (ko) Mk wydmp (h)dmg (k)dm g (w)dm - (§)dmg (z).
©
(2) & (1) A straightforward computation shows that

ZeS,, 5p(7,8) = Zep(v,5)0(7, )

where

o(y,s) = //

= / /A [ B Ghs 7 (90208 (a7 (9) @) dmar () () dmc )
) (.9

)

[ 2D M ey, 5) 201 Mgy 9)dmaa () () dmc )

=

o

(1/1, w) :
This follows that

Sd),lz = <¢, )1

Therefore T (¢)) and T (@Z) are dual representation frames if and only if (¢, 1Z> =1.
By analysis the argument in the proof of Theorem 4.2 we can prove the rest. O

The following conclusions can be derived directly from the above theorem.

Corollary 4.6. Let H be a compact group. Then
(1) T(v) and MQ T(¢) are dual representation frame.

2) If |Y2llll2 < 1 then T (1) and T(Y) can not be dual representation frames.

Corollary 4.7. Let w,{ﬁ € L*(K x E) and H be a compact group. The following are
equivalent:

(1) T(¥) and T(¥) are dual representation frames.
(2) T() and T (21Z - Wlﬁ) are dual representation frames.
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(3) T(¥) and T (21} - 5’;1@[)) are dual representation frames.

(4) T(¢) and T (2||1Z||QS@;11Z - 5’1;11/)) are dual representation frames.

(5) T(¥) and T (51511# + 51;177; — ¢) are dual representation frames.

(6) T(¢) and T (@Z—i— cp), for some @ with (p,1) =0 are dual representation frames.

Proof. (1) < (2) If T(¢) and T(¢) are dual representation frames, then (¢,4) = 1 by

Theorem 4.5, so
(v20= o) = (w28) - (v ||¢||2‘/’>

= 2(y,9) - WHQW W) =

Hence, T(¢)) and T (2{/; — W@Z)) are dual representation frames by Theorem 4.5. Con-

versely, if T(¢) and T (2{/; ”wHQz/J) are dual representation frames then (1, 2w WHQ Y) =

1 and so (¢,¢) = 1, by using Theorem 4.5 it follows that T(¢) and T(¢) are dual repre-
sentation frames. The rest follow by a similar argument. 0

We end this section with a perturbation result on duals.

Theorem ~4.8. Let H be a compact group and w,&,gp € L*(K x ?) such thgt
v — oll2||¥]l2 < 1, also let T(¢p) and T(¢) be dual representation frames. Then T (1))
and S_iz(ﬂ' (p)) are also dual representation frames.

<p7

Proof. For any n € L*(K x K) we obtain

[T - T50) all, = [ 1.7) - T dme

©

IWy—enll3
= v —l3lnl3.
Therefore,
11=8,51 = [T (T ~ T |
< 2l = oll2 < 1.

So S

o7 18 invertible. This easily follows that T(¢)) and S _}E(T (p)) are dual pairs. O
@7

5. Examples and conclusions

Throughout this section, we present some examples to illustrate our results. More
precisely, we discuss on the existence of admissible vectors of wave packet and generalized
wave packet groups. See the basic properties of the following examples in [19,20].

Example 5.1. Consider the wave packet group Gg = RT xg (R x R) where © : RT™ —
Aut(R x R) is given on L? (K X K) by a — O,(z,w) = (ax,a 'w). The dilation operator
is defined by D,o(k,w) = ¢(a"tk, aw) and

U(a’ k, w)@(xv 5) = Qp(a_lxk_la af@)
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is denoted the quasi regular representation on Gg. Using Theorem 2.4 follows that
{T kawa)V} (a,kw)eGe 18 @ Wave packet representation frame if and only if

AS/RJr’q/J(af, )‘ ﬁgB a.e. (€ x) € R?

For example, suppose ¥ € L? (R) is an admissible vector for the affine group R* x, R,

then ¥ € L? (R?) defined by
! =[5 " el

is an admissible vector for (U,L? (R?)). In particular, if ¢ € L?(R) whose Fourier
transform satisfies

djl X[m,27]
and V¥ is defined by U = 1!)1/2 ® ¢1/2 then

flieata' G < (L s el @) (L6 g
- /]R€+ ’TZI(G)FTZZ/:WTZZLHQ.

Also for vectors ¢ and ¢ in L? (R?) such that

/ &(aﬁ,a‘l )P (af,a x) =1, ae (&2)€R?
R+ |al
The families {7 1q.wa) P} (a,k0)eGo A0 { T (kawa) ¥} (a,kw)eGe are dual representation frames.

Example 5.2. The generalized wave packet group G, = {1,2, ..., p—1} X ,Z, X Zpy X Lpy X Ly,
where my(s) = ps and pp(s,w, &, x) = (ms, mpw, mp&, ma), is a finite non-abelian group.
The dilation operator is given by ©,,¢(s, §) = ¢ (mys, ms) for ¢ € CP*P. Using Theorem
3.2 follows that every 1 € CP*P is an admissible vector and {@mT(kM)M(&x)@Z)} is a tight
representation frame. Also we achieve the following reconstruction

p—1 p—1p—1p—1p-—1

H«pl 22 2 2 D (@ DTk My ) DmTipy Myt ( € TP,
m=1k=0w=0¢=0 =0

Example 5.3. Let n > 1 be an integer, H = SO(n) and K = R™. We can define the
continuous homomorphism © by A + O4 (z,w) = (Az, A7lw) for all A € SO(n) and
(z,w) € R" x R™. The quasi regular representation U on Gg = SO(n) xg R™ x R" is given
by U (A, x,w) = T(y ) Da that Daf(z,w) = f (A~ 2z, Aw). Using Theorem 2.4 the family
{Tak,a-10)¥; (A, x,w) € Go} is a wave packet representation frame with bounds A and
B if and only if

¥ =

A§7¢(w,m):[90 )‘w(Aw 1x)’2dA§B, a.e.(w,z) € R" x R™.

So, if 15 is bounded and compact support, then ¢ is an admissible vector for L? (R™ x R™).
It guarantees the following reconstruction formula in L? (R™ x R"),

f= /G ) (775 Moy Dat) Toar, -1y tedAduoda.
Example 5.4. Consider the shearlet group, denoted by S, as the semidirect product
(R+ X, R) Xo R
equipped with the group multiplication given by
(a,5,2,) . (4,5,4,€) = (ad, s + $v/a, (2,8) + (SsAut, A7155'€))
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that the shearing matriz Ss and the parabolic scaling matriz A, are given by

1 s a 0
Ss:{o 1], Aa:lo a1/2]-

The left Haar measure of S is g—gdsdt. Let M,s = S;A,, the dilation operator can be writen
as

Diayth (2,€) = ¥ (M1 o, Most) 2,6 € R2.
For ¢ € L%(R*) the unitary representation I': S — U (L? (R*)) can be defined by

F (a7 87 CC, 5) /llz) = T(:B,f)DMasdj'

Using Theorem 2.4, the shearlet system SH (1) = {T1¢)Dun,,v; (a,s,t,§) € S} is a
wave packet representation frame if and only if

A< /]R+ /R 9 (Mas, My _y6)[ djL ds < B, (&€ eR').

Also {T(1.6) Dt} (ays,t,6)es and {1 g)DMas@b}(a st.e)es are dual frames if and only if

== —_d
/)/ Dty (6,) Doy (€9) 5 75ls = 1.

Notice that the generahzed shearlet representation A (a, s, k,w,§, ) = D, TiweyMe o)

on generalized shearlet group G = Rt x R x R® has not any admissible vector by Theorem
3.2.
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