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1. Introduction and Preliminaries

In general topology, various fundamental and considerable results are obtained from the class of metric spaces. Because of this aspect and
other important features such to have a key role in mathematics and quantitative sciences, a lot of works related to metric spaces have been in
the literature. Due to the importance of this notion, it has been extended and generalized in several distinct directions by many authors. For
instance, the notion of b-metric space is one of the generalizations of metric space and defined by Bakhtin [2] and Czerwik [3] as follows:

Definition 1.1. /2, 3] A mapping D : U x U — R is said to be a b-metric on the universe set U if the following conditions are satisfied:
(BM1) D(x,y) =0 if and only if x =y,

(BM2) D(x,y) = D(y,x) forall x,y € U,

(BM3) D(x,y) < K[D(x,z) + D(z,y)] for all x,y,z € U and for some constant K > 1.

When D is a b —metric on U, the pair (U,D,K) is called a b — metric space.

One of the main differences between metric and b-metric is that the metric is always continuous in each variables but generally the b-metric
is not continuous. Bakhtin [2] and Czerwik [3] also proved the contraction mapping principle in b-metric spaces that generalized the famous
Banach contraction principle in such spaces. Then, Khamsi and Hussein [9] gave the definitions of convergent sequence, Cauchy sequence,
€-balls, obtained some theorems related to KKM mappings, studied compactness and discussed a natural topology induced by b-metric:

Definition 1.2. [9] Let (U,D,K) be a b-metric space and (x,) be a sequence in U.

(i) The sequence (xp) is said to converge to x € U if D(xy,x) — 0 as n — oo. This is denoted by x, — x as n — o or by r}glgoxn =X

(ii) The sequence (x,) is said to be a Cauchy sequence in (U,D,K) if D(x;,xm) — 0 as n,m — oo,

(iii) (U,D,K) is called complete if every Cauchy sequence in U converges to some point of U.

A subset A in a b-metric space (U,D,K) is called open if for all x € A there exists € > 0 such that Bp(x,€) C A, where Bp(x,€) = {y|D(x,y) <
€}. The set Bp(x,€) is called an €-ball at centered x € U with radius € > 0 in (U,D,K). If Tp is the family of all open subsets of U, then Tp
is also a topology on U.

In [14], the authors showed that to be an open set which is one of the most important properties of €-balls is not satisfied in b-metric spaces.
Also, they proved the Stone-type theorem on b-metric spaces, showed that each b-metric space is semi-metrizable and obtained a sufficient
condition for a b-metric space to be metrizable:

Proposition 1.3. [14] Let (U,D,K) be a b-metric space.

(1) (U,tp) is semi-metrizable.

(2) If D is continuous in one variable, then D is continuous in each variables. Moreover, for all x € X and € > 0, Bp(x,€) is an open set in
(U,D,K).

(3) If D is continuous in one variable, then (U, Tp) is metrizable.
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Since b-metric space is always understood to be a topological space and a b-metric need not be continuous, there was needed strengthening
of the notion of b- metric spaces which remedies this defect. For this reason, Kirk and Shahzad [10] introduced the notion of a strong
b-metric space and studied some properties of this spaces:

Definition 1.4. [10] A mapping Dy : U x U — R is said to be a strong b-metric on the set U if (BM1), (BM2) and the following condition
are satisfied:

(BM3’) Ds(x,y) < KDs(x,z) + Ds(z,y) for all x,y,z € U and for some constant K > 1.

In this case the ordered pair (U, Dy, K) is called strong b — metric space.

Proposition 1.5. [10] (1) Every strong b-metric is continuous in each variables.

(2) Every €-ball Bp,(x,€) is open in strong b-metric spaces (U,Dy,K).

(3) The collection B = {Bp,(x,€) : x € U, & > 0} of e-balls is a base for a topology on U and we denote this topology by Tp,.
(4) (U, 7p,) is metrizable.

In the 1960s, Géhler introduced the notion of 2-metric space which is topologically different from the other generalizations of metric space.
Geometrically d(x,y,z) represents the area of a triangle formed by the x, y and z in universal set U as its vertices (see [7]). Theory of 2-metric
spaces has been extensively studied and developed by some authors [1, 4, 5, 6, 8, 11, 13].

