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ABSTRACT. One of the wide-ranging applications and research areas of Summa-
bility theory is the concept of statistical convergence. This concept was stud-
ied a related concept of convergence by using lacunary sequence by Fridy and
Orhan. At the last quarter of the 20th century, lacunary statistical conver-
gence has been discussed and captured significant aspect of creating the basis
of several investigations conducted in many branches of mathematics. On the
other hand, in 1961 Krasnoselskii and Rutisky presented the definition of Or-
licz function. Also, in 1963 Gahler introduced the notion of 2-normed spaces.
The main goal of this article is to introduce Z— almost convergence of la-
cunary sequences with regard to an Orlicz function in 2-normed spaces and
other sequence spaces by considering the concept of ideal that was presented
by Kostyrko and others. Additionally, we examine the relationship between
these sequence spaces and fundamental inclusion theorems are investigated.

1. INTRODUCTION

The concept of 2—normed spaces was initially introduced by Gé&hler [3] in the
1960’s. Since then, this concept has been studied by many authors (see, for instance
( [, [03], 20, 210 ).

Recall in [§] that an Orlicz function A : [0,00) — [0,00) is continuous, convex,
non-decreasing function such that A(0) = 0 and A(u) > 0 for v > 0, and A(u) — oo
as u — oo.

Subsequently the notion of Orlicz function was used by Mursaleen, Khan, Chishti
[9], Parashar and B. Choudhary [10], Savag and Savag [I8], Savas([16], [I7], [19] )
and others.

If convexity of Orlicz function A is replaced by A(z + y) < A(z) + A(y) then this
function is called Modulus function, which was presented and discussed by Ruckle
[12] and Maddox [5].

An Orlicz function is said to satisfy As— condition if there exists a positive
constant K such that A (2u) < T (u) for all u > 0.

Note that if A is an Orlicz function then A (¢x) < A (u) for all ¢ with 0 < ¢ < 1.

Let E be a real vector space of dimension d, where 2 < d < co. A 2—norm on F
is a function ||.,.|| : E x E — R which satisfies (i) ||u,v|| = 0 if and only if v and v
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are linearly dependent; (ii) [[u, v]| = [[v, ull; (iii) [|u, o] = [B] lu, v[|, 5 € R; (iv)
lw, v +w| < ||u,v| + |Ju,w| . The pair (E,|.,.||) is then called a 2— normed space
[4].

Recall that (E,|.,.||) is a 2—Banach space if every Cauchy sequence in F is

convergent to some v in F.

The notion of ideal convergence was introduced first by P. Kostyrko et al [6] as
a generalization of statistical convergence.

A family T C 2F of subsets a nonempty set F' is said to be an ideal in F if (i)
) € Z; (il) A,B € Z implies AU B € Z; (iii) A € Z, B C A imply B € Z, while an
admissible ideal Z of F further satisfies {u} € Z for each u € F (see, [0], [7]) .

Given Z C 2" be a nontrivial ideal in N. The sequence (u,),cy in E is said to
be Z—convergent to u € E, if for each € > 0 the set A (¢) = {n € N: |lu, — L|| > ¢}
belongs to Z ( [T}, 14 [15]).

By a lacunary sequence 6 = (I5); s = 0,1,2,... where lj = 0, we shall mean an
increasing sequence of non-negative integers with Iy —ls_1 — 0o as s — oo. The
intervals determined by 6 will be denoted by Iy = (Is—1,1s] and ps =15 —ls—1 ([2]).

2. MAIN RESULTS

Let Z be an admissible ideal, A be an Orlicz function, (E, ||.,.||) be a 2—normed
space and r = (r;) be a sequence of positive real numbers. By S (2 — E) we denote
the space of all sequences defined over (E,|.,.||). Now we define the following

sequence spaces:
. r€S2-X):{seN:2 “”’ H
@ (A -l = (=% { =5 M )= ,

for some p > 0,L > 0 and each z € F, uniformly in j

r;
%,zm > 5} el
b

reS(2—FE):¢seN:

1WE[>‘

OIO‘ara ||7||)0 = Hs iel,
for some p > 0 and each z € E, uniformly in j
Uity "
) x€S(2—F):3K >0s.t. sup: [ ( H)} <K
oo (A, 1, |-, -[1)g = sen i gl:
for some p >0, and each z € F

_ . 1 Wity " >

O Or )y = 4 TESCEoE)BK>000seN g 5 {)\ : zm _K}EI

for some p > 0 and each z € F, uniformly in j
The following inequality will be used in the study which is well known.

