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Abstract: In 1965, Borwein presented the concept of strongly summable single valued
functions. Using Borwein’s results, in 2019 Patterson et all. Introduced the notion of
multidimensional linear functions connected with double strongly Cesaro summability theory.
The aim of this study is to extend Patterson et all’s results to strongly summable bivariate
functions with respect to weight of g . To achieve this by considering a real valued non-

negative bivariate measurable function defined on the interval (1,00)x(1,00) the concepts of
double BN;LL —strongly summable and [Slgﬂ]f —double statistical convergence of weight g

will be introduced, where g : [0,%0)x[0,50)—[0,0) such that g(x,,,X,) = as X, — o and
X, —> 0. Also g is factorable. In addition, the relationship between these two concepts will be

examined and some algebraic characterization of real valued lebesgue measurable bivariate
functions will be also presented.

Key words: Statistical convergence functions of two variables, real valued Lebesgue measurable
function, strong summability, weight g

g Agirhikh Kuvvetli Toplanabilir ki Degiskenli Olgiilebilir Fonksiyonlar

Ozet: 1965 yilinda Borwein tek degiskenli kuvvetli toplanabilir fonksiyonlar1 sunmustur.
Borwein’nin sonuglarin1 kullanarak 2019 yilinda Patterson ve digerleri ¢ift kuvvetli Cesaro
toplanabilme teorisi ile baglantili olarak iki boyutlu lineer fonksiyonlari tanimlamistir. Bu
makalenin amaci Patterson ve digerlerinin sonuglarinin g agirligr ile iliskili olarak kuvvetli

toplanabilir iki degiskenli Olciilebilir fonksiyonlara genellestirmektir. Bunu elde etmek igin
(1, oo)x(l,oo) araliginda tanmimhi negatif olmayan reel degerli iki degiskenli ol¢iilebilir
fonksiyonlar goz oOniine alinarak eger X, — o and X, —>oo iken g(x,,X,) —> o olacak
sekilde g : [0,00)x[0,00) > [0,00) agurlikli gift W, ] —kuvvetli toplanabilir ve [s2,] —ift

istatistiksel yakinsaklik kavramlari1 sunulacaktir. Ayrica, g fonksiyonu ¢arpanlarina ayrilabilir.

Buna ek olarak, bu iki kavram arasindaki iliski incelenecek ve reel degerli Lebesgue anlaminda
Olciilebilir iki degiskenli fonksiyonlarin baz1 cebirsel 6zellikleri de verilecektir.

Anahtar kelimeler: iki degiskenli fonksiyonlarin istatistiksel yakinsakligi, reel degerli
Lebesgue 6l¢iilebilir fonksiyonlar, kuvvetli toplanabilme, g agirlik.
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1. Introduction

Both Fast [11] and Steinhaus [31] presented the study of statistical convergence in 1951
in the same journal and volume. Since their presentation the notion of statistical
convergence has spawned an impressive volume of research articles. Three years later
Buck in [3] presentation an example of statistical convergence via convergence of
density. In the current iteration of statistical convergence Fridy in [13] began the
analysis of these definitions by means of sequence spaces and linked it to summability
theory. Following Fridy's work Connor [4], Moricz [18], Mursaleen [23] and countless
other authors continue the analysis along this vain. In a similar manner Zygmund in [32]
examined the relationship between statistical convergence and strongly summability.
Moreover, a lot of mathematicians applied the notion of statistical convergence to
different fields. For instance, probability theory [14], Banach spaces [5], optimization
[25], number theory [9], measure theory [17], approximation theory [8], and
trigonometric series [32].

In 1981, Freedman and Sember [12] presented the concept of asymptote density. By
considering the definition of this notion, Schoenberg [30] extended the concept of
convergence of real sequences to statistical convergence. Following Fridy's [13]
examination Mursaleen in [19] gave a notion of A -—statistically convergence
sequences, and this concept was also studied in [15], [6], [7] and [10].

Additionally, Pringsheim presented the concept of convergence for double sequences
[26]. A double sequence y=(y,,) has Pringsheim limit LeR (denoted by

P—limy =L) if £>0 there exists NeN such that |y, —L|<s, whenever

m,n > N. The double sequence y will shortly describe as "P —convergent".

In recent times, Mursaleen and Edely [21] have defined the following definition for
double sequences y=(y,,). Let R NxN be a multidimensional set of positive

integers and let R(p,s) be the numbers of (m,n) in R such that m<p and n<s.

Then Mursaleen and Belen [22] defined the multidimensional analogue of natural
density as follows.

Definition 1.1. ([22]). Let y=(y,,,) be a double sequence. y =(y,,,) is defined to be
statistically convergent to the number ¢ provided that £ >0, the set
{(m,n): m<pandn<s : ‘ym’n—ng}

has double natural density zero. Whenever this occurs we write st, —limy, =/.

