JOURNAL or SCIENCE

SAKARYA UNIVERSITY

Sakarya University Journal of Science

ISSN 1301-4048 | e-ISSN 2147-835X | Period Bimonthly | Founded: 1997 | Publisher Sakarya University |
http://www .saujs.sakarya.edu.tr/en/

Title: On a Generalized Difference Sequence Spaces of Fractional Order associated with
Multiplier Sequence Defined by A Modulus Function

Authors: Taja YAYING
Recieved: 2020-05-29 12:39:03

Accepted: 2020-08-23 20:54:27

Article Type: Research Article
Volume: 24

Issue: 5

Month: October

Year: 2020

Pages: 1105-1114

How to cite

Taja YAYING; (2020), On a Generalized Difference Sequence Spaces of Fractional
Order associated with Multiplier Sequence Defined by A Modulus Function. Sakarya
University Journal of Science, 24(5), 1105-1114, DOI:
https://doi.org/10.16984/saufenbilder.744881

Access link

http://www.saujs.sakarya.edu.tr/en/pub/issue/56422/744881

New submission to SAUJS
http://dergipark.org.tr/en/journal/1115/submission/step/manuscript/new



JOURNAL or SCIENCE

Sakarya University
Journal of Science

e SAKARYA
S ow Sakarya University Journal of Science 24(5), 1105-1114, 2020 UNIVERSITY

OCTOBER 2020

VOLUME: 24
sssss 5

On a Generalized Difference Sequence Spaces of Fractional Order
associated with Multiplier Sequence Defined by a Modulus Function

Taja YAYING'!
Abstract

Let I'(m) denotes the gamma function of a real number m & {0,—1,—2,...}. Then the
difference matrix A% of a fractional order « is defined as
;. T(a+1)
(D) = Bi(— 1) sramiig Vi

Using the difference operator A%, we introduce paranormed difference sequence spaces
No (A%, f, A, p) and Sg (A%, f, A, p) of fractional orders involving lacunary sequence, 8; modulus
function, f and multiplier sequence, A = (1;). We investigate topological structures of these
spaces and examine various inclusion relations.

Keywords: Difference operator A%, Paranormed sequence space, Lacunary sequence, Modulus
function, Multiplier sequence.

1. INTRODUCTION A" (V) ={v = (v):A™v € V} forV

€ {fx,CCol,
Let w denotes the space of all real valued
sequences. Also f.,c and ¢, will denote the
spaces of bounded, convergent and null

sequences, respectively. The spaces €, ¢ and ¢, m m
are Banach spaces normed by ||v||, = supy|vkl. (A™v), = Z (-1 (i )vk+i.
o

2

where(A™v), = (A™ '), — (A" 0) 41)),
(on)k = Vg and

The notion of difference sequence spaces was first
introduced by Kizmaz [1]. Later on, the notion
was generalized by Et and Colak [2] as given
below:

defined by

m
. V|| = vi| + sup|(A™v)|.
Let m be a non negative integer, then ol Z;l il kpl( il
i=

These spaces are Banach spaces with the norm

Furthermore, generalized difference sequence
spaces were studied by Et and Esi [3], Et and
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Basarir [4], Malkowsky and Parashar [5], Et and
Tripathy [38], Colak [6], and many others.

The notion of statistical convergence was
independently introduced by Fast [31] and
Schoenberg [32]. The concept lies on the
asymptotic density of the subset E of natural
numbers N. A subset E of N is said to have
asymptotic ~ density  6(E), if O6(F)=
limn_,oo%Zﬁzl xg(k) exists, where yy is the
characteristic function of E.

A sequence v = (v;) is said to be statistically
convergent to L if for every € > 0,

1
Ilimzl{k EN:|v, —L| = ¢€}| =0,

where |E| denotes the cardinality of the set E. In
this case, we write S — limv, = L or v, = L(S).