0<r; <supr; = H, D=max (1,277")
then
"< D {Jui|™ + vl "}

|ui + v;
for all 4 and u;,v; € C

Theorem 2.1. W% (A, 7, |.,.[)g,0F (A7, |- -1)g s
L (N, 1, ]|, )y are linear spaces.
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Proof. We shall prove the assertion for wZ (\,7,]., )gonly and the others can be
proved similarly. Suppose that u,v € ¢ (\,r,].,.||), and a, 8 € R. So
T
{ : WZ[ (ulﬂ )} 25}61f0rsomep1>0
s i€l
and
{SEN Z [ ( Yitg H)} }EIfor some pg > 0.
S i€l
uniformly in j. Since ||.,.|| is a 2—norm, and A is an Orlicz function the following

inequality holds: for all j

(Y

(auiyj + Bviyj)

DI

)
ps = (lal p1 + 18| p2)
4 Uitj '
= Duliz{lcwﬁﬁlpz /\< p1 H)]
S (5]
* sz[|a|m+5|ﬂ2/\ p2
< DFWZ|: (UW ‘ ]
s 1€l
e o S ([5e])]
s 1€l

where

From the above inequality we get

pem b

c {SGNDFWZ[(

Hs el

CIar H>
Ia\pl + 1Bl p2)

Uit j s €
o C “ 3
€

U1+j
reneor 3 Hﬂ :
uniformly in j. Two sets on the right hand side belong to Z and this completes the
proof. ([l
It is also easy to verify that the space oo (A, 7, ., .||), is also a linear space.

Theorem 2.2. If \ is an Orlicz function and (r;) is bounded sequence of strictly
positive real numbers then Wes (A, 7, |.,.||)y s a paranormed space with respect to
paranorm g defined by

= Z | wij, z||+inf {pyf : sup [)\ (‘

icly k

o

Ui+j’ZH)] <1, p>0, t:1,2,...}, each z € £
p
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Corollary 1. If one considers the sequence space %, (A, 1, ||.,.||), which is larger
than the space W (A, 7,].,.||), the construction of the paranorm is not clear and
we leave it as an open problem.

Theorem 2.3. Let A\, Ay and Xy be Orlicz functions. Then we have w§ (A, ||.,.]|), €
F (A7, |-, .I)g provided (r;) is such that Hy = infr; > 0.

Proof. (i) For given £ > 0, first choose g9 > 0 such that max{e¥,f°} < e. Now
using the continuity of A choose 0 < 6§ < 1 such that 0 <t <d§ = A(t) < &o. Let

(u;) € @F (A7, |-, -]]) - Now from the definition,
U pi
A() = : VZ[M( o] H)] > b e,
Hs i€l

uniformly in j. Thus if s ¢ A(4) then

2%

i€l

lez[ (

i€

e

Hence from above using the continuity of A we must have

i

which consequently implies that

;P(M(
a0

This shows that

L Pk
{S eN: i Z [ ( ( u;”,zH))} > 5} C A(9), uniformly in j
fs i€l

and so belongs to Z. This proves the result. (I

S

Ui+ j ZH)]T < §H
p
>} < pl 6t

qu,zH)} < 6" for all i € I,
p
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”“zD < forallic I,
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p

)) < eg forall i e I
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Pr
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))} < pimax{ey, e} < pie,

Ty
Zpﬂ,zH)>} < g, uniformly in j.

Theorem 2.4. Let the sequence (r;) be bounded, then @F (\,r,].,.1)y € &% (A, 7, |, .]) C

W A7 1D -

Proof. Let u = (u;) € w§ (A, 7,]|.,.]|)y. Then given & > 0 we have

fren -5_[<

uz+g

)] > 5} € 7 for some p > 0, uniformly in j.
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Since )\ is non-decreasing and convex it follows that, for all j,

e G
I R I )
)

SRS
c fren 25 ()] 23]

% el P
U {seN :mam{l,sup [)\ (Huo,z )] }2 6},
p 2

uniformly in j. Since the set on the right hand side belongs to Z so does the left
hand side. The inclusion @% (A, r, |.,.|[)g C @Z (A, 7, ].,.|)s is obvious. O

Uj45 — UO ‘
)
P

DI

Uo
—,Z

Hence we have

y 2

Theorem 2.5. (1) Let 0 <infr; <r; < 1. Then

wF (A7, [l 1Dg € @ (A 11D -
(2) Let1<r; <supr; < oco. Then
wI ()\,7", Hv ”)9 < uA)I ()\,ﬁ ||7 H)0 .
Proof. Let u € wF (A, 7,]|.,.])g, since 0 < infr; < 1, we obtain the following:
’U,l_;,_] L u’H—J L >:|Tl
: , 2 >ep C : 2 >ep €I,
e g p bt )= e (2
i€l i€l
uniformly in j. Thus u € @' (\,].,.|]),- Let us establish part (2). Let r; > 1 for
each 4, and supr; < co. Let z € & (A, ||.,.||),- Then for each 0 < € < 1 there exists

a positive integer N such that

b

il

ui—L
P

, 2

sees

uniformly in j, for all s > N. This implies that

. L Pkl ; L
frew L5 [i(|et)]™ e frew L5 (|t 2o e
Fs i€l fhs i€l
uniformly in j. Therefore u € WF (A, r,.,.||)s- This completes the proof. O

Definition 2.1. Let F be a sequence space. Then E is called solid if (cyu;) € E
whenever (u;) € E for all sequences (o) of scalars with |o;| <1 for alli € N.

