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GENERALIZED DIFFERENCE SEQUENCE SPACES OF
FRACTIONAL ORDER DEFINED BY ORLICZ FUNCTIONS

NAZLIM DENIZ ARAL AND MIKAIL ET

ABSTRACT. The main purpose of this paper is to introduce the concepts of
A®—lacunary statistical convergence of order 8 (0 < 8 < 1) with the fractional
order of  and A%®—lacunary strongly convergence of order 8 (0 < 8 < 1) with
the fractional order of a. We establish some connections between A% —lacunary
strongly convergence of order 8 and A®—lacunary statistical convergence of
order f3.

1. INTRODUCTION

The idea of statistical convergence was given by Zygmund [45] in the first edition
of his monograph published in Warsaw in 1935. The concept of statistical conver-
gence was introduced by Steinhaus [42] and Fast [20] and later reintroduced by
Schoenberg [38]. Over the years and under different names statistical convergence
was discussed in the theory of Fourier analysis, Ergodic theory, Number theory,
Measure theory, Trigonometric series, Turnpike theory and Banach spaces. Later
on it was further investigated from the sequence space point of view and linked with
summability theory by Cakalli et al. ([7],[8],[9]). Caserta et al. [I0], Cinar et al.

[11], Connor [13], Et et al. ([15],[17]), Fridy [22], Fridy and Orhan [23], Mursaleen
[33], Salat [41], Mohiuddine et al. ([5], [31]) and many others.

The idea of statistical convergence depends upon the density of subsets of the
set N of natural numbers. The density of a subset E of N is defined by

1
0(E) = lim — Z Xg(k), provided that the limit exists.

A sequence x = (z) is said to be statistically convergent to L if for every ¢ > 0,

d({keN:|xp—L|>e})=0.
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Recently, Colak [12] generalized the statistical convergence by ordering the in-
terval (0, 1] and defined the statistical convergence of order 5 and strong p—Cesaro
summability of order 3, where 0 < § < 1 and p is a positive real number. Sengiil
and Et ([19],[39]) generalized the concepts such as lacunary statistical convergence
of order 8 and lacunary strong p—Cesaro summability of order 5 for sequences of
real numbers.

Difference sequence spaces was defined by Kizmaz [27] and the concept was
generalized by Et et al. ([I4],[18]) as follows:

A™(X) ={z = (zx) : (A™ap) € X},
where X is any sequence space, m € N, Az = (z;), Az = (v, — 2511), A™z =
(Amay) = (A™ oy, — A™ gy ) and so A™xp = Y0 0 (=1)" (7)) @kepo-
If x € A™ (X) then there exists one and only one sequence y = (yx) € X such
that yr = A™x) and

il k—v—1 ~ k+m-—-—v—-1
=3 (.0 )yy=21<—1> (i PHSH
yl—m:yQ—m:"':yO:O
for sufficiently large k, for instance k > 2m. After then some properties of difference
sequence spaces have been studied in ([I],[2],[16],[18], [25], [26], [32], [36]).
By I'(r), we denote the Gamma function of a real number r and r ¢ {0,—1,—-2, -3, ...}.
By the definition, it can be expressed as an improper integral as:

I‘(r):/ et
0

From the definition, it is observed that:

(i) For any natural number n, I'(n + 1) = n!,

(ii) For any real number n and n ¢ {0,—1,—-2,-3,...},T'(n + 1) = nl'(n),

(iii) For particular cases, we have I'(1) =T'(2) = 1,T'(3) = 2I,I'(4) = 3!, ...

