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Abstract: In 1965, Borwein presented the concept of strongly summable single valued 

functions. Using Borwein’s results, in 2019 Patterson et all. Introduced the notion of 

multidimensional linear functions connected with double strongly Cesaro summability theory. 

The aim of this study is to extend Patterson et all’s results to strongly summable bivariate 

functions with respect to weight of g . To achieve this by considering a real valued non-

negative bivariate measurable function defined on the interval     ,1,1  the concepts of 

double   
f

gW strongly summable and   
f

g
S double statistical convergence of weight g  

will be introduced, where       ,0,0,0:g
 
such that ),( nm xxg  as mx   and 

nx  . Also g is factorable. In addition, the relationship between these two concepts will be 

examined and some algebraic characterization of real valued lebesgue measurable bivariate 

functions will be also presented. 

 

Key words: Statistical convergence functions of two variables, real valued Lebesgue measurable 

function, strong summability, weight g  

 

g Ağırlıklı Kuvvetli Toplanabilir İki Değişkenli Ölçülebilir Fonksiyonlar  

 
Özet: 1965 yılında Borwein tek değişkenli kuvvetli toplanabilir fonksiyonları sunmuştur. 

Borwein’nin sonuçlarını kullanarak 2019 yılında Patterson ve diğerleri çift kuvvetli Cesaro 

toplanabilme teorisi ile bağlantılı olarak iki boyutlu lineer fonksiyonları tanımlamıştır. Bu 

makalenin amacı Patterson ve diğerlerinin sonuçlarının g  ağırlığı ile ilişkili olarak kuvvetli 

toplanabilir iki değişkenli ölçülebilir fonksiyonlara genelleştirmektir. Bunu elde etmek için 

    ,1,1  aralığında tanımlı negatif olmayan reel değerli iki değişkenli ölçülebilir 

fonksiyonlar göz önüne alınarak eğer mx   and nx   iken ),( nm xxg  olacak 

şekilde       ,0,0,0:g  ağırlıklı çift   
f

gW kuvvetli toplanabilir ve   
f

g
S çift 

istatistiksel yakınsaklık kavramları sunulacaktır. Ayrıca, g fonksiyonu çarpanlarına ayrılabilir. 

Buna ek olarak, bu iki kavram arasındaki ilişki incelenecek ve reel değerli Lebesgue anlamında 

ölçülebilir iki değişkenli fonksiyonların bazı cebirsel özellikleri de verilecektir.  

 

Anahtar kelimeler: İki değişkenli fonksiyonların istatistiksel yakınsaklığı, reel değerli 

Lebesgue ölçülebilir fonksiyonlar, kuvvetli toplanabilme, g  ağırlık. 
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1. Introduction 

 

Both Fast [11] and Steinhaus [31] presented the study of statistical convergence in 1951 

in the same journal and volume. Since their presentation the notion of statistical 

convergence has spawned an impressive volume of research articles. Three years later 

Buck in [3] presentation an example of statistical convergence via convergence of 

density. In the current iteration of statistical convergence Fridy in [13] began the 

analysis of these definitions by means of sequence spaces and linked it to summability 

theory. Following Fridy's work Connor [4], Moricz [18], Mursaleen [23] and countless 

other authors continue the analysis along this vain. In a similar manner Zygmund in [32] 

examined the relationship between statistical convergence and strongly summability. 

Moreover, a lot of mathematicians applied the notion of statistical convergence to 

different fields. For instance, probability theory [14], Banach spaces [5], optimization 

[25], number theory [9], measure theory [17], approximation theory [8], and 

trigonometric series [32]. 

 

In 1981, Freedman and Sember [12] presented the concept of asymptote density. By 

considering the definition of this notion, Schoenberg [30] extended the concept of 

convergence of real sequences to statistical convergence. Following Fridy's [13] 

examination Mursaleen in [19] gave a notion of  statistically convergence 

sequences, and this concept was also studied in [15], [6], [7] and [10]. 

 

Additionally, Pringsheim presented the concept of convergence for double sequences 

[26]. A double sequence ,( )m ny y  has Pringsheim limit RL  (denoted by 

,
,
lim )m n

m n
P y L


   if 0  there exists NN   such that , ,m ny L    whenever 

, .m n N  The double sequence y  will shortly describe as "." convergentP    

 

In recent times, Mursaleen and Edely [21] have defined the following definition for 

double sequences ,( )m ny y . Let N NR    be a multidimensional set of positive 

integers and let  ,R p s  be the numbers of  ,m n  in R  such that m p  and n s . 

