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Left-s൴ded Herm൴te-Hadamard Type Inequal൴t൴es for Tr൴gonometr൴cally 𝑷-
Funct൴ons 

 

Kerim BEKAR*1 

 

Abstract 

In this paper, we obtain refinements of the left-sided Hermite-Hadamard inequality for 
functions whose first derivatives in absolute value are trigonometrically 𝑃-function.  

Keywords: Convex function, trigonometrically convex function, trigonometrically 𝑃-
functions,  Hermite-Hadamard inequality 

 

 

1. INTRODUCTION 

Convexity theory provides powerful 
principles and techniques to study a wide class of 
problems in both pure and applied mathematics. 
See articles [2, 4, 7, 9, 11, 12] and the references 
therein. 

 Throughout the paper 𝐼 is a non-empty 
interval in ℝ. Let 𝑓: 𝐼 → ℝ be a convex function. 
Then the following inequality hold 

𝑓 ቀ
௔ା௕

ଶ
ቁ ≤

ଵ

௕ି௔
∫

௕

௔
𝑓(𝑥)𝑑𝑥 ≤

௙(௔)ା௙(௕)

ଶ
  

for all 𝑎, 𝑏 ∈ 𝐼 with 𝑎 < 𝑏. This double inequality 
is well known as the Hermite-Hadamard inequality 
(for more information, see [5]). Since then, some 
refinements of the Hermite-Hadamard inequality 
for convex functions have been obtained [3, 14]. 

                                                 
*Corresponding Author: kebekar@gmail.com 
1 Department of Mathematics, Faculty of Arts and Sciences, Giresun University, 28200, Giresun-Turkey 
ORCID ID: 0000-0002-7531-9345 

Definition 1. [4] A non-negative function 𝑓: 𝐼 → ℝ  
is said to be a 𝑃-function if the inequality  

𝑓(𝑡𝑥 + (1 − 𝑡)𝑦) ≤ 𝑓(𝑥) + 𝑓(𝑦)  

holds for all 𝑥, 𝑦 ∈ 𝐼 and 𝑡 ∈ [0,1]. The set of 𝑃-
functions on the interval 𝐼 is denoted by 𝑃(𝐼). 

Definition 2. [13] Let ℎ: 𝐽 → ℝ be a non-negative 
function, ℎ ≠ 0. We say that 𝑓: 𝐼 → ℝ is an ℎ-
convex function, or that 𝑓 belongs to the class 
𝑆𝑋(ℎ, 𝐼), if 𝑓 is non-negative and for all 𝑥, 𝑦 ∈ 𝐼, 
𝛼 ∈ (0,1) we have  

𝑓(𝛼𝑥 + (1 − 𝛼)𝑦) ≤ ℎ(𝛼)𝑓(𝑥) + ℎ(1 − 𝛼)𝑓(𝑦). 

If this inequality is reversed, then 𝑓 is said to be ℎ-
concave, i.e. 𝑓 ∈ 𝑆𝑉(ℎ, 𝐼).  
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 In [8], Kadakal gave the concept of 
trigonometrically convex function as follows: 

Definition 3. [8] A non-negative function 𝑓: 𝐼 → ℝ 
is called trigonometrically convex if for every 
𝑥, 𝑦 ∈ 𝐼 and 𝑡 ∈ [0,1],  

𝑓(𝑡𝑥 + (1 − 𝑡)𝑦) ≤ ൬𝑠𝑖𝑛
𝜋𝑡

2
൰ 𝑓(𝑥) + ൬𝑐𝑜𝑠

𝜋𝑡

2
൰ 𝑓(𝑦). 

The class of all trigonometrically convex 
functions is denoted by 𝑇𝐶(𝐼) on interval 𝐼. 

In [1], Bekar gave the concept of 
trigonometrically 𝑃-function as follows: 

Definition 4. [1] A non-negative function 𝑓: 𝐼 → ℝ 
is called trigonometrically 𝑃-functions if for every 
𝑥, 𝑦 ∈ 𝐼 and 𝑡 ∈ [0,1],  

𝑓(𝑡𝑥 + (1 − 𝑡)𝑦) ≤ ൬sin
𝜋𝑡

2
+ cos

𝜋𝑡

2
൰ [𝑓(𝑥) + 𝑓(𝑦)]. 