For a proper fraction a, we define a fractional difference operator A® : w — w
defined by

o0
. D(a+1)
A%zp) = (=1)i— " g 2
(z) ;( ) Mo i+ D) (2)
In particular, we have

Adg, = o flz —lx fiz —ix fix 21 —2
e A S T et B T Y- Y T A 1) Y B

A %z, = o +1z + —x + —=x + — 35 + — 63 + 231 —2
k - k 2 k+1 ] k42 16 k+3 128 k+4 256 Tk+45 1024 k+6

Atgr — oL L 5 10 22 154
BT TR T gt T g2 T g T3 T g g ke T g TRt T pey U6

Al — o 2o L —ix 7 14 o
ko= TR T gt T g 1 VRS T oz TRt T oS T gy TR
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Without loss of generality, we assume throughout that the series defined in (2)
is convergent. Moreover, if « is a positive integer, then the infinite sum defined
in (2) reduces to a finite sum i.e., Z?:o(—l)i%%ﬂw In fact, this operator

generalized the difference operator introduced by Et and Colak [14].

Recently, using fractional operator A® (fractional order of o, & € R ) Baliars-
ingh et al. ([3],[4],[35]) defined the sequence space A% (X) such as: A*(X) =
{z = (=) : (A%zxy) € X}, where X is any sequence space.

By a lacunary sequence we mean an increasing integer sequence § = (k) of
non-negative integers such that kg = 0 and h, = (k. — k.—1) — 00 as r — 0co. The
intervals determined by 6 will be denoted by I, = (k.—_1,k,] and the ratio kf“—;
will be abbreviated by ¢,, and ¢ = k; for convenience. In recent years, lacunary
sequences have been studied in ([7],[8],[9],[21],[23], [24], [40]).

An Orlicz function is a function M : [0,00) — [0, 00), which is continuous, non-
decreasing and convex with M(0) = 0, M(z) > 0 for z > 0 and M(x) — oo as
T — 00.

The study of Orlicz sequence spaces was initiated with a certain specific purpose
in Banach space theory. Indeed, Lindberg [29] got interested in Orlicz sequence
spaces in connection with finding Banach spaces with symmetric Schauder bases
having complementary subspaces isomorphic to ¢ or £, (0 < p < 00). Subsequently,
Lindenstrauss and Tzafriri [30] used the idea of Orlicz function to construct the
sequence space

ZM:{J:Gw:ZM<mk|><oo for some p>0}.

k=1 P

The space £;; with the norm

: - |2k ]
|z]| =inf{p>0: M<><1

becomes a Banach space, called an Orlicz sequence space. The space £, is closely
related to the space ¢, which is an Orlicz sequence space with M(z) = |z|P for
1 < p < co. Lindenstrauss and Tzafriri [30] proved that every Orlicz sequence
space £); contains a subspace isomorphic to [, (1 < p < 00). The Orlicz sequence
spaces are the special cases of Orlicz spaces studied in [2§].

It is well known that if M is a convex function and M (0) = 0, then M(Az) <
AM (z) for all A with 0 < A < 1.

Recently, Orlicz sequence spaces were studied by Bhardwaj and Singh [6],Mursaleen
et al. ([I6],[34]), Savas and Rhoades [37], Tripathy et al. [43] and many others.
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2. MAIN RESULTS AND PROOFS

Definition 1. Let 0 = (k) be a lacunary sequence, 8 € (0,1] and « be a proper
fraction. The sequence x = (xy) is said to be A*—lacunary statistically convergent

of order B8 of fractional order of a (or A® (Sg)—convergent to L) to the number L,
if there is a real number L such that

for all e > 0. In this case, we write x — L(A("(Sg).

The set of all A“(Sg)—convergent sequences will be denoted by A“(Sg). If
6 = (2"), then we write A%(S?) instead of Aa(Sg). In the special cases § = (27)
and 8 = 1, we write A%*(S) instead of A“(Sg).

In particular, Aa(Sg )—convergence includes many special cases; for example,
in case of @« = m € N, = 1, A%—lacunary statistical convergence of order 3

reduces to the A" —lacunary statistical convergence which was defined and studied
by Tripathy and Et [44].

Definition 2. Let M be an Orlicz function, 8 = (k,) be a lacunary sequence,
B € (0,1],«« be a proper fraction and p = (pr) be a sequence of strictly positive real
numbers. The sequence x = () is said to be strongly Aa(Ng, (p))—summable to

L with respect to the Orlicz function M (or strongly A“(Ng, M, (p))—summable to
L), if there is a real number L such that

.1 |A%xy, — LI\ 17"

b5 (B
T kel,

for all e > 0 and some p > 0. In this case, we write xj, — L(A‘)‘(Nég7 M, (p))).

