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Gokhan MUTLU™!, Esra KIR ARPAT?

Abstract

In this paper, we consider the discrete Sturm-Liouville operator generated by second order
difference equation with non-selfadjoint operator coefficient. This operator is the discrete
analogue of the Sturm-Liouville differential operator generated by Sturm-Liouville operator
equation which has been studied in detail. We find the Jost solution of this operator and examine
its asymptotic and analytical properties. Then, we find the continuous spectrum, the point
spectrum and the set of spectral singularities of this discrete operator. We finally prove that this
operator has a finite number of eigenvalues and spectral singularities under a specific condition.

Keywords: Sturm-Liouville’s operator equation, Non-selfadjoint operators, Discrete operators,

Continuous spectrum, Operator coefficients.

1. INTRODUCTION

Difference equations are very important for
modelling certain problems in physics, biology,
economics, engineering, control theory etc.
Spectral analysis of certain difference equations
gives us useful information about these problems.

Let us give some literature on the spectral analysis
of non-selfadjoint operators and the concept of
spectral singularities. Spectral analysis of non-
selfadjoint Sturm-Liouville operator has begun
and the spectral singularities was discovered by
Naimark [1-2]. Spectral singularities of

*Corresponding Author

differential operators [3-4] and certain classes of
abstract operators [5] are studied.

Recently, non-Hermitian Hamiltonians and
complex extension of quantum mechanics have
been studied extensively (see review papers [6-
71). Moreover, the spectral singularities are
identified for some concrete complex scattering
potentials and some physical interpretations are
suggested [8-9]. In [9], the authors identify the
spectral singularities of complex scattering
potentials with the real energies at which the
reflection and transmission coefficients tend to
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infinity, i.e., they correspond to resonances
having a zero width.

Spectral analysis of selfadjoint difference
equations has been studied by many authors (see
[10-11] for review and references). Further,
spectral analysis of the selfadjoint differential and
difference equations with matrix coefficients has
been investigated [12-16]. In [17-19], the authors
investigated the difference equation

An-1Yn-1+ bnyn + anYn+1 = Aynr neN, (1)

where (a,)ney and (bp)ney are complex
sequences such that an a,, # 0 for all n € N and
the condition

=1 (|1 = an| + [bp|) < oo )

holds. We can refer to Equation (1) as the Sturm-
Liouville difference equation since it can be
rewritten

A(an—lAyn—l) + qnyn = Ayn, NEN,

where g, = a,_1 + a, + b, and A denotes the
forward difference operator.

In [20-21], the authors considered the case n € Z
with the analogous condition to (2). Further, the
spectral analysis of the Sturm-Liouville
difference equation with finite dimensional non-
Hermitian matrix coefficients has been done [22].

Although there are many studies on spectral
properties of the Sturm-Liouville difference
equation with scalar or finite dimensional matrix
coefficients, there isn’t any study when the
coefficients are infinite dimensional operators. In
scalar or matrix coefficient cases, the discrete
spectrum and spectral singularities are obtained as
zeros of Jost function by using the results about
analytic scalar functions. The infinite dimensional
case requires a different treatment and new
methods since the Jost function is an operator
function on the contrary to finite dimensional
case. The new method is due to Keldysh [23]
which gives the fundamental tools to examine the
singular points of analytic operator functions.
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We consider the following difference operator
defined in the Hilbert space H; := [,(N,H) of
vector sequences Y = (V) nen (On€H) such that

Zazllynllfy < oo,

where H is a separable Hilbert space (dimH <
).

Let us denote the difference operator L defined

in Hy;
l()’)n = Ap_1Yn-1+ BpYn + AnYns1, nEN, (3)
Yo=0, 4)

where A, (n € N U {0}) and B,, (n € N) are non-
selfadjoint, A, — I (n € N U {0}) and B,, (n € N)
are completely continuous operators in H such
that A,, is invertible for n € N U {0}.

In this paper, we investigate the spectral
properties of the non-selfadjoint difference
operator L which is generated by the Sturm-
Liouville difference equation with non-selfadjoint
operator coefficients. In particular, we find the
Jost solution, continuous spectrum, discrete
spectrum and spectral singularities of L. Finally,
we prove the finiteness of eigenvalues and
spectral singularities.

2. THE JOST SOLUTION AND
CONTINUOUS SPECTRUM OF L

Let us consider the eigenvalue equation of L
Ap_1Yn-1+ Bpyn + ApYni1 = Ay, n€N, (5)

where A is the spectral parameter. Equivalently,
we might consider the corresponding operator
equation

Ap1Yn_y + B,Y, + ApYpsy = AY,, n €N,

where (Y;,) is an operator sequence i.c. Y, is an
operator in H for eachn € N.