By using Liendler’s definition [16], Mursaleen et al. [20] defined the following
definitions.

Definition 1.2. ([20]). Let 2 =(4,) and u=(x,) are two non-descreasing sequences of
o <A, +L A =1 and g, <po+1 =1,
The collection of such sequence (A, ) will be denoted by A. Let R NxN be a two-
dimensional set of positive integers. Then the (4, ) density of R is defined as

positive real numbers tending to o and A
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5, ,=P—lim L{p—ﬂp+13ms p;s—u,+1<n<s:(mn)e R}‘

p,s—m j“p:us

If the limit exists, where 1, :[p—ip +1, p] and J, =[s—x, +1,s]. During this article

we shall represent (m el,,ne Js) by (m,n)el,,.

Definition 1.3. ([20]) A real double sequence y=(y,,) is said to be (4, 1)
statistically convergent to the number ¢ if for every ¢ >0,

P pllisgwﬁ {mn)el, |V, —4\28}\ =0.

This will be denoted by S, , —limy =/.

Lately, it has been displayed in [1] that one can further extend the notion of asymptotic
density by considering natural density of weight g* when g* : N — [0,oo) is a function

with limg*(r) = and g*'(r) +0as r—oo.
r—oo

Definition 1.4. ([1]) Let Rc NxN. As before if p,se NxN, by R, where we stand
for the cardinality of the set {(m,n)e R:1<m<rand1l< nSS}. Let geG and

define (m,n) in R such that m<p and n<s. In addition, let us define

vas .
CD) which are the lower and upper

5 (R)= P—Iirrg’isnf " and 5_§(R):P—Iinlssup

g(p.s)

double density of weight g of the set R, separately. If P—Ilim " exists in

bs O(PS)
Pringheim’s sense then the double density of weight g of the set R will exist and it will
be symbolized by &, (R).

Later, strongly summable single valued functions introduced and studied by Borwein in
[2]. Following Borwein’s definition, in [24] Nuray introduced A — strongly summable
and A — statistically convergent functions by taking nonnegative real-valued Lebesgue
measurable function on (1,c0) instead of sequences. Later R. F. Patterson et al.

presented the concept of multidimensional linear functions connected with double
strongly Cesaro summability. Using R.F. Patterson et all's results, R. Savas [28]
introduced definition of Au—strongly double summable and Au—double statistical

convergence by taking nonnegative real valued Lebesgue measurable function of two
variables in the interval (1,00)x(L,c), and R. Savas and R. F. Patterson [29] presented

the notion of ideal lacunary strongly summability for multidimensional measurable
functions.

Definition 1.5. ([27]) 4,4 € A, and real valued non-negative function of two variables
f(&,17) measurable on (Lwo)x(Loo) is defined to be Au—double statistically
convergent to 7, if for every £ >0,

: 1
- lim o @met, s tEm-izel-o
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where the vertical bars show the Lebesgue measure of the enclosed set. Under this
condition, we can write f (£,7) - ¢([S,,], ), and

[S. 4. 4], ={f(&n):30,[S,,], —lim f(£,7) =1},
If we take A, =p and p, =s, then [S,2,u] is the same as S, , the set of double
statistically convergent functions.

In this paper using by considering a factorable function g : [0,c0)x[0,50)— [0,e0) such
that P—limg(x,,X,)=o as X, —> o and x, — o, the notions of [W, A, u], —strongly
double summability and A -double statistical convergence, the concepts of B/vf#]f -
strongly double summable and [Sj’ﬂ]f —double statistical convergence of weight g of

real-valued function of bivariate f(&,7) measurable on (1,00)x (1) are presented.
Please note that the class of all such functions will be represented by G, .

2. Material and Method

In this section, we will give new definitions. By using these definitions we examine a
series of basic results, and inclusions of theorem, extensions as well as variations are
proved. Throughout by function f(&,7) we shall mean a non-negative real-valued

Lebesgue bivariate measurable function defined on (1,00)x (1,0).

Definition 2.1. A function f(&,n) is defined to be strongly double summable with
respect to weight g to L if geG,,

1 Fp q
f(&n)—-L dédn=0, 1<q<w
p'S%g(p,S)H' |

and f(&,n)—> L([Wzg](: ) The set of all bivariate functions that are strongly double

summable with respect to weight g will be symbolized simply by [ W, T: .