Then Mursaleen and Belen [22] defined the multidimensional analogue of natural 

density as follows. 

 

Definition 1.1. ([22]). Let ,( )m ny y  be a double sequence. ,( )m ny y  is defined to be 

statistically convergent to the number provided that 0 , the set 

 ,( , ) :  and : m nm n m p n s y      

has double natural density zero. Whenever this occurs we write 2 ,
,

lim m n
m n

st y  . 

 

By using Liendler’s definition [16], Mursaleen et al. [20] defined the following 

definitions. 
 

Definition 1.2. ([20]). Let ( )p   and ( )s   are two non-descreasing sequences of 

positive real numbers tending to   and 1 1,p p     1 1   and 1 11, 1s s      . 

The collection of such sequence ),(   will be denoted by  . Let N NR    be a two-

dimensional set of positive integers. Then the  ,  density of R  is defined as  
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  ,
,

1
lim 1 ; 1 : , .p s

p s
p s

P p m p s n s m n R   
 

            

If the limit exists, where 1,p pI p p      and  1,s sJ s s   . During this article 

we shall represent  ,p sm I n J   by   ,, p sm n I .  

 

Definition 1.3. ([20]) A real double sequence  ,m ny y  is said to be  ,

statistically convergent to the number  if for every 0 ,  

 , ,
,

1
lim ( , ) : 0.p s m n

p s
p s

P m n I y 
 

      

This will be denoted by
, limS y    . 

 

Lately, it has been displayed in [1] that one can further extend the notion of asymptotic 

density by considering natural density of weight g  when   ,0N:g  is a function 

with lim ( )
r

g r


   and 

( )
0r

g r   as r  . 

 

Definition 1.4. ([1]) Let N NR   . As before if , N Np s  , by ,p sR  where we stand 

for the cardinality of the set  ( , ) : 1  and 1m n R m r n s     . Let Gg  and 

define  ,m n  in R  such that m p  and n s . In addition, let us define 

  ,

2 ( , )
,

liminf p sRg

g p s
p s

R P    and ,

2 ( , )
,

( ) limsup p sRg

g p s
p s

R P    which are the lower and upper 

double density of weight g  of the set R , separately. If ,

( , )
,

lim p sR

g p s
p s

P   exists in 

Pringheim's sense then the double density of weight g  of the set R will exist and it will 

be symbolized by 2 ( )g R . 

 

Later, strongly summable single valued functions introduced and studied by Borwein in 

[2]. Following Borwein’s definition, in [24] Nuray introduced  strongly summable 

and  statistically convergent functions by taking nonnegative real-valued Lebesgue 

measurable function on  ,1  instead of sequences. Later R. F. Patterson et al. 

presented the concept of multidimensional linear functions connected with double 

strongly Cesáro summability. Using R.F. Patterson et all's results, R. Savas [28] 

introduced definition of  strongly double summable and  double statistical 

convergence by taking nonnegative real valued Lebesgue measurable function of two 

variables in the interval     ,1,1 , and R. Savas and R. F. Patterson [29] presented 

the notion of ideal lacunary strongly summability for multidimensional measurable 

functions.  

 

Definition 1.5. ([27]) , , and real valued non-negative function of two variables 

),( f  measurable on     ,1,1  is defined to be  double statistically 

convergent to , if for every 0 , 

 ,
,

1
lim ( , ) : ( , ) 0,p s

p s
p s

P I f    
 

      
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where the vertical bars show the Lebesgue measure of the enclosed set. Under this 

condition, we can write  ( , ) [ ] ff S   , and  

   , , : ( , )) : , [ ] lim ( , ) .ff
S f S f          

If we take p p   and s s  , then  
f

S ,,  is the same as fS , the set of double 

statistically convergent functions. 

 

In this paper using by considering a factorable function       ,0,0,0:g
 
such 

that  lim ,m nP g x x    as mx   and nx  , the notions of   
f

W ,, strongly 

double summability and  -double statistical convergence, the concepts of  
f

gW -

strongly double summable and   
f

gS double statistical convergence of weight g of 

real-valued function of bivariate ),( f  measurable on     ,1,1  are presented. 

Please note that the class of all such functions will be represented by 2G . 

 

2. Material and Method 

 

In this section, we will give new definitions. By using these definitions we examine a 

series of basic results, and inclusions of theorem, extensions as well as variations are 

proved. Throughout by function ),( f  we shall mean a non-negative real-valued 

Lebesgue bivariate measurable function defined on     ,1,1 . 