 We will denote by 𝑇𝑃(𝐼) the class of all 
trigonometrically 𝑃-functions on interval 𝐼. The 
range of the trigonometrically 𝑃-functions is 
greater than or equal to 0. Every non-negative 
trigonometrically convex function is 
trigonometrically 𝑃-functions. We note that, every 
trigonometrically convex function is a ℎ-convex 

function for ℎ(𝑡) = sin
గ௧

ଶ
. Morever, if 𝑓(𝑥) is a 

nonnegative function, then every trigonometric 
convex function is a 𝑃-function. 

We will denote by 𝐿[𝑎, 𝑏] the space of 
(Lebesgue) integrable functions on the interval 
[𝑎, 𝑏]. 

In [1], Bekar also obtained the following 
Hermite-Hadamard type inequalities for the 
trigonometrically 𝑃-function as follows: 

Theorem 1. Let the function 𝑓: [𝑎, 𝑏] → ℝ be a 
trigonometrically 𝑃-function. If 𝑎 < 𝑏 and 𝑓 ∈
𝐿[𝑎, 𝑏], then the following inequality holds:  

ଵ

ଶ√ଶ
𝑓 ቀ

௔ା௕

ଶ
ቁ ≤

ଵ

௕ି௔
∫

௕

௔
𝑓(𝑥)𝑑𝑥 ≤

ସ

గ
[𝑓(𝑎) + 𝑓(𝑏)].  

In [6], İşcan gave a refinement of the 
Hölder integral inequality as follows: 

Theorem 2. [6] Let 𝑝 > 1 and 
ଵ

௣
+

ଵ

௤
= 1. If 𝑓 and 

𝑔 are real functions defined on interval [𝑎, 𝑏] and 
if |𝑓|௣, |𝑔|௤ are integrable functions on [𝑎, 𝑏] then  

∫
௕

௔
|𝑓(𝑥)𝑔(𝑥)|𝑑𝑥 ≤

ଵ

௕ି௔
ቊቀ∫

௕

௔
(𝑏 − 𝑥)|𝑓(𝑥)|௣𝑑𝑥ቁ

భ

೛  

                    × ቀ∫
௕

௔
(𝑏 − 𝑥)|𝑔(𝑥)|௤𝑑𝑥ቁ

భ

೜  

                   + ቀ∫
௕

௔
(𝑥 − 𝑎)|𝑓(𝑥)|௣𝑑𝑥ቁ

భ

೛  

                     × ቀ∫
௕

௔
(𝑥 − 𝑎)|𝑔(𝑥)|௤𝑑𝑥ቁ

భ

೜
ቋ.  

2. SOME NEW INEQUALITIES FOR 
TRIGONOMETRICALLY 𝑷-FUNCTION 

The main purpose of this section is to 
establish new estimates that refine left-sided 
Hermite-Hadamard inequality for functions whose 
first derivative in absolute value, raised to a certain 
power which is greater than one, respectively at 
least one, is trigonometrically 𝑃-function. Kırmacı  
[10] used the following lemma:  

Lemma 1.  Let 𝑓: 𝐼∗ ⊂ ℝ → ℝ be differentiable 
mapping on 𝐼∗, 𝑎, 𝑏 ∈ 𝐼∘ (𝐼∗ is the interior of 𝐼) 
with 𝑎 < 𝑏. If 𝑓ᇱ ∈ 𝐿[𝑎, 𝑏], then we have  

ଵ

௕ି௔
∫

௕

௔
𝑓(𝑥)𝑑𝑥 − 𝑓 ቀ

௔ା௕

ଶ
ቁ  

= (𝑏 − 𝑎) ቎
∫

భ

మ
଴

𝑡𝑓ᇱ(𝑡𝑎 + (1 − 𝑡)𝑏)𝑑𝑡

+ ∫
ଵ

భ

మ

(𝑡 − 1)𝑓ᇱ(𝑡𝑎 + (1 − 𝑡)𝑏)𝑑𝑡
቏  

for 𝑡 ∈ [0,1]. 

