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Abstract

This study deals with Liénard-type differential equation systems with time-varying delays. Some sufficient conditions have
been obtained for the existence and uniqueness of the weighted pseudo almost periodic solutions of the considered system
by using some differential inequalities, the main features of the weighted pseudo almost periodic and Banach Fixed Point
Theorem. Since the weighted pseudo almost periodic functions space is more general than the almost and pseudo almost
pseudo periodic functions space, this work is a new and complementary. In addition, an example is given to show the
correctness of the created conditions.
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DEGiISKEN GECIKMELERE SAHiP LIENARD TiP SiISTEMLER iCiN AGIRLIKLI
SOZDE HEMEN HEMEN PERIYODIiK COZUMLER UZERINE

Ozet

Bu ¢alisma, zamanla degisken gecikmelere sahip Liénard tipi sistemler ile ilgilidir. Bazi diferansiyel esitsizlikler, agirlikli
sézde hemen hemen periyodik fonksiyonlarin temel ézellikleri ve bilinen Banach sabit nokta teoreminin kullanilmasiyla
diisiintilen modelin ¢éziimlerinin varhgi ve tekligi icin bazi yeterli sartlar elde edildi. Agirlikli sézde hemen hemen
periyodik fonksiyonlar uzayi, hemen hemen ve sézde hemen hemen periyodik fonksiyonlar uzayindan daha genel bir uzay
oldugundan, bu ¢alisma yeni ve tamamlayict bir niteliktedir. Ayrica, olusturulan sartlarin dogrulugunu gésteren bir
ornek verildi.
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By applying some analysis techniques and constructing
a suitable Lyapunov function, they establish some
sufficient conditions which guarantee the existence and
exponential stability of the almost periodic solutions for
system (1.1). Liu [13] obtained some conditions by
applying mathematical analysis techniques for the
existence and exponential stability of the almost
periodic solutions of a class of Li'enard-type systems. Xu
and Liao [4] discussed following Liénard type system

1. Introduction

It is known that Liénard type systems have wide
applications in many fields such as engineering, physics
and mechanics [3, 4, 5, 6, 7]. Therefore, it is very
important to have information about the qualitative
behavior of solutions of that type systems. When we
look at the literature, we can come across many studies
on qualitative behaviors of solutions such as periodicity,
oscillation, almost periodicity and pseudo almost
periodicity [3-8]. Gao and Liu [3] investigated the
almost periodic solutions of the following Liénard type x'(2) =—a(@)x(t) + () + 4, (1),

equation with time-varying delays: V(8) = —a(t)y() - a*()x(1) — g(x(1))

K0+ 8 (xO)¥ W)+ (x(0) «0 ~aOx + 4 1)

" (1.1)
h - = . <
* 2 (3= 1)) =0 —h(x(0) = 3y (x(t = 0, 0)) + (0, (1.2)

i=l1
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where these authors got some conclusions about the
pseudo almost periodic solutions of system (1.2).

To the best of information from literature, there is no
study related to the weighted pseudo almost periodic
solutions of the equation (1.2). Our purpose in this
study is to obtain some sufficient conditions for the
existence and uniqueness of weighted pseudo almost
periodic solutions of system (1.2). The results obtained
here are new and complementary previous studies.

2. Preliminary Results
Define the following notations:

{x,0)) = (%), x,(t)) e R?, | = {Jx ]}
||x(t)||:1ma)§{|xi(t)|}. Let BC(R,R) denote collection of

and

bounded continuous functions. BC(R,R) is Banach space

with norm ||¢9||Oo =Ssup, g |t9(t)| Also we use the notations
0" =sup,.x [0()], 6 =inf,_;|0(1)],

where 6(t) € BC(R,R).

Definition 2.1 [1] A function fis almost periodic if

of f has

a subsequence that converges uniformly for ¢ € R.

every sequence {f(t+7, )} of translations

Definition 2.2 [9] If there is a continuous function
f iR — X such that f = f +f,, this function is called

pseudo almost periodic function. Where f; € AP(X) and
f> € PAR(X).