 

Definition 2.1. A function ),( f  is defined to be strongly double summable with 

respect to weight g  to L  if 2Gg ,  

,
1 1

1
lim ( , ) 0,    1

( , )

p s
q

p s
P f L d d q

g p s
   


        

and  2( , )
q

g

f
f L W      . The set of all bivariate functions that are strongly double 

summable with respect to weight g  will be symbolized simply by 2

q
g

f
W   . 

 

Definition 2.2.  Let ,,   and 2Gg . A function ),( f  is defined to be 

strongly double summable with respect to weight g  to L  provided that 

1 1,
,

1
lim | ( , ) | 0, 1 ,

( ) p s

p s
q

p sp s
p s

P f L d d q
g  

   
     

        

under this condition, we write  ( , ) [ ] .g q

ff L W    The class of all  strongly 

double summable with respect to weight g  will be represented by , ,
q

g

f
W     . For 

p p   and s s   for all N,  p s , we shall write 2

q
g

f
W    instead of , ,

q
g

f
W     . 

 

Definition 2.3. A function ),( f  is defined to be double statistically convergent with 

respect to weight g  to L  as long as for 0 , and 2Gg ,  

,

1
lim {( , ) :  and :| ( , ) | } 0,

( , )p s
P p s f L

g p s
      


       
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where the vertical bars show the Lebesgue measure of the enclosed set. In this case we 

shall write   
f

gSLf 2),(  . The set of all double statistically convergent functions 

with respect to weight g  will be symbolized by f

gS ][ 2 . 

 

Definition 2.4. Let ,,   and 2Gg . A function ),( f  is defined to be 

double statistically convergent with respect to weight g  to L  if for every 0 ,  

,
,

1
lim {( , ) :  | ( , ) | } 0,

( , )
p s

p s
p s

P I f L
g

    
 

      

where the vertical bars show the Lebesgue measure of the enclosed set. Under this 

condition, we write   
f

gSLf  ),( . The set of all  double statistically 

convergent functions with respect to weight g  will be represented by f

gS ],,[  . 

 

3. Results 

 

The subsequent theorem grants the algebraic characterization of real valued Lebesgue 

measurable function of two variables. 

 

Theorem 3.1. Let 2Gg , ),( f  and ),( g  be two real-valued non-negative 

Lebesgue bivariate measurable functions on     ,1,1 , at that point 

 

(i) If LfS f

g  ),(lim][   and R1c ,  LcfcS f

g

11 )),(lim(][     

(ii) If 1),(lim][ LfS f

g    and 2),(lim][ LgS f

g   , then  

21)),(),(lim(][ LLgfS f

g    
 

Proof. (i) For 01 c , the consequence holds easily. Let .01 c  We shall obtain 

, 1 1

,

1

1
{( , ) : ( , ) }

( , )

1
( , ) : ( , ) .

( , )

p s

p s

p s

p s

I c f c L
g

I f L
g c

    
 


   

 

  

  
    

    

 

 (ii) The result will be granted as follows 

, 1 2

, 1

, 2

1
{( , ) : ( , ) ( , ) ( ) }

( , )

1
{( , ) : ( , ) }

( , ) 2

1
{( , ) : ( , ) } .

( , ) 2

p s

p s

p s

p s

p s

p s

I f g L L
g

I f L
g

I g L
g

      
 


   

 


   

 

    

   

   
 

 

Theorem 3.2. Let ,  and 221, Ggg  be such that there exists 0R   and 

 ,r t    such that 
 
 

1

2

,

,

p s

p s

g

g
R

 

 
  for all p r  and s t . Then f

g

f

g
SS ][][ 21

   . 
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Proof. Observe that,  

,

2

1

,

2 1

,

1

1
{( , ) : ( , ) }

( , )

( , ) 1
{( , ) : ( , ) }

( , ) ( , )

1
{( , ) : ( , ) }

( , )

p s

p s

p s

p s

p s p s

p s

p s

I f L
g

g
I f L

g g

M I f L
g

    
 

 
    

   

    
 

  

    

    

 

for all p r  and .s t  If 1),(
g

Sf    then the right hand side leans towards to 0  for 

every 0 ,  

,

2

1
{( , ) : ( , ) } 0

( , )
p s

p s

I f L
g

    
 

     

 

and .),( 2g
Sf    Therefore,    

f

g

f

g
SS 21

  . 

 

The following consequence is obtained from Theorem 3.2. 

 

Corollary 3.1. Let ,  and ),( f  be a nonnegative real-valued Lebesgue 

measurable function of two variables on     ,1,1 . Particularly if 2Gg  be such 

that there exiss 0R  , and  , N Nr t    such that ( , )p s

ps

g
R

 
  for all p r  and s t  

then ff

g SS ][][   . 