Definition 1.6. [5] A mapping d : U x U x U — R is said to be a 2-metric on the set U if the following conditions are satisfied:
(2M1) For all x,y € U (x # ), there exists a point z € U such that d(x,y,z) # 0,

(2M2) d(x,y,z) = 0 when at least two of x,y,z are equal,

(2M3) d(x,y,z) = d(x,z,y) = d(y,z,x) for all x,y,z € U,

(2M4) d(x,y,z) < d(x,y,w)+d(x,w,z) +d(w,y,z) for all x,y,z,w € U.

We denote the structure of 2-metric space by the ordered pair (U,d).

Definition 1.7. [5] Let (U,d) be a 2-metric space and (x,) be a sequence in U.

(i) The sequence (xy) is said to converge to x € U, if d(x,,x,2) = 0 as n — oo for all z € U. This is denoted by x, — x as n — oo or by
lim x, = x.

n—oo

(ii) The sequence (x,) is said to be a Cauchy sequence in (U,d) if d(xp,%mn,z) — 0 as n,m — oo for all z € U.

(iii) (U,d) is called complete if every Cauchy sequence in U converges to some point of U.

Remark 1.8. [5, 13] (1) It is clear from definition of 2-metric that every 2-metric is non-negative and every 2-metric space contains at least
three distinct points.

(2) A 2-metric d is continuous in only one variable. Moreover, if a 2-metric d is continuous in two variables, then it continuous in each
variables.

(3) A convergent sequence in a 2-metric space need not be a Cauchy sequence.

(4) In a 2-metric space (U,d), if d is continuous, then every convergent sequence is a Cauchy sequence.

(5) There exists a 2-metric space (U,d) such that every convergent sequence in this space is a Cauchy sequence but d is not continuous.

In 2014, Mustafa et al. [12] introduced a new metric structure, called b,-metric, as a generalization of both 2-metric and b-metric. Then they
obtained some fixed point theorems under different contractive conditions in ordered b;-metric spaces.

Definition 1.9. [12] A mapping d : U x U x U — R7 is said to be a by-metric on the set U if (2M1)-(2M3) and the following condition are
satisfied:

(2M4') d(x,y,z) < K(d(x,y,w) +d(x,w,z) +d(w,y,z)) for all x,y,z,w € U and for some constant K > 1.

Ifd is a by — metric on U, then the ordered pair (U,d,K) is called a by — metric space with parameter K.

It is clear that each 2-metric is a by-metric and by-metric is coincident with 2-metric when the parameter K = 1.

Example 1.10. [12]Let U ={0,1,%,1,... 1 ..} and the mappings dy,d> : U x U x U — R defined by

d(ey.2) = (xy+yz+x2)%, x#y#z
1Y 0, otherwise

and dy(x,y,z) = (x —y)*(y — 2)>(x — 2)? respectively. Then di and dy are by-metrics on U with K = 3.

In this manuscript, we define the notion of €-ball in b,-metric spaces and induce a topology from a given by-metric via €-balls. We study
some properties of this topological space such as separation axioms and semi-metrizability. Also, we show with the examples that some
known properties for €-balls in metric spaces have not existed in by-metric spaces. Then we introduce the concept of strong by-metric
spaces in which these known properties are provided. Finally, we show that every strong b,-metric topological space is a normal space and
metrizable.

2. by-Metric Topology
In this section, we define the notion of €-balls in by-metric spaces. Then, we show that every £-ball may not be an open set and every

by-metric may not be continuous in each variable. Also, we study some properties of the topology induced by a b,-metric.

Definition 2.1. Let (U,d,K) be a by-metric space. If there exists a non-negative real number M such that d(x,y,z) <M, for all x,y,z € U,
then (U,d,K) is called a bounded by-metric space. Otherwise we consider it unbounded.

Example 2.2. Let (U,d,K) be a by-metric space and d:UxU xU — R be a mapping defined by d(x,y,z) = min{d(x,y,z),1}. Then
(U,d,K) is a bounded by-metric space.
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In by-metric spaces, the definitions of convergent sequence, Cauchy sequence and completeness are defined similar with 2-metric spaces.
Now, we define the notion of €-ball in by-metric spaces and give some examples.

Definition 2.3. Let (U,d,K) be a by-metric space, x € U and € > 0. Then the subset By(x,€) = {y € X : sup;exd(x,y,z) < € } of U is said
to be an €-ball centered at x with radius €.