Theorem 3.  Let 𝑓: 𝐼 → ℝ be a continuously 
differentiable function, let 𝑎 < 𝑏 in 𝐼 and assume 
that 𝑓ᇱ ∈ 𝐿[𝑎, 𝑏]. If |𝑓ᇱ| is trigonometrically 𝑃-
function on interval [𝑎, 𝑏], then the following 
inequality  

ቚ
ଵ

௕ି௔
∫

௕

௔
𝑓(𝑥)𝑑𝑥 − 𝑓 ቀ

௔ା௕

ଶ
ቁቚ  

≤ 16(𝑏 − 𝑎) ቀ
√ଶିଵ

గమ
ቁ 𝐴(|𝑓ᇱ(𝑎)|, |𝑓ᇱ(𝑏)|)  
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holds for 𝑡 ∈ [0,1], where 𝐴 is the arithmetic 
mean.  

Proof. Using Lemma 1 and the inequality  

|𝑓ᇱ(𝑡𝑎 + (1 − 𝑡)𝑏)| 

≤ ൬𝑠𝑖𝑛
𝜋𝑡

2
+ 𝑐𝑜𝑠

𝜋𝑡

2
൰ [|𝑓ᇱ(𝑎)| + |𝑓ᇱ(𝑏)|], 

we get  

ቚ
ଵ

௕ି௔
∫

௕

௔
𝑓(𝑥)𝑑𝑥 − 𝑓 ቀ

௔ା௕

ଶ
ቁቚ  

≤ (𝑏 − 𝑎) ቎
∫

భ

మ
଴

|𝑡||𝑓ᇱ(𝑡𝑎 + (1 − 𝑡)𝑏)|𝑑𝑡

+ ∫
ଵ

భ

మ

|𝑡 − 1||𝑓ᇱ(𝑡𝑎 + (1 − 𝑡)𝑏)|𝑑𝑡
቏  

≤ (𝑏 − 𝑎) ൤∫
భ

మ
଴

|𝑡| ቀsin
గ௧

ଶ
+ cos

గ௧

ଶ
ቁ [|𝑓ᇱ(𝑎)| +

|𝑓ᇱ(𝑏)|]𝑑𝑡  

+ ∫
ଵ

భ

మ

|𝑡 − 1| ቀsin
గ௧

ଶ
+ cos

గ௧

ଶ
ቁ [|𝑓ᇱ(𝑎)| +

|𝑓ᇱ(𝑏)|]𝑑𝑡൨  

= (𝑏 − 𝑎)[|𝑓ᇱ(𝑎)| + |𝑓ᇱ(𝑏)|]  

× ൤∫
భ

మ
଴

|𝑡| ቀsin
గ௧

ଶ
+ cos

గ௧

ଶ
ቁ 𝑑𝑡  

+ ∫
ଵ

భ

మ

|𝑡 − 1| ቀsin
గ௧

ଶ
+ cos

గ௧

ଶ
ቁ 𝑑𝑡൨  

= 2(𝑏 − 𝑎)[|𝑓ᇱ(𝑎)| + |𝑓ᇱ(𝑏)|] ቀ
ସ൫√ଶିଵ൯

గమ
ቁ  

= 16(𝑏 − 𝑎) ቀ
√ଶିଵ

గమ
ቁ 𝐴(|𝑓ᇱ(𝑎)|, |𝑓ᇱ(𝑏)|),  

where 

∫
భ

మ
଴

|𝑡| ቀsin
గ௧

ଶ
+ cos

గ௧

ଶ
ቁ 𝑑𝑡 =

ସ൫√ଶିଵ൯

గమ
  

∫
ଵ

భ

మ

|𝑡 − 1| ቀsin
గ௧

ଶ
+ cos

గ௧

ଶ
ቁ 𝑑𝑡 =

ସ൫√ଶିଵ൯

గమ
 . 