We now have

Theorem 2.6. The sequence spaces W (\,1,]|.,.[)q, @Z (A, 7, |.,.]]), are solid.
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Proof. We give the proof for wg (A, 7,].,.[)e- Let (u;) € wf (A7, |-,.|I)g and (o)
be sequences of scalars such that |o;| <1 for all i € N. Then we have,

7 Wq " 1 i+7 "
reN : VZ [( ’ (@itiej) zm >epCireN :— Y KA ““),zH)] >ep €T,
5 el s et P
uniformly in j. Hence (oju;) € @F (A, |-, .||), for all sequences of scalars («;) with
laj| <1 for all i € N whenever (u;) € dF (A, 7, |.,.])g - O

REFERENCES

[1] P. Das, E. Savas, and S. K. Ghosal, On generalizations of certain summability methods using
ideals, Appl. Math. Letters, 24 (2011), 1509 —-1514.
[2] J. A. Fridy and C. Orhan, Lacunary statistical convergence, Paci ¢ J. Math., 160 (1) (1993),
43-51.
[3] S. Géhler, 2—metrische Raume und ihre topologische Struktur, Math. Nachr., 26 (1963),
115-148.
[4] H. Gunawan and H. Mashadi, On Finite-Dimensional 2—normed spaces, Soochow J. Math.,
27 (3) (2001), 321-329.
[5] 1. J. Maddox, Sequence spaces defined by a modulus, Math. Proc. Camb. Philos. Soc., 100
(1986), 161-166.
[6] P. Kostyrko, M. Macaj, and T. Salat, I—Convergence, Real Anal. Exchange, 26 (2) (2000),
669-686.
[7] P. Kostyrko, M. Macaj, T. Salat, and M. Sleziak, I—Convergence and Extremal I—Limit
Points, Math. Slovaca, 55 (2005), 443—-464.
[8] M. A. Krasnoselskii and Y. B. Rutisky, Convex function and Orlicz spaces, Groningen,
Netherlands, 1961.
[9] Mursaleen, Q. A. Khan and T. A. Chishti, Some new Convergent sequences spaces defined
by Orlicz Functions and Statistical convergence, Ital. J. Pure Appl. Math., 9 (2001), 25-32.
[10] S. D. Parashar and B. Choudhary, Sequence spaces defined by Orlicz functions, Indian J.
Pure Appl. Math., 25 (4) (1994), 419-428.
[11] W. Raymond, Y. Freese, and J. Cho, Geometry of linear 2—normed spaces, N. Y. Nova
Science Publishers, Huntington, 2001.
[12] W. H. Ruckle, FK Spaces in which the sequence of coordinate vectors in bounded, Cand, J.
Math. 25 (1973), 973-978.
[13] A. Sahiner, M. Gurdal, S. Saltan, and H. Gunawan, Ideal Convergence in 2-normed spaces,
Taiwanese Journal of Mathematics, 11 (5) (2007), 1477-1484.
[14] E. Savag and P. Das, A generalized statistical convergence via ideals, Appl. Math. Letters,
24 (2011), 826-830.
[15] E. Savag, P. Das, and S. Dutta, A note on strong matrix summability via ideals, Appl. Math
Letters, 25 (4) (2012), 733-738.
[16] E. Savag and R.F. Patterson, (A, o)—double sequence spaces via Orlicz function, J. Comput.
Anal. App., 10 (1) (2008), 101-111.
[17] E. Savas and R. F. Patterson, Some o-Double Sequence Spaces Defined by Orlicz Function,
J. Math. Anal. Appl. 324 (1) (2006), 525-531.
[18] E. Savas and R. Savag, Some A-sequence spaces defined by Orlicz functions, Indian J. Pure
Appl. Math. 34(12) (2003), 1673-1680.
[19] E. Savag, Some new double sequence spaces defined by Orlicz function in n-normed space. J.
Inequal. Appl. 2011, Art. ID 592840, 9 pp,
[20] E. Savag, On Some New Sequence Spaces in 2-Normed Spaces Using Ideal Convergence and
an Orlicz Function, J. Ineq. Appl. Vol. 2010 (2010), Article ID 482392, 1-8.
[21] E. Savag , A™ -strongly summable sequences spaces in 2-Normed Spaces defined by Ideal
Convergence and an Orlicz Function, App. Math. Comp., 217 (2010), 271-276.

RABIA SAVAS
SAKARYA UNIVERSITY, SAKARYA, TURKEY, 0000-0002-4911-9067
Email address: rabiasavass@hotmail.com



	1. Introduction
	2.  Main Results
	References