Let 8 = (k, ) be the sequence of positive integers
such that k, =0,0< k, < k,,, and h, =k, —
k,._1—= 0 as r - oo. Then 6 is called lacunary
sequence. The intervals determined by 8 will be
denoted by I, = (k,_4, k,] and the ratio kk’"

r—1

be denoted by g,.. Freedman et. Al [44] introduced
the sequence space Ny given by

will

Ng ={v = (vy) Ew:h;lz |v, — L]

kel

— 0,forsomel;;

and showed that the space Ny is a BK space with
the norm defined by

lvlly = sup | Az > vl ).
T

keI,

The study on sequence spaces was extended by
using the notion of associated multiplier
sequences. Goes and Goes [40] defined the
differentiated sequence space dE and the
integrated sequence space [ E for a given
sequence space E, using the multiplier sequences
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(k™1) and (k) respectively. Different authors
took different types of multiplier sequences for
their study. In this article we shall consider a
general multiplier sequence A = (1) of non-zero
scalars.

Let A = (1;) be a sequence of non-zero scalars.
Then the multiplier sequence space E(A),
associated with the multiplier sequence A, of the
sequence space E is defined as

E(A) = {v = ('Uk) E w: (/lkvk) € E}

The notion of a modulus function was introduced
by Nakano [34]. A modulus is a function
f:[0,00) = [0, 00) such that

I. f(v) =0ifandonlyifv = 0;
2. flotuw) = f)+f(w);

3. f isincreasing;

4. f is continuous from right at 0.

Ruckle [36] and Maddox [35] used modulus
function f to construct various sequence spaces.
The following inequality (see [37]) will be used
throughout in this article:

lay + by |Px < C(|ag|P* + |by|Pk);

where ay, by €C, 0<p, <supp,=H, C=
max(1,2f71).

Proposition 1.1 [43] Let f be a modulus function
and let 0 < 6 < 1. Then for each v > § we have
f(v) < 2f(1)87 1v.

2. FRACTIONAL DIFFERENCE
OPERATOR AND GENERALIZED
DIFFERENCE SEQUENCE SPACE OF
FRACTIONAL ORDERS

Let I'(m) be the Gamma function of a real number
m and m & {0,—1,—2, ... }. Gamma function can
be expressed as an improper integral

[o e}

I'(m) =] e tt™ ldx.
0

Recently, Baliarsingh and Dutta [10, 11] have
introduced the generalized difference operator A%,
for a positive fraction a as follows:

1106
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en N,y T+
@ v)"_;( D @ =it e

In particular, we have

1
= 1 1
L. (Azv)) = vy T Vk+1 T gVk+2 T

o Vk+3 ~ Tpg Vk+4
-1 1 3
2. (B20) =V + 5 Vs + Vka2 T
5 35
2 Vs F e Vga + o
7o Vk+3 T 5 Vkta
2

2 2 1
3. (Asv)p = vy T3 Vk+1 T gVk+2 T
aapy Ly

a1 Vk+3 T 343 Vk+4

Baliarsingh [12] defined the spaces V(I', A% u)
for V € {£, ¢, ¢y} using the fractional difference
operator A% and studied their topological
properties and obtained their «, 8, and y duals.

The studies on generalized difference sequence
spaces of fractional orders were extended by
Baliarsingh and Dutta [10, 11], Dutta and
Baliarsingh [18], Kadak and Baliarsingh [19],
Baliarsingh and Kadak [13], Meng and Mei [14],
Yaying and Hazarika [16], Yaying et. al [15],
Nayak et. al [26], Kadak [21, 22], Furkan [28],
Ozger [29, 30] etc. They studied different
sequence spaces of fractional orders. Kadak in
[23] determined a new classes of fractional
difference sequence spaces A% (V) as follows:

Ay(V) ={v = (v) Ew: (Ayv), €V},
where (%0 = £20 (—1) it
and u = (uy) is a sequence of positive real
numbers. Using the fractional difference operator
A%, he defined strongly Cesaro summable and
statistical difference sequence spaces of fractional
orders involving lacunary sequence, 6 and

arbitrary sequence p = (px) of positive real
numbers.