This completes the proof of the theorem.  

Theorem 4. Let 𝑓: 𝐼 → ℝ be a continuously 
differentiable function, let 𝑎 < 𝑏 in 𝐼 and assume 

that 𝑞 > 1. If |𝑓ᇱ|௤ is a trigonometrically 𝑃-
function on interval [𝑎, 𝑏], then the following 
inequality  

ቚ
ଵ

௕ି௔
∫

௕

௔
𝑓(𝑥)𝑑𝑥 − 𝑓 ቀ

௔ା௕

ଶ
ቁቚ                                

≤ 2
య

೜
ିଵ

ቀ
ଵ

గ
ቁ

భ

೜
ቀ

ଵ

௣ାଵ
ቁ

భ

೛
(𝑏 − 𝑎)𝐴

భ

೜(|𝑓ᇱ(𝑎)|௤ , |𝑓ᇱ(𝑏)|௤)  

holds for 𝑡 ∈ [0,1], where 
ଵ

௣
+

ଵ

௤
= 1 and 𝐴 is the 

arithmetic mean.  

Proof. Using Lemma 1, Hölder’s integral 
inequality and the following inequality  

|𝑓ᇱ(𝑡𝑎 + (1 − 𝑡)𝑏)|௤  

≤ ቀ𝑠𝑖𝑛
గ௧

ଶ
+ 𝑐𝑜𝑠

గ௧

ଶ
ቁ [|𝑓ᇱ(𝑎)|௤ + |𝑓ᇱ(𝑏)|௤]  

which comes from the definition of 
trigonometrically 𝑃-function for |𝑓ᇱ|௤, we get  

ቚ
ଵ

௕ି௔
∫

௕

௔
𝑓(𝑥)𝑑𝑥 − 𝑓 ቀ

௔ା௕

ଶ
ቁቚ  

≤ ቮ(𝑏 − 𝑎) ቎
∫

భ

మ
଴

𝑡𝑓ᇱ(𝑡𝑎 + (1 − 𝑡)𝑏)𝑑𝑡

+ ∫
ଵ

భ

మ

(𝑡 − 1)𝑓ᇱ(𝑡𝑎 + (1 − 𝑡)𝑏)𝑑𝑡
቏ቮ  

≤ (𝑏 − 𝑎) ൬∫
భ

మ
଴

|𝑡|௣𝑑𝑡൰

భ

೛

  

× ൬∫
భ

మ
଴

|𝑓ᇱ(𝑡𝑎 + (1 − 𝑡)𝑏)|௤𝑑𝑡൰

భ

೜

  

+(𝑏 − 𝑎) ൬∫
ଵ

భ

మ

|𝑡 − 1|௣𝑑𝑡൰

భ

೛
൬∫

ଵ
భ

మ

|𝑓ᇱ(𝑡𝑎 + (1 − 𝑡)𝑏)|௤𝑑𝑡൰

భ

೜
  

≤ (𝑏 − 𝑎) ൬∫
భ

మ
଴

|𝑡|௣𝑑𝑡൰

భ

೛

  

× ൬∫
భ

మ
଴

ቀ  𝑠𝑖𝑛
గ௧

ଶ
+ 𝑐𝑜𝑠

గ௧

ଶ
ቁ [|𝑓ᇱ(𝑎)|௤ + |𝑓ᇱ(𝑏)|௤]𝑑𝑡൰

భ

೜

  

+(𝑏 − 𝑎) ൬∫
ଵ

భ

మ

|𝑡 − 1|௣𝑑𝑡൰

భ

೛
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× ൬∫
ଵ

భ

మ

ቀ  𝑠𝑖𝑛
గ௧

ଶ
+ 𝑐𝑜𝑠

గ௧

ଶ
ቁ [|𝑓ᇱ(𝑎)|௤ + |𝑓ᇱ(𝑏)|௤]𝑑𝑡൰

భ

೜
  

= (𝑏 − 𝑎)2
భ

೜𝐴
భ

೜(|𝑓ᇱ(𝑎)|௤ , |𝑓ᇱ(𝑏)|௤)  