PAPF, is defined by

PAR(R,R) = { /€ BCR,R)| 1im2i [lraoar= 0}
r—w &I e

Let A denote the set of functions (weight) for any
teR,v(t) e R, is positive locally integrable function. If

veA,r>0,letset Q:=[-r,r] such that
Q)= |, vt
The space of weights A, is defined by

A, ={veA:info(x)=v, >0 and lim v(Q,) =;.
XeR r—>0

Definition 2.3 [9] Fix v e A, . If there is a continuous

function f:R — X such that f = f; + f,, this function

is called pseudo almost periodic function, where
i€ AP(X) and f, € PAR(X).
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PAPy(R,v) =

. T
{ f» € BC(R.R): lim mL" @) ot = 0}.

Lemma 2.1 [8] Fix v e A, . Assume that forany se R,

m 2640
> o(t)

Then PAP(X,v) is translation invariant.
In view of proposition Lemma 2.1, we give the

translation invariant class of weighted pseudo almost
periodic functions as follows:

u(t+s)

o(t

AV Z:{UEAOOZ lim

M—)oo

is finite, forall s € R} .

In the light of that information a fixed veA™, it is

clear that PAP(X,v) is Banach space.

Lemma 2.2 [12] Let veA,. If f(¢t)e PAP(R,0),
@(t) eC'(R,R), w(f) nonnegative, @'(r) <1, then
f(t—a@(t)) e PAP(R,V).

The following conditions are given for our main results:

N, ) H,,g are global Lipschitz with Lipschitz constants,

Li’ , L, respectively and there exists positive & such that

|Hi(x1)—Hl-(x2)|§Lﬁ'|x1 —x2| forall x,x, eR, |g(x)|£§,
H,;(0)=0.

NZ) O-O(t)’ai(t)’a(t)’ ¢l(t)s ¢2(t)’ p(t)EPAP(R,R,U),
a(®)>0, forall teR, i=12,..,n

V:R—> (0,00) is continuous and

I{M} o, I{M}w
teR U(t) teR ,LI(T, U)

N;)i) = (a_ )_1 max {sup |¢1 (t)|,sup |¢2 (t)|}
teR teR

ii)
y= (a‘ )71 max {1, sup [az(t) + &1+ a()+ (1) + Z H, }} ,

teR i=1
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iii)

r= (af)% max [sup{az(t) +E2+a(t) + 4 () + ZHD

teR i=0

Ny )

T
SUPz. {IT e (T”)U(t)dt} < oo,

3. Existence and uniqueness of wpap

Theorem 3.1 Suppose that (N;)—(N,) hold. Define a

operator G each ¢= (¢1,(/’z)

nonlinear for

€ PAP(R,R*,v), (Gp):=x,(t) where

t —Xaudu +o0 —Xaudu
xw(t)=[j_we J‘ “ 7l(t)dt,—J; e '[‘ “ 7, (H)dt J,

where

n=eO+4@
72 (6) = =a* (¢ (1) = 2 (@ (D)2 (1) = a(O)py (1) + ¢, (1)]

—hy (@ (D)= Dy (1 (t=0,(10) + ().

i=1

Then Gg € PAP(R,R*,v).
Proof . According to (N; ) - (N, ), it is easily to see
that Gp € BC(R,R?) by using a similar argument in the
proof of Lemma 2.1 in [18]. Lety,(¢) =y;,(*)+72(0),

72(t) = y51(£) + v, (¢) and

- J‘z/z(u)alu +0o — Sa(u)du
mm{jwei e[ ]

t [ au)du v —["aqu)du
+{'[_Ooe I’ 721(t)dt,—L e J‘ V2o (2)dt J

=Z,(0)+T,().
Since M[a]> 0 from theory of exponential dichotomy in [4],
we get that

t —J.Sa(u)du +00 7J.Ja(u)du
J. e ri(dr —J. e 712 (t)dt € AP(R)
—0 ‘

is a solution of the following almost periodic differential
equation
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YO =-a@y)+ 7@, i=12.  (13)

Now we will show that 7,,(¢) € PAP(R, R*,v). From [17] we
get

. , t - La u)du
0< lim [‘[ e L (

roe u(=r,r)
—-r

) j'(j;o oa(t=5)

—r

T¢(s)|ds}(t)dt

<K lim
row y(-r,r

T(p(s)| dsju(t)dt

<K lim

”
1 J. Iwe—a(t—s)
row 1(—=r,r) 0

T,(s —u)|ds]u(t)dt =0

Hence, T,,(t) € PAP(R,R*,v). It turns out that Gp <

PAP(R,R*,v).