Uk +iVk+i

Theorem 2.1. [12]

1. For a proper fraction a, A*:w - w is a
linear operator.
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2. For proper fractions a,f >0,
A*((AFv)) = (A% Fv)y and
A*((A™V)k) = Vi

The main objective of this article is to introduce
generalized paranormed difference sequence
spaces Ny(A%, f,A,p) and Sg(A% f,A,p) of
fractional orders involving lacunary sequence, 0;
modulus function, f and multiplier sequence, A
and to investigate topological structures of these
spaces and examine various inclusion relations.

3. MAIN RESULTS

Throughout the paper, p = (py) is a sequence of
positive scalars. By using the fractional difference
operator A%, we introduce some new generalized
difference sequence spaces Ng (A%, f,Ap),
Ny(A%, f,A,p) and Np°(A% f,A,p) involving
lacunary sequence, 8; modulus function, f and
multiplier sequence, A as follows:

No(A%,f,A,p) = {v = (v)) €
Wirli_)f{)lohr_l ket [ A4 (A"V) — LP* =
0, for some L};

NS f,0p) = {v = () €
w: im b ey, £ (1A (A", )P = 0f;

NE @S f,0p) = {v = (v €
Wirli_)r{)lohr_l ket [ A4 (A"v) )Pr <

oo} ;
Note that:

1. When f(v) =v,a=0,1;, =1, forall k
and p, =1 for all k, then the above
sequence spaces reduces to ordinary
lacunary convergent sequence spaces as
studied by Freedman et. Al [44].

2. When a =meN, 4, =1, for all k and
pr = 1 for all k, then the above sequence
spaces reduces to V(A™,f) where V €
{NJ, Ng,N§°} as studied by Colak [6].

3. When a =m €N, and 4;, = 1, for all k,
then the above sequence spaces reduces to
the sequence spaces studied by Tripathy
and Et [38].

1107
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4. When A, = 1forall k € N, then the above
class of sequence spaces reduce to

Ng (f,p), No(f,p), Ng°(f,p) as studied
by Yaying [27].

Theorem 3.1. The sequence  spaces
Ng(Aa,f, A'p)' Ng(Aa,f,/l,p) and
Ng° (4%, f, A, p) are linear spaces.

Proof. We shall prove for N§ (A%, f, A, p). Others
can be proved in a similar fashion. Let v,u €
Ng (4%, f, A, p) and &’ and 5’ be two scalars. Then
there exist My, > 0 and Kp, > 0 such that |a'| <
M, and |B’| < Kp,. Since f is subadditive and A%
is linear, we have

hit Yker, fUAA%(a'v + B'u))i )Px

< bt Yker, U |4 (A% v)]) +
fUB A (M%) [)]P*

< C(M ) hit Eger, fUA(A%)DP* +
C(Kg)" hi Seer, £ AR (A" )Px = 0

asr - oo, This proves the linearity of
Ng (A%, f, A, p).

Theorem 3.2. NJ(4% f,A,p) is a paranormed
sequence space paranormed by

1/M

9) =sup| A7) FUAAD)D)™

ke,
where M = max(1, sup,py)-

Proof. Clearly g(8) = 0 and g(v) = g(—v) for
all v € NJ(A%, f, A, p). Using the linearity of A%,
definition of f and Minkowski’s inequality, it is
not difficult to show that g(v+u) < g(v) +
g(u), for any two sequences v,u€

Ng (A% f, A, p).

It remains to show the continuity of the scalar
multiplication. Let § be any scalar. By definition
of modulus f, we have

Sakarya University Journal of Science 24(5), 1105-1114, 2020

1/M

9(Bv) = sup| K7 ) FUALA"BV) )P

kel

< N;/Mg(v),

where Np is a positive number such that |3| < Ng
and H = sup py.

Now, since f is modulus, we have x — 0 implies
g(Bv) = 0. Similarly, v —- 0 and f — 0 implies
g(Bv) — 0. Finally, keeping v fixed and letting
B — 0 implies g(Bv) = 0. This completes the
proof.

Theorem 3.3. Let f be a modulus function, then
Ng (8% f,A,p) © No(A% f,A,p) < Ng° (A% £, A, p).

Proof. The first inclusion is obvious. We provide
the proof of the second inclusion.