The set of all A* (Neﬁ, M, (p))—summable sequences will be denoted by A (Ng, M, (p)).
In the special cases M (x) = x, pr = p for each k € N, we obtain the set AO‘(Nf,p).
If0=(2"), M(z) =x,pr =1 for each k € N and 3 = 1, then we write A (Joy|)
instead of A® (Ng,p) and say that = (z) is strongly A®—Cesaro summable to
L.

The proof the following theorems are straightforward, so we choose to state these
results without proof.

Theorem 3. Let 0 = (k,.) be a lacunary sequence, B € (0, 1], a be a proper fraction
and x = (zr),y = (yr) are sequences of real numbers, then
i) If x, — L(A“(Sg)) and c € C, then cxy — cL(AO‘(Sg)),
ii) If xy, — Li(A%(S})) and yy — La(A(S5)), then (zy +yi) — (L1 + La) (A%(S})).



GENERALIZED DIFFERENCE SEQUENCE SPACES 945

Theorem 4. Let the sequence (pi) be bounded, then the sequence space A% (Ng7 M, (p))
is a linear space over the set of complexr numbers.

Theorem 5. If a A*—bounded sequence (that is © € A% ({,)) is A*—statistically
convergent to L then it is strongly A“— Cesaro summable to L.

Proof. Suppose that z € A% ({s) N A*(S) with z, — L(A*(S). Without loss of
generality we may assume that L = 0. Set K = ||A%z|| . Let € > 0 be given and
choose N, such that 2|{k < n:|A%y| > £}| < 5% for all n > N.. Now, we get

IR 1 o 1 o 1 ne ne
— E |A :Kk|:7 E ‘A !’Ek|+* E |A $k| S*iK—F**:&
[ "1 "1z K K

A%z |>5 |[A%zg <5

for all n > N.. Thus lim 2 37" | [A®z;| = 0 which means that z € A* (|o1|). O

Converse of Theorem 5 does not holds. For this choose o = 1, then the sequence
x=(0,-1,-1,-2,-2,-3—,3,—4,—4,...) belongs to A (|o1]) and does not belong
to A (S).

Theorem 6. A“(Néa,p) is a Banach space normed by

e’} 1/p
1
lellag = 3 lai] + sup (hﬁ > |A%k|p> Jd<p<oo (3)
i=1 "

T kel

and a complete p-normed space for 0 <p <1 by

- 1
]| ag :Z|$i|+sgph7; Z |A%z|P =0 (4)
=1 T kel,
Proof. Proof follows from Theorem 3 [4] and Theorem 2.4 [39]. O

Theorem 7. Aa(Ng,p) is a BK—space normed by (3).
Proof. Omitted. (]

Theorem 8. Let 0 = (k) be a lacunary sequence, B € (0,1], « be a proper fraction
and p be a fized positive real number, then

i) If v — L(A"(Neﬁ,p)), then xj — L(Aa(Sg)) and the inclusion is strict,

it) ([24) If x € A*({) and xp, — L(A%(Sy)), then x, — L(A® (Nyg,p)).
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Proof. The inclusion part of the proof is easy. In order to establish "the inclusion is
strict", let 0 be given, choose &« = m, § = 1,p = 1 and define a sequence x = (x)
by A™z to be 1,2,..., [V/h,] at the first [\/h,]| integers in I, and A™z) = 0
otherwise (5)

It is clear that = is not A™—bounded. Since

Vi
hi|{k€IT:|Amxk70\ 25}\:%%0,&81"%00
" V] (V) + 1)
1 o hr] +1 1
7Z|Am$k_()|: — —,as r — o0.
hy oyl 2h 2
From (1) we have © € A™ (Sy), x ¢ A™ (Ny). O

Theorem 9. Let 0 < a < 1 and § = (k,) be a lacunary sequence. Ifliminf, ¢, > 1,
then A (Sﬁ) C A® (Sg) .