A subset A in a by-metric space (U,d,K) is said to be an open set if for all x € A there is an €-ball B;(x, €) such that B;(x,€) C A and A is
called a closed set if U \ A is open. The family of all open subsets of U induces a topology on U. This topology is called by-metric topology
and denoted by 1.

Proposition 2.4. Every by-metric topological space (U,7y) is a T -space.

Proof. Let x,y € U and x # y. Take G = U \ {y}. For all z € G, we have &, = d(x,y,z) > 0 and so By(z,&;) C G. Hence G is an open
neighborhood of x and y ¢ G. Therefore, (U, 7,) is T}-space. O

The following examples show that there exists an £-ball By(x, €) which is not open set and a by-metric d : U x U x U — R may not be
continuous in each variables.

Example 2.5. Let us consider the by-metric space (U,d,) given in Example 1.10. Here, we have By, (1,1) = {0, 1}. Therefore, 0 € By, (1,1).
Note that ﬁ € By, (0,€) for all € > 0. But 2171 ¢ By, (1,1) since d(1, ﬁ,z) # 1 forall z€ U. Hence, By,(0,€) ¢ By, (1,1) and this proves
that By, (1,1) is not an open set in this space.

Example 2.6. LetU = {0,1, %7 %7 veny %7 ...}. Consider the by-metric spaces (U,d) and (U,d,) given in Example 1.8 and define the mapping
d:UxUxU—RT by

0, when at least two of x,y,z are equal

d(x,y,2) = di(x,y,2), x#y#z€{1}U{% neN}
dr(x,y,2), otherwise

1
Sorall x,y,z € X. Then (U,d,K) is a by-metric space with K = 3. Now, consider the sequence (ﬁ)neN inU. We have lgn d(z—,O,z) =0
n—soo n
1
forall z € U. Hence, lgn = 0in (U,d,3). However, we also obtain
n—o 2n

11 1 9 1

lim d( )= — £ — =d(0,1,

1.—
n—e 2n’ "4

This shows that d is not continuous in its variable.
The following proposition shows that there is a sufficient condition that an €-ball B;(x, €) is an open set.

Proposition 2.7. Let (U,d,K) be a by-metric space. If d is continuous in one variable, then d is continuous in each variable. Also, B;(x,€)
is an open set for all € > 0 and x € U.

Proof. Let us suppose that d is continuous with respect to the first variable. If lim,_..x, = x, then we obtain
limp—seod (9, Xn,2) = limy—e0d (X, y,2) = d(x,,2) = d(1,%,2)

for all y,z € U. This means that d is continuous with respect to the second variable. Also, it can be seen easily with the similar way that d is
continuous with respect to the third variable.

Now, to show that B;(x,€) is an open set where € > 0 and x € U, assume that x, € X \ By(x,€) and lim,_,c.x, = a. This follows that
limp—yeod (xn,a,z) = 0 for all z € U and supcyd(x,,x,z) > €. Also, we have

d(xn,x,2) < d(xn,x,a) +d(xn,a,2) +d(x,a,z)

SupZEUd(xnax7Z) S d(xn7x7a)+supZ€Ud(xn7a7Z)+SupZ6Ud(x’a7Z)
ro < supeyd(x,a,z)
which means that x € X \ B(x, €). This proves that B;(x, €) is an open set. O

Theorem 2.8. Let (U,d,K) be a by-metric space such that d is continuous in one variable. Then by-metric topological space (U, 1) is
Hausdorff space.

Proof. Letx,y € U (x#y). Then there is a point z € U such that d(x,y,z) # 0. Hence d(x,y,z) > 0. Now, consider the e-balls By(x, %) and
B, (y, 7% ) centered at x and y, respectively, with £ > 0 and K > 1. Since d is continuous in one variable, then B, (x, 7% ) and B4(y, 7% ) are open
sets. It is clear that x € By/(x, &) and y € By(y, &) Now, we show that By (x, &) NBy(y, %) = 0. Suppose that a € By(x, %) NB4(y, 7%)-
Since d is a by-metric on U, from the condition (2M4') we have

d(x,y,z) < K(d(x,ya)

for K > 1. Therefore,

SungUd(X,y,Z) <&

which implies that d(x,y,z) < € for all z € U. Therefore, we have that d(x,y,z) = 0 which is a contradiction. Hence, (U, 7;) is a Hausdorff
space when d is continuous in one variable. O
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Theorem 2.9. Let (U,d,K) be a by-metric space such that d is continuous in one variable. Then by-metric topological space (U, 1) is
reguler topological space.