× ቀ
ଵ

(௣ାଵ)ଶ೛శభ
ቁ

భ

೛
ቂ∫

ଵ

଴
ቀ𝑠𝑖𝑛

గ௧

ଶ
+ 𝑐𝑜𝑠

గ௧

ଶ
ቁ 𝑑𝑡ቃ

భ

೜  

+(𝑏 − 𝑎)2
భ

೜𝐴
భ

೜(|𝑓ᇱ(𝑎)|௤, |𝑓ᇱ(𝑏)|௤)  

× ቀ
ଵ

(௣ାଵ)ଶ೛శభ
ቁ

భ

೛
൤∫

ଵ
భ

మ

ቀ  𝑠𝑖𝑛
గ௧

ଶ
+ 𝑐𝑜𝑠

గ௧

ଶ
ቁ 𝑑𝑡൨

భ

೜
  

= 2
య

೜
ିଵ

ቀ
ଵ

గ
ቁ

భ

೜
ቀ

ଵ

௣ାଵ
ቁ

భ

೛
(𝑏 − 𝑎)𝐴

భ

೜(|𝑓ᇱ(𝑎)|௤ , |𝑓ᇱ(𝑏)|௤),  

where 

∫
భ

మ
଴

|𝑡|௣𝑑𝑡 = ∫
ଵ

భ

మ

|𝑡 − 1|௣𝑑𝑡 =
ଵ

(௣ାଵ)ଶ೛శభ
  

∫
భ

మ
଴

ቀ𝑠𝑖𝑛
గ௧

ଶ
+ 𝑐𝑜𝑠

గ௧

ଶ
ቁ 𝑑𝑡 =

ଶ

గ
  

∫
ଵ

భ

మ

ቀ𝑠𝑖𝑛
గ௧

ଶ
+ 𝑐𝑜𝑠

గ௧

ଶ
ቁ 𝑑𝑡 =

ଶ

గ
.  

This completes the proof of the theorem.  

Theorem 5. Let 𝑓: 𝐼 ⊆ ℝ → ℝ be a continuously 
differentiable function, let 𝑎 < 𝑏 in 𝐼 and assume 
that 𝑞 ≥ 1. If |𝑓ᇱ|௤ is a trigonometrically 𝑃-
function on the interval [𝑎, 𝑏], then the following 
inequality holds for 𝑡 ∈ [0,1]  

ቚ
ଵ

௕ି௔
∫

௕

௔
𝑓(𝑥)𝑑𝑥 − 𝑓 ቀ

௔ା௕

ଶ
ቁቚ  

≤ (𝑏 − 𝑎)2
ల

೜
ିଶ

𝐴
భ

೜(|𝑓ᇱ(𝑎)|௤, |𝑓ᇱ(𝑏)|௤) ቀ
√ଶିଵ

గమ
ቁ

భ

೜
,  

 where 𝐴 is the arithmetic mean.  

Proof. Assume first that 𝑞 > 1. From Lemma 1, 
Hölder integral inequality and the property of |𝑓ᇱ|௤ 
which is trigonometrically 𝑃-function, we obtain  

ቚ
ଵ

௕ି௔
∫

௕

௔
𝑓(𝑥)𝑑𝑥 − 𝑓 ቀ

௔ା௕

ଶ
ቁቚ ≤ (𝑏 − 𝑎) ൬∫

భ

మ
଴

|𝑡|𝑑𝑡൰
ଵି

భ

೜

  

× ቌන

ଵ
ଶ

଴

|𝑡||𝑓ᇱ(𝑡𝑎 + (1 − 𝑡)𝑏)|௤𝑑𝑡ቍ

ଵ
௤

 

+(𝑏 − 𝑎) ൬∫
ଵ

భ

మ

|𝑡 − 1|𝑑𝑡൰
ଵି

భ

೜
  

× ൭න
ଵ

ଵ
ଶ

|𝑡 − 1||𝑓ᇱ(𝑡𝑎 + (1 − 𝑡)𝑏)|௤𝑑𝑡൱

భ
೜

 