X
1-v
and 7 <1. Then there exists a unique weighted pseudo
almost periodic solution of (1.2) in region

Theorem 3.2 Let (N;) - (N4) hold and v <1,

U= {¢| lo— 4| < % pe PAP((R,RZ,U)}, (1.4)

where

2 {J'_tw o O s 0t J':we‘ﬁ Wy (1)t J

Proof. We can see [4] that U is closed subset. Define a
mapping A:U — U, by setting

(A¢)=[;“; j

where,

X, = I_tw o e [02(5) + ()] ds

yo=-[" ;oo
@ ()1 (5) = g (SNlga ()~ als)p (s)

X n ds.
RO (5) - Y by (@r(s ~0,(N) + ()|

i=1

It is clear that
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t —[ ayd
B La(tl) u

h(s)ds,

||(p0 || < sup max .
teR +00 —J. a(u)du
j e @, (s)ds
t

sup|¢ ()| Su£|¢z(t)|

teR

< max =y<l1.

a a
Also

lel. <lo-all+lal. <%+ r=%; <1

Therefore we can write

- 1)di
J. e j' @t u(oz(t)dt

s

lap -, = . (L5)

o _[* (u)du
J. e j'au tj/j(t)dt
t

where

(0 ==a>Op () - (g (1)
X[, (1) = a()py (1) + ¢ (1)]

k(@ () = Yk (@1t = 0,0))).
i=1

Then, from (1.5) we get

lap =, =
A (1) + &l +a(r)

(a" )71 lim max 1,sup

n
t—>o teR +¢1 (t)+ZHi "(D"OO
i=1

Z .
1-v

=vlel, <v

Also

[agl,, <[ag=aol, + el

X X
Sy—L—+4 y=—"2—
1-v x 1-v

<1.

Ap)(@) - (An)(t
"(A@)(f)—(An)(z)"w:(k 2O - (A, )( )q

[(Ap)(®) = (An)(@)|

[ e, nacoas

[ -7 ofar
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A

J-t e—jja(u)duds, J-+oo e—"‘:a(u)dud
—00 t
< n los =],
xsup[az(t) +E2+a(t) + ¢ (1) + ZH,}

teR "

i=0

< (a*)_1 max [l,sup{az(t) +E2+a(t) + ¢ () + ZHD
i=0

teR

X||¢”2 ~h ||w =7 ||‘/’2 - ’72"00 :

From N,, we can conclude thatA is a contraction. It
follows that A has a unique fixed point ¢ € U of (1.5),

Ag =¢q. From Lemma 3.1 ¢ is weighted pseudo

almost periodic solution. The proof is complete.
4. Example
We consider following Liénard-type system of (1.2) with

a(t)=6+cost, ¢(t)=-32+sint,

(1) =33 —sin~/3t —cos~/5t+ ¢!, o"i(t):%sinzt,

> 1 i

g(x) = arctan (x 1)y () =2 (e 1= |e 1)), o) = sin” 1,

a*:5,7r:1<1, v:l<l,
5 5

;(:%<l, H=&=1, v(t)=¢". Then (N;)—(N,) hold,

where i=0,1,2. Then

thus system (1.2) has a unique weighted pseudo almost
periodic solution.

5. Conclusion

In this study, some sufficient conditions were obtained
for weighted pseudo almost periodic solutions of the
system (1.2). When we look at [4], some results
regarding pseudo almost periodic solutions for that
system are obtained. Forsz>0, under the weight
v(t)y=e"’
weighted pseudo almost periodic, but is not the usual
pseudo almost periodic function. So the set of weighted
pseudo almost periodic functions is general than the
classical set of pseudo almost periodic functions. Thus,

our results are new and more comprehensive than that
in [4].

, the function f(¢) = cost+cosxzt+arctant is
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