Proof. Let O be an open set such that x € O. Since O is open in U, there is an €-ball B, (x, €) with radius € > 0 such that B;(x, &) C O. Since
d is continuous in one variable, then B, (x,€) is an open set. Also, it can be easily seen that B4 (x, 5% ) € B4(x,€) C U, where By(x, oz ) is
closure of B, (x, 5 ) with respect to 7,. Since x € B;(x,%) and B,(x, §) is an open set, the proof is completed.

Theorem 2.10. Ler (U,d,K) be a by-metric space such that d is continuous in one variable. Then by-metric topological space (U,T;) is
normal topological space.

Proof. Let A and B be closed sets with ANB = 0. Let G = U,caBa(a, 7%) and H = UpepBa(b, %) where K > 1, &,,€, > 0 and
By(a,e4) NB = By(b,g,)NA = 0. It is clear that A C G and B C H. Now, we show that GNH = 0. Suppose x € GNH. Then there are

a€A, beBsuchthatx € By(a, &) and x € By(b, 7%). We can assume that &, < &, then we have

d(a,b,z) < K(d(a,b,x)+d(a,x,z)+d(x,b,z))
< Kt )=
Hence sup,cyd(a,b,z) < 3:”. It means that a € B, (b, €,) which is a contradiction. So, we have GNH = 0. O

Now, we show that every b-metrizable topological spaces are coarser than b,-metrizable topological space:

Theorem 2.11. Let |U| > 3 and (U,D,K) be a b-metric space. Then dp is a by-metric on U with the same parameter K, where
dp :U x U x U — R™* is defined by dp(x,y,z) = min{D(x,y),D(x,z),D(y,z)} for all x,y,z € U. Also, the b-metric topology Tp is coarser
than the by-metric topology T .

Proof. First, we show that dp is a by-metric on U.

(2M1) Letx,y € U (x # ). Since |U| > 3, there is a point z € U such that z # x and z # y. Hence, we obtain that D(x,z) > 0,D(x,y) > 0
and D(y,z) > 0. Therefore, we obtain that dp(x,y,z) = min{D(x,y),D(x,z),D(y,z)} > 0.

It is clear that (2M2) and (2M3) are satisfied.

(2M4) Let x,y,z,w € U. Without loss of generality, we can assume that dp(x,y,z) = D(x,y).

Case I: Let dp(x,y,w) = D(x,y). Then we obtain

dD(xvyvz) = D(x7y) < K(dD(xvva) +dD(x7W7Z) +dD(W7y7Z))*

Case II: Let dp(x,y,w) = D(x,w) and dp(w,y,z) = D(w,y). Then,

dD(xvyvz) = D(x7y) K(D(X’W) +D(W’y)) = K(dD(x7y7 W) +dD(W7y7z))

<
< K(dp(x,y,w)+dp(x,w,z) +dp(w,y,2)).

Case IIL: Let dp(x,y,w) = D(x,w) and dp(w,y,z) = D(w,z). Since dp(x,y,z) = D(x,y), then

dD(xvyvz) :D(xvy) < D(X,Z) < K(D(x7w) +D(W’Z)) = K(dD(x7y7W) +dD(va52))
< K(dp(x,y,w)+dp(x,w,2) +dp(w,y,2)).

For the other cases, it can be completed the proof with the same procedure. Also, it is obvios that By, (x, €) is a subset of Bp(x, €). Hence,
we obtain that Tp is coarser than 7, . O

Proposition 2.12. Let (U,d,K) be a bounded by-metric space and Dy : U x U — R be a mapping defined by D4(x,y) = sup,cx d(x,y,2).
Then

(i) Dy is a b-metric on U with 2K.

(ii) Xy — x in (U,Dy,2K) if and only if x, — x in (U,d,K).

(iii) The topology t; induced by the bounded by-metric d is coincident with the topology tp, induced by the b-metric Dg.