≤ (𝑏 − 𝑎) ൬∫
భ

మ
଴

|𝑡|𝑑𝑡൰
ଵି

భ

೜

  

× ൬∫
భ

మ
଴

|𝑡| ቀ  sin
గ௧

ଶ
+ cos

గ௧

ଶ
ቁ [|𝑓ᇱ(𝑎)|௤ + |𝑓ᇱ(𝑏)|௤]𝑑𝑡൰

భ

೜

  

+(𝑏 − 𝑎) ൬∫
ଵ

భ

మ

|𝑡 − 1|𝑑𝑡൰
ଵି

భ

೜
  

× ൬∫
ଵ

భ

మ

|𝑡 − 1| ቀ  sin
గ௧

ଶ
+ cos

గ௧

ଶ
ቁ [|𝑓ᇱ(𝑎)|௤ + |𝑓ᇱ(𝑏)|௤]𝑑𝑡൰

భ
೜
  

= 2(𝑏 − 𝑎) ቀ
ଵ

଼
ቁ

ଵି
భ

೜
8

భ

೜𝐴
భ

೜(|𝑓ᇱ(𝑎)|௤, |𝑓ᇱ(𝑏)|௤) ቀ
ସ൫√ଶିଵ൯

గమ ቁ

భ

೜
  

= (𝑏 − 𝑎)2
ల

೜
ିଶ

𝐴
భ

೜(|𝑓ᇱ(𝑎)|௤, |𝑓ᇱ(𝑏)|௤) ቀ
√ଶିଵ

గమ
ቁ

భ

೜
.  

It can be seen that 

∫
భ

మ
଴

|𝑡|𝑑𝑡 = ∫
ଵ

భ

మ

|𝑡 − 1|𝑑𝑡 =
ଵ

଼
  

∫
భ

మ
଴

|𝑡| ቀ𝑠𝑖𝑛
గ௧

ଶ
+ 𝑐𝑜𝑠

గ௧

ଶ
ቁ 𝑑𝑡 =

ସ൫√ଶିଵ൯

గమ
  

∫
ଵ

భ

మ

|𝑡 − 1| ቀ𝑠𝑖𝑛
గ௧

ଶ
+ 𝑐𝑜𝑠

గ௧

ଶ
ቁ 𝑑𝑡 =

ସ൫√ଶିଵ൯

గమ
.  

Therefore, the desired result is obtained. 

For 𝑞 = 1 we use the estimates from the 
proof of the Theorem 3, which also follow step by 
step the above estimates. 

This completes the proof of the theorem.  
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Corollary 1.Under the assumption of the Theorem 
5 with 𝑞 = 1, we get the conclusion of the Theorem 
3.  

Theorem 6. Let 𝑓: 𝐼 → ℝ be a continuously 
differentiable function, let 𝑎 < 𝑏 in 𝐼 and assume 
that 𝑞 > 1. If |𝑓ᇱ|௤ is a trigonometrically 𝑃-
function on interval [𝑎, 𝑏], then the following 
inequality  

ቚ
ଵ

௕ି௔
∫

௕

௔
𝑓(𝑥)𝑑𝑥 − 𝑓 ቀ

௔ା௕

ଶ
ቁቚ                              

≤ 2
భ

೜
ାଶ

(𝑏 − 𝑎)𝐴
భ

೜(|𝑓ᇱ(𝑎)|௤, |𝑓ᇱ(𝑏)|௤) ቀ
ଵ

௣ାଶ
ቁ

భ

೛  

× ൥ቀ
ଵ

௣ାଵ
ቁ

భ

೛
ቀ

గିସ√ଶାସ

గమ
ቁ

భ

೜
+ ቀ

ସ√ଶିସ

గమ
ቁ

భ

೜
൩  

holds for 𝑡 ∈ [0,1], where 
ଵ

௣
+

ଵ

௤
= 1 and 𝐴 is the 

arithmetic mean.  