Definition 2.2. Let A,u€A, and geG,. A function f(&,7) is defined to be Au—
strongly double summable with respect to weight g to L provided that

[* [ 1fEm-LEdgdn=0, 1<q<x,
S— s+

p—Ap,+1

P— Ilim
psoe g(4, )

under this condition, we write f(&,n) > L([\Nﬁl]‘}). The class of all Az —strongly

double summable with respect to weight g will be represented by [Wg,/i,y]qf . For

2,=p and g, =s forall p,seN,we shall write [Wzg]c: instead of [Wg,}t,u]j .

Definition 2.3. A function f(&,7) is defined to be double statistically convergent with
respect to weight g to L aslongasfor ¢ >0,and geG,,

L wen: e<pandp<s | f(&n)-LE el =0,
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where the vertical bars show the Lebesgue measure of the enclosed set. In this case we
shall write f(&,77) > L([82g ]f ) The set of all double statistically convergent functions

with respect to weight g will be symbolized by [S]]; .

Definition 2.4. Let A,ue A, and g eG,. A function f(&,7n) is defined to be Au—
double statistically convergent with respect to weight g to L if for everye >0,

Pl \{(é mely, : [TEn)-LEze}=
p1its
where the vertical bars show the Lebesgue measure of the enclosed set. Under this

condition, we writef(g,n)aL([Sfﬂ]f). The set of all Au—double statistically

convergent functions with respect to weight g will be represented by [S?, 4, 1], .

3. Results

The subsequent theorem grants the algebraic characterization of real valued Lebesgue
measurable function of two variables.

Theorem 3.1. LetgeG,, f(&,n7) and g(&,7) be two real-valued non-negative
Lebesgue bivariate measurable functions on(L,00)x (1, ), at that point

(i) If [S%,], —lim f(£,m)=L and ¢ e R, [SY,], —lim(c,f (£,7)) =cL
(i) If [S7,1; —lim f(&,7) =L, and [S],]; —limg(&,7) = L, , then
[S2. i —lim(f(&,m)+9(Sm)=L+L,

Proof. (i) For ¢, =0, the consequence holds easily. Let ¢, # 0. We shall obtain

g(i /U ‘{(5 U)EI |C1f(§'77)—C1L|ZgH

1
9(4,, 1)

{((S,n)elp, |f(&m)- L|—| |}

(ii) The result will be granted as follows

g(z . \{(é mel,s t|fEn+aEn-(L+L)2 e}

pris

<s———HEmel, [T n)- _f){
<g(/1p,ﬂs){(§ mel,s HEEE

I L|=—
o et laEm L2 2

Theorem 3.2. Let A,ueA and g¢,,0,€G, be such that there exists R>0 and

(r,t)el xO such that ((;’;;<Rforall p>rand s>t.Then [S}]; <[S}:]; .
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Proof. Observe that,
{(&mel,,  |[T(En)-L|=e}
gz(ﬂ’;ﬂ S ‘ | | ‘

gl(ﬂ“ lus)
gz(ﬂ ,Us) gl(/1

\{(5n)el L f(&m) -1z &)

\{(én)el L f(Em)-Lz e}

gl(ﬂ’p’ s
forall p>r and s>t. If f(£,77) €S}, then the right hand side leans towards to 0 for
every € >0,

g(,1 1) ‘{(5’7)6' fEm)-Lze)=0

priTs

and f(&,n) e S}z Therefore, [Sj;l]f c [Sf;Jf )

The following consequence is obtained from Theorem 3.2.

Corollary 3.1. Let A4,ueA and f(&,n7) be a nonnegative real-valued Lebesgue
measurable function of two variables on (1,00)x (1, oo) Particularly if geG, be such

that there exiss R>0, and (r,t)e NxN such that ; )SR forall p>r and s>t
then [S7,]1; <I[S,,.]: .

Theorem 3.3. Let 4, ucA and g €G,. [S;]1<[S],]; if P—I|m|nf 9 ) 5 0,

ps

Proof. For any & >0, we obtain
{g<p n<s:|tEn-Lzelo{Emel,,  [fEn-Lze).
Thus it will follow that for p,se N

é{gg p. n<s :|f(&m)-L|= el

zé\{(é,n)elp,s T Em-Llze

5 94, 1) 1
ps 9(4,, 4

)‘{(5,77)6 P |f(§’77)_|—|28}‘.

If £(&7)—>L(S;),then -

{g<pm<s:|f(&n)-Lze}|>0as p;s—oo,andso

Golene. slien-Uze] o

as p,s — . Hence, f(&,n7) —> L[Sj‘”]f :

In view of Theorem 3.2, the following consequence will be stated without proof.
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Theorem 3.4. Let A,ueA. If 9,,0,€G, be such that there exists R>0 and
(r,t)e NxN such that g,(4,,4)/9,(4,. 4)<R for all p>r and s>t then

[wi: ], <[ws I
We have the following result from Theorem 3.4.

Corollary 3.2. Let A, u €A, and q be a positive real number, then [W % ﬁ c[we ]Of' .