Assumption 1. We assume that the coefficients

of Equation (5) satisfy
Zn=1(IlT = Apll + By ) < oo.
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Definition 1. Let E(z) = E,(2) (n € NU {0})
denote the operator solution of the equation

Ap1Vp1 + B Yy + ApYpyq = (z+ Z_l)an
n €N,

satisfying the condition

lim Y,(z2)z " =1,
n—oo

forz € Dy:= {z € C: |z| = 1}. E(2) is called the
Jost solution of Equation (5).

Remark 1. The remaining results of this section
will be given without proofs since they are similar
to the matrix coefficient case which have been
obtained in [12].

Assumption 2. Let us assume

Yn=1 (Il = Apll + I Ball) < co.

Theorem 1. The Jost solution can be represented
En(2) = Tpz"[I + Yn=1 Knmz™],n € NU{0}, (6)
where

Tn = H;’)o=‘n A;l’

Kn1=~— Z;o=n+1 Tp_1 By Ty,

Kn’z = — 2;o=n+1 Tp_l BprKp,l +
Yone1 Tyt (I = A3)T,

Kn,m+2 = Z;o=n+1 Tp_l (1 - A%’)TPKP"'LT’I -
Z$=n+1 Tp_l BprKp,m+1 + Kn+1,m'

where n € N U {0}, m € N. Further,
Kl < € 20 ogmy (U7 = 4[| + 1B, )

holds where ¢ > 0 is a constant. Moreover, E, (2)
(n € N U {0}) has an analytic continuation from
Dy to Dy:={z € C: |z| < 1}\{0}.

Theorem 2. The Jost solution satisfies the
asymptotic relation

E,(z) =z"[1 +0(1)], n - oo,
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forz € D:={z € C: |z| < 1}\{0}.

Theorem 3. The continuous spectrum of L is
o.(L) =[-2,2].

Proof. Let Ly and L, denote the operators defined
in Hy

Lo(y)n = Yn-1+ YnsMEN,

Ll(y)n = (An—l - I)yn—l + Byym
+ (An_I)Yn+1'n € N:

with the boundary condition
Yo = O'

respectively. It easily follows L, = Ly" and also
oc(Lo) = [-2, 2] (see [24]).

It is well known that L, is a compact operator iff
L4 is bounded and the set

R={Ly: llyll, =1}

is compact in H. It is obvious that L, is bounded.
Moreover, if we use the compactness criteria in [,
spaces (see [25], p. 167), we obtain the
compactness of R. Indeed, let y € H; such that
llyll; < 1. Then, Assumption 2 implies that for
€ > 0, there exists ny € N such that for n > n,

Yin+1 (1A =101 + 1B D <§
holds and also

YnealLay)illf = X2 niall(Aiy = Dyioq +
Biy; + (A; — Dyl

< XZnaallAics = L2y I + B2 1lyillE +
14; = T2 1lyira Il

< Iy EZnsallAig = HP+IBIZ + 14 —
11%)

< XiZnsr 2014; = HI2+11B;]1?
< XiZn1 CillA; — T+ G |IB ||

< X2 CUIA =TI+ IBiD < &,
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where

1
€1 =S supienllA; = Ill, C; = supienl|Bill, € =
C,+C,

Therefore, we proved that L; is a compact
operator in H;. Weyl’s theorem of compact
perturbation [26] implies

ac(L) = 0c(Lo) = [-2,2].

3. EIGENVALUES AND SPECTRAL
SINGULARITIES OF L

It is easy to show that the discrete spectrum and
the set of spectral singularities of L are

o,(L)={: 1=z+
z71,zeD,, Ey(2) is not invertible},

os(L)={A:A=2z+
z71,zeDy, Ey(2) is not invertible},

respectively. Ey(z) is called the Jost function of
L. Note that, this function is an operator function
on the contrary to finite dimensional case. Hence,
the methods need to be changed in our case. We
will use Keldysh [23] in order to analyze the
singular points of E(z). Let us define the sets

M; = {zeD;: Ey(z) is not invertible},
M, = {zeD,: E,(z) is not invertible}.
Then,

o4(L) = (A:A=z+ 2z zeM,},
o(L)={A: A =2z+2z"1,zeM,}.
From the representation (6) we have
Ey(z) =T [1 + Xm=1 Ko,mzm];
where

Ty = H;o=0 Ap !

is invertible. This implies E(z) is invertible iff
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F(z) =1+ YXm-1Komz™

is invertible. Hence

M; = {zeD;: F(z) is not invertible}.
From Theorem 1 we have

Kot = — 32, T; ' B,T,

Koy ==Y Ty ByTpKps + Yen Tyt (1-
A2)T,,

Kom+2 = Xp=1 Tp_1 (1 - A%)TPKPH,"I B
Z§o=1 Tp_l BprKp,m+1 + Kl,m'

where m € N. These equations together with the
conditions that A, — I (n € NU {0}) and B,, (n €
N) are completely continuous operators imply
that Ky ,,, is completely continuous for every m €
N. As a result,

K(z) = Xm=1Komz™

is a completely continuous operator for every z €
D;. Moreover, since E,(z) is analytic on D, (see
Theorem 1) F(z) is also analytic on D,. Hence,
we can use [23] to find the singular points of the
operator valued function F(z) on D; and these
singular points give us the eigenvalues.