Let v € Ng(A%, f, A, p). By definition of f, we
have,

B F A0 DPs

kel,

=t ) FOA %) — L+ LD

keI,

< chot Z (1A (A%D); — LIP

keI,

+ChEL Y FALDP,

kel

Now, there exist a positive integer K; such that
|L| < K;.Hence, we have,

B Y P28 P

keI,

< Chit ) F(A (B, — LD
kel

+ C(KLf AN
This proves the result.

Theorem 3.4. If f, f;, f, be modulus functions
andV € {Ng, Ng, Ng"}, then

1108
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1. V(Aa,f,A, p) c V(Aa'f Ofl,A,p).
2. V(Aa'flJA' p) n V(Aale'A'p) c

V(Aa' fl + fZlA' p)

Proof. We shall prove for Ng (A%, f, A, p). Let & >
0 and choose 0 < § < 1 such that f(t) < € for
0<t<§6. We write u, = f; (|1 (A%V),|) and
consider

D FuPe = fadPe+ ) flur
kel, 1 2

where the first summation runs over u; < § and
the second summation runs over u; > 8. Since f
is continuous, we have

21 fuPk < hpefl. (3.1)

Also,

Uy Uy
Uy <—<1+—
koS 5
Hence, by using Proposition 1.1, we can write

hetXa fw)Pe <
max{1, 2f (16"} hy* Xier, - (3.2)

Using equations (3.1) and (3.2), we get
Ng (A% f,A,p) © Ny (A%, f © f1,A,p).

The proof of (ii) follows from the inequality

(fi + 2) (A (A% V) [)PE

< CH(A (A% 0) DPe + Cf2 (|4 (A% ) [ )PE.
The following result is an immediate
consequence of Theorem 3.4 (i).

Corollary 3.5 Let f be a modulus function. Then
V(4% A,p) c V(4% f, A, p) where Ve
{Ng, N3, Ng°}.

Theorem 3.6 Let 0 <p, < q, and (%) be
k
bounded then V (4%, f, A, q) c V (4%, f, A, p).

Proof. The proof of the theorem is easy and hence
omitted.

Sakarya University Journal of Science 24(5), 1105-1114, 2020

4. LACUNARY STATISTICAL
CONVERGENCE OF FRACTIONAL
ORDER DEFINED BY MODULUS
FUNCTION

In this section we introduce the set of generalized
lacunary statistical convergence of fractional
orders associated with a multiplier sequence
defined by a modulus function as follows:

Se (8% f,0p) = {v = (v)) €
w: limh:t|{k € L.: f(|2(A%V), — L|)Pk >
T—>00

€}| = 0, for some L}.

When p, =1 for all k € N, we shall denote
Se(A% . A, p) by Sg(A%, f, A).

Note that:

1. Whenf(v) =v,a=0,1;, = 1forallk €
N and p,, = 1 forall k € N, then the above
sequence spaces reduce to ordinary
lacunary statistical convergent sequence
spaces as studied by Fridy and Orhan [42].

2. Whena=meN, A, =1, forall k €N,
then the above sequence spaces reduce to
the sequence spaces as studied by
Tripathy and Et [38].

Theorem 4.1. Let 6 be a lacunary sequence.
Then S(4%, f,A) € Se(4%, f, A), if liminfq, >
1.

Proof. Let liminfg, > 1, then there exista § > 0
such that 1+ 6 < q,, for sufficiently large r.

Since h, = ky — ky_y, which implies that = >
1)

1+6°

Letv € S(A%, f, ). Then for e > 0

1
o |tk <k f (14 (A7), — L) = el
1
2 Itk € It f (14 (A%v), — L]) = &}l

0
= mhr_ll{k € L: f (|4 (A%v), — L]) = €}

1109
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This proves the result.

Theorem 4.2. Let 6 be a lacunary sequence.
Then Sq (4%, f,A) € S(4%, f, A), if limsup q, <

0o,

Proof. Let limsup g, < oo, then thereisa K > 0
such that q, < K, for all r. Let v € Sg(A%, f,A)
and let 7, = |{k € I.: f(|1, (A%V), — L]) = €}.