 

Theorem 3.3. Let ,  and 2Gg . f

g

f SS ][][   if 
( , )

,
liminf 0.p sg

ps
p s

P
 


    

 

Proof. For any 0 , we obtain 

   ,,  : ( , ) ( , ) : ( , ) .p sp s f L I f L                  

Thus it will follow that for , Np s  

 

 

 

,

,

1
,  : ( , )

1
( , ) : ( , )

( , ) 1
( , ) : ( , ) .

( , )

p s

p s

p s

p s

p s f L
ps

I f L
ps

g
I f L

ps g

    

    

 
    

 

   

   

    
 

 

If )(),( fSLf  , then  1 , : ( , ) 0
ps

p s f L          as ,p s  , and so  

 ,

1
( , ) : ( , ) 0

( , )
p s

p s

I f L
g

    
 

     

as ,p s  . Hence,  
f

gSLf  ),( . 

 

In view of Theorem 3.2, the following consequence will be stated without proof. 
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Theorem 3.4. Let , . If 221, Ggg  be such that there exists 0R   and 

 , N Nr t    such that 
1 2( , ) / ( , )p s p sg g R      for all p r  and s t  then 

1 2
q q

g g

f f
W W 
       . 

 

We have the following result from Theorem 3.4. 

 

Corollary 3.2. Let , , and q  be a positive real number, then 1 2 .
q q

g g

f f
W W 
         

 

Theorem 3.5. Let ,  and q  be a positive real number. Let 221, Ggg  be such 

that there exist 0R   and  , N Nr t    such that 
1 2( , ) / ( , )p s p sg g R      for all 

p r  and s t . Let 0 .q    If a function ),( f  is strongly , ,
q

g

f
W      strongly 

double summable with respect to weight 1g  to L  then it is  double statistically 

convergent with respect to weight 2g  to L  in other way 1 2[ ] .
g gq

f f
W S 
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Proof. Let function ( , )) [ ]g q
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for all p r  and .s t  If ),]([),( p

f

gWLf    then the left hand side leans towards to 

0   and as a result the right hand side also leans towards to 0  . Thus,  
f

g
SLf 2),(   . 

 

Corollary 3.3. If 2Gg  be such that there exist 0R   and  , N Nr t    such that 

( , )p s

ps

g
R

 
  for all p r , s t , and 0 ,q    then [ ]g q

f f
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Theorem 3.6. Let ( )p  , ( )p  , and  s  ,  sv   be four sequences in   

such that 
p p  , and s sv   for all , Np s , and 221, Ggg . If  
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Proof. Suppose that
p p  , and s s   for all , Np s  and let (1) be satisfied. Then 

, ,p s p sI I  , and so that 0  we shall write 
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for all , Np s , where  , [ 1, ] 1,p s p sI p p s s        . Now, taking the Pringsheim 

limit as ,p s   in the last inequality and considering (1), we obtain 2 1[ ] [ ] .
g g

v f fS S   

 

From Theorem 3.6 we are granted the following consequence. 

 

Corollary 3.4. Let ( )p  , ( )p  ,  s  , and  sv v  be four sequences in   

such that p p   and s sv   for all , Np s . If (1) holds, at that point 
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Theorem 3.7. Let ( )p  , ( )p  ,  s  , and  sv v  be four sequences in   

such that p p   and s sv   for every , Np s , and 221, Ggg . If (1) holds, then 
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f
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g

v WW     

 

Proof. The proof is clear, therefore omitted. 

 

Theorem 3.8. Let ( )p  , ( )p  , and  s  ,  sv v  be four sequences in   

such that p p  , and s sv   for all , Np s , 221, Ggg , and (1) holds. If a real-

valued bivariate measurable function ),( f  is 
q

g

f
W
    strongly double summable 
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with respect to weight 2g  to L , then it is  double statistically convergent with 

respect to weight 1g  to L . 

 

Proof. Let a function ),( f  is defined to be 2[ ]
g q

v fW  strongly double summable with 

respect to weight 2g  to L  and 0 . Then we are granted the following 
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and so that  
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Since (1) holds, it follows that if ),( f  is 2[ ]
g q

v fW  strongly double summable with 

respect to weight 2g  to L , then it is  double statistically convergent with respect 

to weight 1g  to L . 

 

4. Conclusion and Comment 

 

Our results provide new suitable tools to deal with many situations of uncertainty for 

bivariate measurable functions. Additionally, Definition 2.4 gives a new idea to study 

double statistically convergent functions with respect to weight g. These results can be 

utilized to study other summability methods. 
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