Proof. Using Lemma 1, Hölder-İşcan integral 
inequality and the following inequality  

|𝑓ᇱ(𝑡𝑎 + (1 − 𝑡)𝑏)|௤  

≤ ቀ𝑠𝑖𝑛
గ௧

ଶ
+ 𝑐𝑜𝑠

గ௧

ଶ
ቁ [|𝑓ᇱ(𝑎)|௤ + |𝑓ᇱ(𝑏)|௤]  

which comes from the definition of 
trigonometrically 𝑃-function for |𝑓ᇱ|௤, we get  

ቚ
ଵ

௕ି௔
∫

௕

௔
𝑓(𝑥)𝑑𝑥 − 𝑓 ቀ

௔ା௕

ଶ
ቁቚ  

≤ (𝑏 − 𝑎) ቎
∫

భ

మ
଴

|𝑡||𝑓ᇱ(𝑡𝑎 + (1 − 𝑡)𝑏)|𝑑𝑡

+ ∫
ଵ

భ

మ

|𝑡 − 1||𝑓ᇱ(𝑡𝑎 + (1 − 𝑡)𝑏)|𝑑𝑡
቏  

≤ 2(𝑏 − 𝑎) ൥൬∫
భ

మ
଴

ቚ
ଵ

ଶ
− 𝑡ቚ |𝑡|௣𝑑𝑡൰

భ

೛

  

× ൬∫
భ

మ
଴

ቚ
ଵ

ଶ
− 𝑡ቚ |𝑓ᇱ(𝑡𝑎 + (1 − 𝑡)𝑏)|௤𝑑𝑡൰

భ

೜

  

+ ൬∫
భ

మ
଴

|𝑡||𝑡|௣𝑑𝑡൰

భ

೛

൬∫
భ

మ
଴

|𝑡||𝑓ᇱ(𝑡𝑎 + (1 − 𝑡)𝑏)|௤𝑑𝑡൰

భ

೜

  

+ ൭න
ଵ

ଵ
ଶ

|1 − 𝑡||𝑡 − 1|௣𝑑𝑡൱

ଵ
௣

 

× ൭න
ଵ

ଵ
ଶ

|1 − 𝑡||𝑓ᇱ(𝑡𝑎 + (1 − 𝑡)𝑏)|௤𝑑𝑡൱

ଵ
௤

 

+ ൬∫
ଵ

భ

మ

ቚ𝑡 −
ଵ

ଶ
ቚ |𝑡 − 1|௣𝑑𝑡൰

భ

೛
  

൬∫
ଵ

భ

మ

ቚ𝑡 −
ଵ

ଶ
ቚ |𝑓ᇱ(𝑡𝑎 + (1 − 𝑡)𝑏)|௤𝑑𝑡൰

భ

೜
൩  

≤ 2(𝑏 − 𝑎) ൥൬∫
భ

మ
଴

ቚ
ଵ

ଶ
− 𝑡ቚ |𝑡|௣𝑑𝑡൰

భ

೛

  

× ൬∫
భ

మ
଴

ቚ
ଵ

ଶ
− 𝑡ቚ ቀ  sin

గ௧

ଶ
+ cos

గ௧

ଶ
ቁ [|𝑓ᇱ(𝑎)|௤ + |𝑓ᇱ(𝑏)|௤]𝑑𝑡൰

భ

೜

  

+ ൬∫
భ

మ
଴

|𝑡||𝑡|௣𝑑𝑡൰

భ

೛

  

× ൬∫
భ

మ
଴

|𝑡| ቀ  sin
గ௧

ଶ
+ cos

గ௧

ଶ
ቁ [|𝑓ᇱ(𝑎)|௤ + |𝑓ᇱ(𝑏)|௤]𝑑𝑡൰

భ

೜

  

