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under random censored data

A. A. Abdushukurov' and F. A. Abdikalikov

! Department of Probability Theory and Mathematical Statistics, National University of Uzbekistan 100174, Tashkent, Uzbekistan.

Received: 26 July 2014, Revised: 4 December 2014, Accepted: 4 December 2014
Published online: 8 January 2015

Abstract: In this paper we study estimator of mean residual life function in fixed design regression model when life times are subjected
to informative random censoring from both sides. We prove an asymptotic normality of estimators.
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1 Introduction

In survival data analysis, response random variable (r.v.) Z, the survival time of a individual (in medical study) or failure
time of a machine (in industrial study) that usually can be influenced by r.v. X, often called prognostic factor (or
covariate). X represent e.g. the dose of a drug for individual or some environmental conditions of a machine
(temperature, pressure,). Moreover, in such practical situations often occurs that not all of survival times Z,...,Z, of n
identical objects are complete observed, that they can be censored by other r.v.-s. In this article we consider a regression
model in which the response r.v.-s are subjected to random censoring from both sides. We first introduce some notations.
Let the support of covariate is the interval [0,1] and we describe our regression results in the situation of fixed design
points 0 < x; < xp < ... <x, <1 at which we consider nonnegative independent responses Zi, ..., Z,. Suppose that these
responses are censored from the left and right by nonnegative v.-s Ly, ..., L, and Y1, ...,Y, and the observed r.v.-s at design
points x; are in fact {éi,xfo),xi(l),xi(z)} with & = max(L;,min(Z;,Y;)), x(o) = I(min(Z;,Y; < L;)),
xfl) =1(L; <Z; <Y;) and x.@) = (L; <Y; < Z;), where I(A) denote the indicator of event A. Hence the observed data is

s — {(éi,xfo),x,-(l), l.(z),Xl-) Ji= 1,...,n}.

Assume that components of vectors (Z;,L;,Y;) are independent for a given covariate X; = x;. In sample S the r.v.-s of
(1)

i

consist of n vectors:

interest Z;s are observable only when y; ' = 1. Denote by F;, Ky and G, the conditional distribution functions (d.f.-s) of
r.v.-s Zy, Ly and Yy respectively, given that X = x and suppose that they are continuous. Let H, and N, are conditional d.f.-s
of & and 1, = min (Z, Y;) for X = x. Then easy to see that Hy(r) = K, ()N, (t) with Ny(r) = 1 — (1 = F.(2)) (1 = Gx(2)), ¢ >
0. In particular, if for all x € [0, 1], P (L, < ¥;) = 1, then we obtain the interval random censoring model. The main problem
in considered fixed design regression model is consist on estimation the conditional d.f. F; of lifetimes and its functional
from the samples S under nuisance d.f.-s Kyand G,. The first product-limit type estimators for F in the case of no

censoring from the left (that is P(L, = —oo) = 1 or K,(¢) = 1) proposed by Beran [6] and has been investigated by many
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authors (see, for example [7,8]). In this article supposing that the random censoring from both sides is informative we use
twice power type estimator of F, from [3,4] for estimation the mean conditional residual life function. Suppose that d.f.-s

K and G, are expressed from F, by following parametric relationships for all # > 0:

{I—Gx(t)Z(l—Fx(f))ex: (1)

K (1) = (N (1),

where6, and fB.are positive unknown nuisance parameters, depending on the co-variate value x. Informative model (1)
include the well-known conditional proportional hazards model (PHM) of Koziol-Green, which follows under absence
of left random censorship (that is B, = 0). Estimation of F; in conditional PHM is considered in [9]. Model (1) one can
considered as an extended two sided conditional PHM. In the case of no covariates, model (1) first is proposed in [1,2]. It

is not difficult to verify that from (1) one can obtain following expression of d.f.F;:

1= Fe) = [1- @], >0, @)

(1

where A, = ﬁ = l—p,((o), Y = ﬁ = % and p,(cm) =P (x,ﬁ”’) = 1) ,m=0,1,2, with p,(co) —&-p)(Cl) +p)((2) = 1. Then
* x —Px

estimator of F, one can constructed by natural plugging method as follows:

1= () = 1= [Ha O]} 1> 0. 3)