Definition 2. [23] Let A and R be operators such
that

IT+R)U-A) =1
holds. Then, R is called the resolvent of A.

Theorem 4. Let R(z) denote the resolvent of
—K(z). Then,

M, = {zeD;: z is apole of I + R(2)}.

Proof. Since R(z) is the resolvent of —K(z), we
have

I+R2)=U+K@)=F(@=)L

Since M, # D; there exists zeD; such that I +
R(z) exists. Therefore, I + R(z) exists on D,
except for a set of isolated points and I + R(z) is
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a meromorphic function of z on D; [23]. These
isolated points are clearly the eigenvalues of L.
Hence we have

-1 _ U(z)
(F(Z)) - U(Z) ’ ZeDl' (7)

where U(z) is an operator function and v(z) is a
scalar function which are both analytic on D;.
Since

M; = {zeD;: F(z) is not invertible},
it follows from (7) that

M; ={zeD;: zisapoleof I + R(z)} =
{zeD,:v(z) = 0}.

Corollary 1. 04,(L) ={A: A=z +
z71,zeD;,v(z) = 0}.

Proof. The proof is obvious from Theorem 4
since ay(L) = {A:A=z+2z"1,zeM,}.

Theorem 5. g;(L) is bounded and countable.
Moreover, its limit points can only lie in the circle
lz| < 2.

Proof. From (6) it follows
Ey(z) =Ty [I + Xm=1 Ko,mzm]
and also

Ey(z) =Tyl +0(1), |z| = 0,

which implies E,(z) is invertible for sufficiently
small z and hence A=z+2z"! is not an
eigenvalue for |z| - 0. Thus, g4(L) is bounded.
Since v(z) is analytic on D;, its zeros are isolated.
From Corollary 5, it follows a,4(L) is countable.
Further, the limit points (if exist) of the zeros of
v(2) lie on the boundary of D, i.e. on Dy [27].

If z is a limit point of the set
M; = {zeD;: v(z) = 0},

then |z| = 1 and || = |z + z™1| < 2. Hence, the
limit points (if exist) lie in the circle |z| < 2.
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Theorem 6. Let R(z) denote the resolvent of
—K(z). Then,

M, = {zeDy: z is a pole of I + R(z)}
= {zeD,: v(z) = 0}.

Proof. From (7) it follows
F(2)U(z) = v(2)],

which implies U(z) is invertible whenever
v(z) # 0. Moreover, if zeD; such that v(z) # 0
then

F(z) = v(2)(U(2)™

Since F(z) is continuous on D, we can extend this
representation continuously to D;

(F(z))™ =25, zeD. ®)

Recall that
M, = {zeD,: F(z) is not invertible}.
The representation (8) implies that

M, = {zeDy: zis a pole of I + R(2)} =
{zeDy: v(z) = 0}.

Theorem 7. The set of spectral singularities
0ss(L) of L is compact and has zero Lebesgue
measure.

Proof. It is well known that o.(L) € 0.(L) =
[—2,2]. This gives us the boundedness of a4 (L).
We only have to show g,(L) or equivalently M,
is closed for the compactness. Let (4,) € M,
suchthat A, - A. (1,,) € M, implies A,, € D, and
v(4,,) = 0 for every n € N. Since D, is closed
A, = A implies A € D,. Moreover, since v(z) is
continuous on D, A, = A implies v(4,,) = v(1)
and hence v(1) = 0,4 € M, as required. Finally,
since

M, = {zeD,: v(z) = 0},

it follows from Privalov’s Theorem [27] that M,
has zero Lebesgue measure.
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Assumption 3. Let us assume
Y=o (Il = Apll + lIBull) < o0, &> 0.

Theorem 8. L has a finite number of eigenvalues
and spectral singularities.

Proof. Recall that

),

where c is a constant. This implies together with
the Assumption 3 that

Kl < € 22 (1 = A1+ 3,

—&
||K0,m|| < Ces™ meN,
where C > 0. The series
Ym=0Komz™, Xm=o MKomz™*

are uniformly convergent iff In|z| < E. Hence,
E,(z) (n € N U {0}) has an analytic continuation
to Dy: = {Z €C:|z| < eE}. Thus, we can write

U(z)

(Fe)™ =22,

z€eD,.

Let us suppose that M; and M, are not finite.
Since M; and M, are bounded (see Theorem 5 and
7), they have limit points by Bolzano-Weierstrass
Theorem. Since v(z) is analytic on D,, the limit
points of its zeros must lie on the boundary of the
domain D, [27]. This gives a contradiction since

es > 1. Therefore, M; and M, must be finite.
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