+ ൬∫
ଵ

భ

మ

|1 − 𝑡||𝑡 − 1|௣𝑑𝑡൰

భ

೛
  

× ൬∫
ଵ

భ

మ

|1 − 𝑡| ቀ  sin
గ௧

ଶ
+ cos

గ௧

ଶ
ቁ [|𝑓ᇱ(𝑎)|௤ + |𝑓ᇱ(𝑏)|௤]𝑑𝑡൰

భ

೜
  

+ ൬∫
ଵ

భ

మ

ቚ𝑡 −
ଵ

ଶ
ቚ |𝑡 − 1|௣𝑑𝑡൰

భ

೛
  

× ൬∫
ଵ

భ

మ

ቚ𝑡 −
ଵ

ଶ
ቚ ቀ  sin

గ௧

ଶ
+ cos

గ௧

ଶ
ቁ [|𝑓ᇱ(𝑎)|௤ +

|𝑓ᇱ(𝑏)|௤]𝑑𝑡൰

భ

೜
൩  

= 2
ଵା

భ

೜(𝑏 − 𝑎)𝐴
భ

೜(|𝑓ᇱ(𝑎)|௤, |𝑓ᇱ(𝑏)|௤)  

× ൥ቀ
ଶష(೛శమ)

(௣ାଵ)(௣ାଶ)
ቁ

భ

೛
ቀ

గିସ√ଶାସ

గమ
ቁ

భ

೜
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+ ቀ
ଶష(೛శమ)

௣ାଶ
ቁ

భ

೛
ቀ

ସ√ଶିସ

గమ
ቁ

భ

೜
+ ቀ

ଶష(೛శమ)

௣ାଶ
ቁ

భ

೛
ቀ

ସ√ଶିସ

గమ
ቁ

భ

೜
  

+ ቀ
ଶష(೛శమ)

(௣ାଵ)(௣ାଶ)
ቁ

భ

೛
ቀ

గିସ√ଶାସ

గమ
ቁ

భ

೜
൩  

= 2
భ

೜
ାଶ

(𝑏 − 𝑎)𝐴
భ

೜(|𝑓ᇱ(𝑎)|௤, |𝑓ᇱ(𝑏)|௤) ቀ
ଵ

௣ାଶ
ቁ

భ

೛  

× ൥ቀ
ଵ

௣ାଵ
ቁ

భ

೛
ቀ

గିସ√ଶାସ

గమ
ቁ

భ

೜
+ ቀ

ସ√ଶିସ

గమ
ቁ

భ

೜
൩  

where 

∫
భ

మ
଴

ቚ
ଵ

ଶ
− 𝑡ቚ |𝑡|௣𝑑𝑡 =

ଶష(೛శమ)

(௣ାଵ)(௣ାଶ)
  

∫
ଵ

భ

మ

ቚ𝑡 −
ଵ

ଶ
ቚ |𝑡 − 1|௣𝑑𝑡 =

ଶష(೛శమ)

(௣ାଵ)(௣ାଶ)
  

∫
భ

మ
଴

|𝑡||𝑡|௣𝑑𝑡 = ∫
ଵ

భ

మ

|1 − 𝑡||𝑡 − 1|௣𝑑𝑡 =
ଶష(೛శమ)

௣ାଶ
  

∫
భ

మ
଴

ቚ
ଵ

ଶ
− 𝑡ቚ ቀ  sin

గ௧

ଶ
+ cos

గ௧

ଶ
ቁ 𝑑𝑡 =

గିସ√ଶାସ

గమ
  

∫
ଵ

భ

మ

ቚ𝑡 −
ଵ

ଶ
ቚ ቀ  sin

గ௧

ଶ
+ cos

గ௧

ଶ
ቁ 𝑑𝑡 =

గିସ√ଶାସ

గమ
  

∫
భ

మ
଴

|𝑡| ቀ  sin
గ௧

ଶ
+ cos

గ௧

ଶ
ቁ 𝑑𝑡 =

ସ√ଶିସ

గమ
  

∫
ଵ

భ

మ

|1 − 𝑡| ቀ  sin
గ௧

ଶ
+ cos

గ௧

ଶ
ቁ =

ସ√ଶିସ

గమ
.  

This completes the proof of the theorem.  
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