Now by definition, for € > 0 there is an integer 1,
such that

hylt, < eforallr > r,. 4.1)
Now let y = max{t,:1 <r <1} and let n be
any integer satisfying k,_; <n < k,, then we
can write

1
Itk < n: f (14 (A%), — L]) = e}

1
< 7 ke <k f14(A%0) — L) 2 &}l
r-1
= i+t + -+ 1, + T+ + T}
ky_4 0 0
14 rn + 1 h Tro_+1+..._|_h T_r
B kr—l ° kr—l ro+t hr0+1 rhr

1 T
Y 7o + (sup —r> (hroﬂ +-+h,)

B kr—l kr—l <19 hr
< kr_kro . .
< 1o + e— (using equation (4.1)
r—1 r—1

14
< +
r_ ot edr

< 4 Ty + €K.
kr—l

This proves the result.

Following result is the direct consequence of
theorems (4.1) and (4.2).

Corollary 4.3. Let 6 be a lacunary sequence.

Then  S(4%, f,A) =Se(4%,f,A), if 1<
liminfq, < limsup q, < co.

Sakarya University Journal of Science 24(5), 1105-1114, 2020

Theorem 4.4. Let f be a modulus function and
H = supypy. Then No(4%, f, A, p) € Sg(4%, A).

Proof. Let v € Ng(A%, f,A,p) and € >0 be
given. Then,

Bt ) FA(@v), — LPs

kel

= h;* f A (A% V), — L|)PE

k€l
[A(A%V)—L|2&

+ hit U (M%),

kel
[ A (A%V)—L|<e
— Ll)pk

> h;? f (2 (M%), — L[)P*
kel

| A (A%V)—L|2e

> bt ) fe

kel,
> hyt > min(f ()P, £()")

> hit|{k € L2 |4, (M%), — L|
> e}|min(f ()™Px, f(e)H).

Taking the limit as r — oo,
limh: Y |{k € I.: |2, (A%V), — L| = €}
T—00
1
< ; -1 a
S (OG0 lim hy kEEI f U (A" )y

— L|)Px = 0.

This proves the result.

Theorem 4.5. Let f be bounded and 0 < h =
infp, < px < supp, = H < o, Then
SG(Aa'A) c N@(Aa'fl /1, p)

Proof. Since f is bounded, there exist some K
such that f(v) < K for all v > 0. Now,

Bt ) P28, — LD

k€l
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f (2 (A%V) = L]PE

= h;l Z

kel
| A (A%V)—L|2e
FRTY A,
kel
[ (A%V)—L|<e

— L|)Pk

< h;t Z max(K,, Ky) + h;t Z f(e)P

KEL, KE,

< max(Ky, Ky)hy|{k € I,: |1, (A%V), — L]
> e}| + max(f(e)", f(e)")

Hence v € Ng(AY, f, A, p).

The following result is an immediate consequence
of the Theorem 4.4 and Theorem 4.5.

Corollary 4.6. Let f be bounded and 0 < h =
infp, < pr < supp, = H < oo, Then
SQ(A‘Z,A) = NQ(A‘Z, f'A' p)

5. CONCLUSION

Fractional order difference sequence space has
been an active field of research during the recent
times. Many authors have introduced different
classes of difference sequence spaces of fractional
orders, obtained their «, f and ¥ duals and matrix
transformations. Recently, Kadak [24] introduced
the notions of statistically Q2-convergence and ()-
statistically convergence by the weighted method
with respect to the fractional difference operator

A‘;’ﬁ ¥ In his another work, Kadak [25] introduced
the concepts of statistically weighted ¥5-
summability, weighted ~9-statistical
converegence and weighted strongly h9-

summability with respect to a more generalized

ARPY including  (p, q)-

analogue of gamma function and obtained
Korovkin type approximation theorems for
function of two variables. In this article we tend
to generalize the findings of the previous authors
using modulus function and a multiplier
sequence. We expect that the introduced notions
and the results might be a reference for further
studies in this field. For further studies one can

difference operator

Sakarya University Journal of Science 24(5), 1105-1114, 2020

investigate and generalize this results using
sequence of modulus functions, Orlicz function,
etc. One can obtain similar results by employing
more generalized fractional difference operator as
defined by Kadak in [24, 25].
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