-1 n
Here Yo = pyy) (120 ) Ao =120 ) = X 00 (xsha) 2™ m = 0,1,2, and Hop (1) = L 00 () 1 (65 < 1),

1
1

It

n o,
=1

are smoothed estimators of Ay, ¥, p)((m) and H,(¢) used Gausser-Miillers wights { @y;(x; )}
—1

Xi Xn
) _ 1 xX—y 1 xX—y
wm(x,hn)— / hnﬂ< Iy )dy O/hn”< h, )dy )
x,

x0 =0, 7(y) is a known probability density function(kernel), and {,} is a sequence of positive constants tending to 0 as

n — oo, called the bandwidth sequence. Note that in the case of no censoring from the left the estimator (3) is coincides with
estimator in conditional Koziol-Green model in [9]. Note also that a class of power type estimators for conditional d.f.-s
for several models authors have considered in book [5]. Estimator (3) was presented in [3] and its asymptotic properties

has been investigated in [4]. Now we demonstrate some of these results.

2 Asymptotic results for estimator of conditional distribution function

For asymptotic properties of estimator (3) we need some notations. For the design points x1, ..., x, and kernel Twe denote

A, = min (—x1), A, = max (xi—xi1), |73 = [720)dy, m(n) = [yr(O)dy, v = 1,2. Let
1<i<n 1<i<n oo oo

Tp, =sup{t > 0: F,(t) =0} and Tg, = inf{r > 0: F,(¢t) = 1} are lower and upper bounds of support of d.f. F. Then by

1.1): 1g, = 16, = ™, = Tk, = Tn, and Ty, = T, = Ty, = Tx, = T, . In [4] authors have proved the following property of

two sided conditional PHM (1).

Theorem 2.1 [4]. For a given covariate x, the model (1) holds if and only if r.v.E, and the vector (x,ﬁ‘”, )51), §2>) are

independent. This characterization of submodel (1) plays an important role for investigation the properties of estimator
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(3). Lets introduce some conditions:
(Cl)Asn—o0,x, = 1,4, =0(1),4,-4,=0(2).

(C2) & is a probability density function with compact support [-M,M] for some M > 0, with m;(n) = 0 and
|T(y) — w(y')| < Crly—)'|, where Cy is some constant.

(C3)E (1) = £F,(t) and F, (1) = aa—xzzFx (r) exist and are continuous for 0 <x < land 7 <7< T,with T, <T<T < Tf,.
(C4) 6, = %GX and Bx = % By exist and are continuous for 0 < x < 1.

~1
(0)
Lets also denote: r~' = sup |(H,(¢))” —H.(t)|
T<t<T

[H]|= sup |1,
(ws)€[0,1]x[7,T]

1All="sup |A(0)
(wr)€0,1])x[7,T]

9

) _ d ) m)_ A (m)

Px = pr yPx = ﬁpx )
‘pf{")‘ = sup pfcm) ) ﬁfcm)‘ = sup jﬁ)(cm) ,m=0,1.
0<x<1 0<x<1

Note that existence of all these derivatives follows from conditions (C3) and (C4). Now we state some asymptotic results
for estimator (3), which have proved in [4].

Theorem 2.2 [4] (uniform strong consistency with rate). Assume (C1)-(C4), 7, <7< T < Tf,.If h, = 0 nhy o(1),

’ logn
as. logn 172
sup |Fu(t) —Fe(t)| =0 .
T<t<T nhy,

Theorem 2.3 [4] (almost sure asymptotic representation with weighted sums). Under the conditions of theorem 2.2 with

as n — oo, then

r >0, we have for t € (¢, TF, ):

™=

Fxh (t) 7Fx (t) = Wy (X;hn) 'P,x (éiaxi(0)>%i(l);xi(2>) +6]n (t,x) )

1

where

(2 ) = (- R {0
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and as n — oo,
1
sup g, (1,%)| £ 0 <Ogn> :

T<t<T nhy,
Corollary. Under the conditions of theorem 2.3, and as n — oo, for 7 <t < T

() ? (B (1) = Fu(0))2 (1) * Y i (s 1) B (G 2 M 2P)+
i=1

logn
+o| —=—_].
((nhn>‘/2 )