Corollary 2.13. Every by-metric topological space (U,1;) is a semi-metrizable space.
Proof. If 1, is a by-metric topology on U, then there exists a bounded b,-metric d* such that t; = 74+. From Proposition 2.12, we obtain

that 7p,. is a b-metric topology and 74+ = 7p,.. Since (U,1p,.) is semi-metrizable, from Proposition 1.3, and 7; = tp,., (U,7,) is a
semi-metrizable space. O
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3. Strong b,-Metric (Topological) Spaces

In this section, we define the notion of strong b,-metric space and propose fundamental definitions of this new kind of metric space such as
open (closed) ball, convergence of a sequence, completeness and etc. We also introduce induced topology from a given strong b,-metric and
study some important properties.

Definition 3.1. A mapping d; : U x U x U — R is said to be a strong by-metric on the set U if the following conditions are satisfied:
(S2M1) For all x,y € U (x # y), there exists a point z € U such that ds(x,y,z) # 0,

(S2M2) dg(x,y,z) = 0 when at least two of x,y,z are equal,

(S2M3) dg(x,y,z) = ds(y,x,2) = ds(z,y,x) for all x,y,z € U,

(S2M4) dg(x,y,2) < ds(x,y,w) +ds(x,w,z) + K.ds(w,y,2) for all x,y,z,w € U and for some constant K > 1.

If ds is a strong by — metric on U, then the ordered pair (U,ds,K) is called a strong by — metric space with parameter K.

Remark 3.2. It is obvious that strong by-metric is coincident with the 2-metric given by Gdhler [5] for K = 1.

Example 3.3. Let U = {1,2,3,4} and dy : U x U x U — R defined by as follows:

when at least two of x,y,z are equal
x#y#ze{1,2,4}
x#y#z€{2,3,4}
x#y#ze{l1,3,4}
x#y#z€{1,2,3}

Then, we have d; is not a 2-metric on U, but dy is a strong by-metric on U with K = 3.

ds(x,y,2) =

® W N~ O

Example 3.4. Let (U,,d,,K|) and (Ua,dy,,K3) be two strong by-metric spaces. Define a mapping dy((x1,x2),(y1,y2),(21,22)) =
ds, (x1,¥1,21) +ds, (x2,¥2,22) for all (x1,x2),(y1,¥2), (21,22) € Uy x Us. Then dy is a strong by-metric on Uy x U with K = max{K;,K;}.

Proposition 3.5. If (U,ds,K) is a strong by-metric space, then ds is continuous in each variables.

Proof. Suppose that [imy,_s.x, = x. Then we obtain lim,_,e.ds(x,,x,z) = 0 for all z € U. Also,
ds(x,,,y,z) < ds(xn7Y7x) + K-ds(xn7x7 Z) +ds(x>y>z)

for all y,z € U where K > 1. This means that limy,—seeds(xn,y,2) < ds(x,y,z). With similar procedure, we obtain that d(x,y,z) <
limy—seods(xn,y,z). This follows that liny,_eds(x,,y,2) = dg(x,y,z) which means that ds is continuous with respect to the first variable. As a
consequence of the similar consideration, it can be easily seen that d; is continuous with respect to other variables.

O

In strong by-metric spaces, the notions of €-ball, convergent sequence, Cauchy sequence, complete and bounded space are defined similar
with by-metric spaces:

Definition 3.6. Ler (U,dy,K) be a strong by-metric space and (x,) be a sequence in U.

(i) The sequence (xy) is said to converge to x € U if ds(xn,x,2) — 0 asn — o forall z € U.

We denote this by x, — x as n — oo or by }ggoxn =X

(ii) The sequence (x,) is said to be a Cauchy sequence in (U,ds,K) if ds(xn,%m,z) — 0 as n,m — oo for all z € U.

(iii) (U,ds,K) is called complete if every Cauchy sequence in U converges to some point of U.

(iv) If there exists a nonnegative real number M such that dg(x,y,z) < M for all x,y,z € U, then (U,ds,K) is called a bounded strong
by-metric space. Otherwise we consider it unbounded.

Example 3.7. Let (U,ds,K) be a strong by-metric space and ds : U x U x U — R be a mapping defined by dy(x,y,z) = min{d;(x,y,z),1}.
Then (U,ds,K) is a bounded strong by-metric space.