Proof. Suppose that liminf, ¢, > 1; then there exists a 6 > 0 such that ¢, > 1+ 6
for sufficiently large r, which implies that

by = 140 k) —\1+496 kST (1467 Rl

Ifxy— L (Aa (S'B)) , then for every ¢ > 0 and for sufficiently large r, we have
1 o 1 o
ﬁ|{k§kT:|A xk — Ll > e} > EHI{;EL:M xk — L| > e}
o

(1+0)° n?
So:z:GAO‘(Sg>. O

k€I, : A%, — L| > ¢}|;

Theorem 10. Let 0 < o < 1 and 0 = (k,) be a lacunary sequence. If limsup,. g, <
o0, then A® (Sg) C A~ (Sﬁ) .

Proof. Omitted. O

In the following theorems, assume that the sequence p = (pi) is bounded and
0 < h=infypr <pr <sup,pr = H < 0.

Theorem 11. Let 8, € (0,1] be real numbers such that 8 < v, M be an Orlicz
function and 6 = (k,) be a lacunary sequence, then Aa(NGB(M, (p)) C A*(S]).
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Proof. Let © € A“(Neﬂ(M, (p)), € > 0 be given and ), and ), denote the sums
over k € I,.,|A%ry, — L| > ¢ and |A%x; — L| < € respectively. As h? < h for each
r, we have

g — P X A%, —L| P
UG M P o

1 c Pk
> [ ()]
> gy Somin (el ") e =
> hi'Y'{k €l :|A%, — L| > e}

X min ([M(al)]h , [M(al)]H) .

Asxz € A® (N(,ﬁ(M, (p)), the left hand side of the above inequality tends to zero as
r — oo. Therefore, the right hand side of the above inequality tends to zero as
r — 00, hence x € A*(S)). O

Corollary 12. Let 0 < 8 <1, M be an Orlicz function and 0 = (k) be a lacunary
sequence, then Aa(N@ﬁ(M7 (p)) C AD‘(Sg).

Theorem 13. Let M be an Orlicz function, x = (zx) be a A*—bounded sequence
he
and 0 = (k) be a lacunary sequence. If lim,_ 5 =1, then x € AO‘(Sg) =z €

A% (NG (M, (p))-

Proof. Suppose that x = (zx) be a A*—bounded sequence, that is x € A%({o)
and z — L(A“(Sg)). As x € A%(y,), then there is a constant T > 0 such that
|A%zy| <T. Given ¢ > 0, we have

e (5 - sl ()
sz ()]

rze{ [ G [ C)

IN
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IN
=
&
gui)
=
=
=
=
T
——

r
p
Hence = € A"(Ngﬁ(M, (p)). O

Theorem 14. If limpg > 0 and x = (zy) is strongly Aa(Ng)B(M, (p))—summable
to L with respect to the Orlicz function M, then that limit L is unique.

Proof. Letlimp, = s > 0. Suppose that x, — L(Aa(Ng,p)) and xp, — Ll(AO‘(Nf,p)).
Then we have

A% — L
Tango hﬁ Z [ (MH)} =0, for some p; >0

P1

T kel
and o
A%y — L ‘
lim 5 Z { ('xkﬂ>] =0, for some p, > 0.
T he et Pz

We define the p = max(2p;,2p,). As M is nondecreasing and convex, we have

hﬁz[ (L Llﬂ = hﬁz?m

T kel T kel

(s e

hT kel P1
|Aaxk—L1|>r"
T [ <
5 Z
’r‘ kel, p2

— 0, (r— o0),
where sup,, pr, = H and D = max(1,2~1). Hence,

i B (5]

T kel,




As

(1]
2]

[16]
[17]
[18]
[19]

[20]
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limg_, 00 P = S, we have

e (2] o (5529

and so L = Ly. Thus, the limit is unique. O
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