Theorem 2.4 [4] (asymptotic normality). Assume (C1)-(C4). 15, < T < T < Tf,. (A) If nhf, — 0 and (nhn)l/ 2 logn — 0,
then for T <t < T, asn — oo,
d
(nha)'? (Fap() = F(1)) 5N (0,02 (1)) 5

B)Ifh, = Cn~'/5 for some C > 0,thenfort<¢t<T,asn— oo,

(nhy) ' (F (1) = Fe (1) 5 N (ax (1), 62 (1))

where 1 . o .
ax<r>—2<1—Fx<r>>{px -] -
(1)
Px _ lfpi,o)
_ (1_p§0)>210g[1 (Hy (1)) }—i—
p © | L)
s P gy ) (1,0 )] | A
(1-n)
_ (0
oo |1 () | m e,
62(0) = Il (1~ R (),
with

W) = A2(0)H(1) (1 — Hy(1)) + B2(e) p” (1 — pi)+

+C2(0)pd (1 pi) = 2B.(0)Ce(r) p” pt

0 -1
A(t) = p [(me)"“ - m} ,
PV A(t)
Bx(t) [(1 _p)(c()))cx + (1 _pg(o))HX(t)lOng( ) 9
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It is necessary to note that theorems 2.1-2.4 are extended the corresponding theorems in conditional PHM of Koziol-Green
from [9]. In the next section 3 we use these theorems for investigation the properties of the estimator of mean conditional

residual life function.

3 Asymptotic normality of estimator of mean conditional residual life function

The conditional residual lifetime distribution defined as Fy(s/t) = P(Zy —t < s/Z; > t), i.e. the d.f. of residual lifetime,

conditional on survival upon a given time ¢ and at a given value of the covariate x. Then for 0 < s < Tf,,

Fo(t+s)—F(1)

Fo(s/t) = 4
s/ = @
One of main characteristics of d.f. (4) is its mean, i.e. mean conditional residual life function
) = EG—t/20>0) = (1= E@) " [(1=F()ds, 10 )
t

We estimate functional i, (¢) by plugging in estimator (3) instead of F; in (5). But from section 2 we know that estimator
(3) have consistent properties in some interval [7,T|with Tz, < T < T < Tf,. Therefore, we will consider the following

truncated version of (5):

w () =(1=F()"" [ (1=Fs))ds, t<t<T. )

Tt

Now we estimate (6) by statistics

T
wh0) = (1= Fa0)™" [ (1= Fu(s)ds, e<t<T. ™

We have following asymptotic normality result.
Theorem 3.1. Assume (C1)-(C3) in [, T|with 75, < 7, T < TF,.

(A) If nhj — Oand (lhﬁ — 0, as 11— oo, then
nhy

()" (u5(6) = 1T (6)) SN (0,82 (1)) :

B)Ifh, = Cn~ /3 for some C > 0, then as n — oo,

(nha) 2 (1 (1) — 1T (6)) SN (o (1), B2 (1)) -

Here , ,
ax(z)zécs/zmz(n)l%w / ay(s)ds — as(t) I/(I—Fx(s))ds ,
| T /T 2
B = ||n||§(l_FW}/ / (1 Fuls))ds | dn(s).
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and¥,(¢) from theorem 2.4.

Proof of theorem 3.1. By standard manipulations and theorem 2.3 we have that

T
T T I_Fxh(s)_l_Fx(s) N 4 (k)
o)l 0) = [ |T2EA e | v =Mt + L 00
t
where
T
- 1 0 1 0
My, (1) = @y (x; Ay, _7/%x b Ai A A +
=L ontsh) |~ p (82" 2" 2

lI{Sx (gh Xj(())a%[(l)vxl'(2)> z
= [(1=F(s)as|
(1= F(r)) /

(Fan(t) — F(t))

)y _
o) = Ry

T

[ (1= Fa()ds

t

For Q,(llc) and Q,(li) we use theorem 2.3, for Qﬁ,?and Qﬁ,i), theorem 2.2. Then we see that all these remainder terms

uniformly on [z, 7] almost surely have order O ((nh,,)fl log n) Now statements (A) and (B) of theorem follows from

corresponding statements of the theorem 2.4 by standard arguments. Theorem 3.1 proved.
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