Lemma 3.8. In a strong 2-metric space, if there exists a limit of a sequence, then it is unique.
Proof. The proof is easily obtained from Definition 3.1 and Definition 3.6. O

Definition 3.9. Let (U,dy,K) be a strong by-metric space, x € U and € > 0. Then the subset By (x,€) = {y € X : sup,exds(x,y,z2) <€ } of
U is said to be an open €-ball centered at x with radius &.

A subset A in a strong by-metric space (U,dy,K) is said to be an open set if for all x € A there is an open €-ball By (x,€) such that
By, (x,€) C A and A is called a closed set if U \ A is open. The subset A is called bounded if A is contained some open g-ball By (x,€) of U.
Let N CU and x € N. If there is an open set G such that x € G C N, then N is called a neighborhood of x. The set of all neighborhoods of x
is denoted by M. A collection B, C Ny is called local base for a point x if all neighborhoods of x contains a member of B .

Lemma 3.10. Every open €-ball By (x,€) centered at x € U with radius € > 0, is an open set in a strong by-metric space (U,ds,K).

Proof. Let us consider the open &-ball B, (x,€) at center x € U with radius € > 0. If y € By (x,€), then sup.cyds(x,y,z) < €. Let

*

r* = 5k (€ — sup.cyds(x,y,z)) for K > 1.
We claim that By (y,€") C By, (x,€). Lett € By (y,€*). Now,

te de (yas*) = SMPZGUdS(yvt7Z) <

Hence, d;(y,t,x9) < €* for all xg € U. Since dj is a strong by-metric on U, from the condition (S2M4), we have
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dé‘(xvtvxo) dS(xJ?y)+ds(xayax0)+de(yatax0)

de(x7t>y) +ds(-x7y7x0) +st(y7t7x0)

ININ

for K > 1. Therefore,

s”pzeUd.v(xvl7Z) < Kg*+s”pz€Uds(x7Y7z)+K8*)
< 2K (& —sup.euds(x,y,2)) + sup.euds(x,y,z) = €

which implies that r € By, (x,€). Hence By, (x,€) is an open set in U. O

Theorem 3.11. Let (U,ds,K) be a strong by-metric space. Then the collection of all open €-balls
B ={By,(x,€):xcU,e>0}
is a base for a topology on U. This topology is called the strong by-metric topology induced by dy and denoted by 1.

Proof. It is clear that x € By (x,€) for all x € U and € > 0. Let x,y € U, €1,& >0 and a € By, (x,€;) N B4, (y,&). Let us choose € <
%min{el —sup;cyds(x,a,z),& —sup.cyds(y,a,z)} and show that By (a,€) C By, (x,€1) By, (v, &). If b € By (a,€), then sup,cyds(a,b,z) <
€. Hence, d(a,b,xp) < € for all xg € U. Since dj is a strong by-metric on U, from the condition (S2M4) we have

dS(xahvxo) < ds(vava)+dS(x7aax0)+KdS(a7bax0)
< Kds(x,b,a) +ds(x,a,x0) + Kds(a,b,xp)

for K > 1. Therefore,

supZGUdS(x7bvz) S 2K8+SMPZEUdS(xaa7Z))
< ZK%(& —supzeyds(x,a,z) +sup;cyds(x,a,z) = €

which implies that b € By, (x,€;). With the same process, we can show that b € By (y, &) and the proof is completed. O

Corollary 3.12. Every strong by-metric topological space (U,7y,) is first countable.

Proof. Since {Bg (x, ) n € N} is a local base at x € U, then we obtain that (U, 74,) is first countable.

Corollary 3.13. Every strong by-metric topological space (U,7y,) is a normal (reguler, Hausdorff) space.

Proof. Since each strong by-metric space (U, dy) is a bp-metric space and d; is continuous in each variables, from Thereom 2.8, 2.9 and
2.10, we obtain that the strong b,-metric topological space (U, 7,,) is a normal (reguler, Hausdorff) space. O

Theorem 3.14. Let (U,dy,K) be a strong by-metric space and t4_be the topology induced by the strong by-metric ds. Then for a sequence
(x2) CU, x, = xin (U,ds,K) if and only if x, — x in (U, 7g,).

Proof. Suppose that x,, — x in (U,d,,K). Let G be an open set and x € G. Then there exists € > 0 such that B4, (x,€) C G. Since x, — x in
(U,dy,K), there is a natural number ng such that dy(x,,x,z) < § for all z € U whenever n > ng. Then we have sup,c; ds(x,,x,2) < § <&,
that is x, € By, (x,€). So we have x, € G, it means that is x, — xin (U, 14,).