Theorem 3.5. Let 4,z A and q be a positive real number. Let g,,9, € G, be such
that there exist R>0 and (r,t)e NxN such that g,(4,,4)/9,(4,, 1) <R for all

p>r and s>t. Let 0<q<oo. Ifafunction f(&,7) is strongly [Wg,/i,y]c: —strongly

double summable with respect to weight g, to L then it is Au—double statistically
convergent with respect to weight g, to L in other way [W 1] c[Sj};}f.

Proof. Let function f(&,7)) €[W/ 11 and let & >0 be given. We observe that
[ If@m-L'dedn= [ [fE&m)-L dgdy

(&melys (&melyslf(&im)-Lize

+ | [If&m)-L[" dedn

(§melp s If(§m)-L<e

> | | (&m)- L[ dédn

(§melp s If(§m)-Lize

>[&Emel,, t|f(En-L =&

Now, it follows that

ﬁ@j f(&m-Lf

>gl(/1p, Slemet, e -Uzd-
Eﬁﬁﬁi 0, (i) \{@ mel,, | n)-L|ze| &

>$ 0, MM T femel,s [tEm-Lzee

forall p>r and s>t. If f(&,7)— L(W.]?), then the left hand side leans towards to
0 and as a result the right hand side also leans towards to 0 . Thus, f (&,77) — L[Sj’;]f .

Corollary 3.3. If geG, be such that there exist R>0 and (r,t)e NxN such that
sy SRforall p>r, s>t ,and 0<qg<oo, then W] =[S, ], -
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Theorem 3.6. Let 2=(1,), r=(r,),and u=(x,), v=(v,) be four sequences in A
suchthat 4, <z ,and g <v, forall p,seN,and g,,9,€G,. If

Ay
p— tim inf 91t #)

P.S=0 gZ(Tp’ s)

>0 (1)

then [S%], <[S%];.

Proof. Suppose that A, <z, and u <v, forall p,seN and let (1) be satisfied. Then
I, and so that ¢ >0 we shall write

(Emel:, 1 fEn-Lrao{Enel,, | f(En)-LEe
and so
0, (v p,v)‘{@”)e'ps £ (&) - L e}
v femel, 1En-Le s

- gZ(Tp’ s) gl(ﬂ’p’ S

forall p,seN, where I =[p-7, +1, p]x[s—v +1, s] Now, taking the Pringsheim
limitas p,s — <o in the last inequality and considering (1), we obtain [S]; <[S2:];.

From Theorem 3.6 we are granted the following consequence.

Corollary 3.4. Let 2=(1,), t=(r,), #=(u), and v=(v,) be four sequences in A
suchthat 4, <z, and u <v, forall p,se N.If (1) holds, at that point

() [Sgl]f C[Sgl]ff
(i) [S,]; C[S ]f'
(iii) [S,1; =[S,.];-

Theorem 3.7. Let 1=(4,), r=(z,), #=(x), and v=(v,) be four sequences in A
such that A, <z, and g <v, for every p,seN, and g,,9,€G,. If (1) holds, then

W17 =W 1T
Proof. The proof is clear, therefore omitted.

Theorem 3.8. Let 1=(4,), 7=(r,), and z=(x,), v=(v,) be four sequences in A
such that A <7, , and g, <v, for all p,seN, g,,9,€G,, and (1) holds. If a real-

valued bivariate measurable function f(&,7) is [Wg} —strongly double summable
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with respect to weight g, toL, then it is Au—double statistically convergent with
respect to weight g, to L.

Proof. Let a function f (£,7) is defined to be [W%1]? —strongly double summable with
respect to weight g, to L and & > 0. Then we are granted the following

[ 1fEm -1 dedn= | |f(£.m)-L[ dédn

(&Emelys (&m)ely sl f(&m)-Lize

| [IfEm-L dedy

(&im)elpslf(&m)-Li<e

> | (&) - L[ dédy

(§melp s If(§m)-Lize

>{(Emely  [fEm-Lze-.
and so that

Lt

gZ(Tp1Vs)
2 gl(/lp’ltls) 1

gZ(Tp!Vs) gl(ﬂ’pllus)

— q
-[(é,n)el’;s| f(&.7)—L[" dddy

HEmel, 1T n)-Lze} &

Since (1) holds, it follows that if f(&,7) is W21} —strongly double summable with

respect to weight g, to L, then it is Ax—double statistically convergent with respect
to weight g, to L.

4. Conclusion and Comment

Our results provide new suitable tools to deal with many situations of uncertainty for
bivariate measurable functions. Additionally, Definition 2.4 gives a new idea to study
double statistically convergent functions with respect to weight g. These results can be
utilized to study other summability methods.
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