Conversely, let £ > 0. Since By, (x,€) is an open set contains x € U, there exists a natural number 7 such that x,, € By, (x, €) whenever
n > ng. It means that sup, .y ds(x,,X,2) < € and we have dy(xy,x,z) < € for all z € U whenever n > ny. Hence, we obtain that x,, — x in
(U,ds,K). O

Proposition 3.15. Let (U,dy,K) be a bounded strong by-metric space and D, : U x U — R be a mapping defined by Dy (x,y) =
sup,cx ds(x,y,z). Then

(i) Dy, is a strong b-metric on U with the parameter Ky where Ky = K+ 1.

(ii) x, — x in (U, Dy, K;) if and only if x, — x in (U, d,, K).

(iii) The topology T, induced by the bounded strong by-metric d is coincident with the topology tp, induced by the strong b-metric d.

Corollary 3.16. Every strong by-metric topological space (U,7,,) is metrizable.

Proof. 1f 7, is a strong by-metric topology on U, then there exists a bounded strong b,-metric dy* such that 7; = 1, +. From Proposition
3.15, we obtain that 7p, . is a strong b-metric topology and 7, - = Tp, .. Since (U, D, . ) is metrizable, from Proposition 1.5, and 7, = Do s
(U, 1g4,) is a metrizable space.

Theorem 3.17. If (U,dy,K) is a complete strong by-metric space, then (U, 1,,) is of the second category. i.e., U cannot be expressed as a
countable union of nowhere dense sets with respect to Tg,.

Proof. Suppose that {A, },cN is an arbitrary collection of nowhere dense subsets of U and U = |,y A. From this implication, we have
U = UpenAn € UpenAn C U which means that U = {J,,cyAn = UpenAn- Let G be an open set in U. Since A is nowhere dense, there
is a point x; € G such that x; ¢ A;. From here, we have that G\ A| is an open set and x; € G\ A|. So, there is an & > 0 such that
B(x1,€1) C G\ Ay. Write B] = B(x1,€). Again, since B is open and A5 is nowhere dense, there is a point x; € By \ A,. From this, we have
that By \ A5 is an open set and x, € B \ A,. Therefore, there is an & < % such that B(x, &) C B1\ A,. Proceeding with the same way, we

can obtain a sequence of closed sets {B, } such that B, ;| C B, for all n € N with radius 0 < &, < % Since By, is decreasing, x,, € B, C By,
for all m > n. Hence, we have dy(x;,,Xn,2) — 0 as n,m — oo for all z € U. This deduced that (x,) is a Cauchy sequence in U. Since (U, d;)
is complete, then there is a point x € U such that x, — x as n — . Now, we claim that x € (,,cy Bn. To show this assertion, assume that
X # x for some k € N. Fix n € N. Let H be an open set in U such that x € H. Then, there is a natural number n; such that x;, € H whenever
k > ny. Hence, we have x; € B, NH \ {x} whenever k > max{n,n;}. This shows that x € ,,c;y Bn. Since A, NB,, = 0 for all n € N and this
means that x ¢ A, which contradicts to U = |, cnAn- O
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4. Conclusion

In mathematics, the notion of a metric is a generalization of the concept of distance which is a numerical measurement of how far apart
objects or points are. Thus many different types of “’distances” can be calculated with the metrics. Topological space is a generalization of
metric spaces in which the idea of closeness is described in terms of relationships between sets rather than in terms of distance. Due to this
relation, the research of whether a given (or an induced) topological space is metrizable turns out to be a very rich and interesting area that
has motivated a great deal of study over the years. In the last years, the structures (such as 2-metric, G-metric, b-metric, b,-metric etc.)
which are extensions of metric spaces obtained with weakening the metric axioms is studied extensively. One of the most popular research
areas in this structures is to induce a topology and study its properties. In the present paper, we consider the topological space induced
by a given by-metric via €-balls and study some properties of this topological space. Then, we show with the examples that some known
properties for e-balls in metric spaces have not existed in bp-metric spaces. Also we introduce the concept of strong b,-metric spaces in
which these known properties are provided. Finally, we show that every strong b,-metric topological space is a normal space and metrizable.
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