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ABSTRACT. In this paper, we show that the stability of Cauchy set-valued functional equations and of Jensen set-
valued functional equations can be derived from the stability of the corresponding equations in single-valued version.
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1. INTRODUCTION

In the sequel, N,N0,R and R+ denote the set of positive integers, the set of nonnegative
integers, the set of real numbers, and the set of nonnegative real numbers, respectively. For
two nonempty sets X and Y , Y X denotes the class of all functions from X into Y .

Given a groupoid (G, ◦), the binary operation ◦ is square-symmetric if

2(a ◦ b) = 2a ◦ 2b for all a, b ∈ G.
Here 2a := a ◦ a for all a ∈ G. It is clear that every commutative semigroup is a square-
symmetric groupoid but the converse is not true. (In fact, let G := N be equipped with a binary
operation a ◦ b := a + 2b for all a, b ∈ G. Then (G, ◦) is a square-symmetric groupoid and
◦ is not associative.) Recall that a groupoid (G, ◦) is divisible if for each a ∈ G there exists a
unique element a′ ∈ G such that 2a′ = a. For convenience, we will write a

2 := a′ or 1
2a := a′.

To simplify the notation, for each a in a groupoid G := (G, ◦) and each n ∈ N0, we write
20a := a and 2n+1a := 2(2na). If, in addition, G is divisible, then we also write a

20 := a and
a

2n+1 := 1
2

(
a
2n

)
all n ∈ N0.

Lemma 1.1. Suppose that (G, ◦) is a square-symmetric groupoid. Then, the following assertions are
true.

(1) 2n(a ◦ b) = 2na ◦ 2nb for all a, b ∈ G and all n ∈ N0.
(2) 1

2n (a ◦ b) = a
2n ◦

b
2n for all a, b ∈ G and all n ∈ N0 provided that G is divisible.

From now on, we assume that:
• G := (G, ◦) and H := (H, ∗) are square-symmetric groupoids;
• (H, d) is a complete metric space such that ∗ is continuous, that is,

limk→∞ d(uk ∗ vk, u ∗ v) = 0 whenever limk→∞ d(uk, u) = limk→∞ d(vk, v) = 0;
• ϕ : G×G→ R+ is a function.
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To study the stability of a Cauchy functional equation, we define the following class:

C (G,H,ϕ) :=
{
f ∈ HG : d(f(x ◦ y), f(x) ∗ f(y)) ≤ ϕ(x, y) for all x, y ∈ G

}
.

Now, we introduce the stability concept of a functional equation as follows.

Definition 1.2. The Cauchy functional equation from G into H is said to be ϕ-stable if the class
C (G,H,ϕ) satisfies the following property:

there exists a function Φ ∈ RG+ such that for every f ∈ C (G,H,ϕ) there exists a
unique function F ∈ C (G,H,0), that is, F (x ◦ y) = F (x) ∗ F (y) for all x, y ∈ G,
such that

d(F (x), f(x)) ≤ Φ(x) for all x ∈ G.
In this case, we also say that the class C (G,H,ϕ) is ϕ-stable with respect to Φ.

In 1940, Ulam [17] proposed a problem concerning the stability of the Cauchy functional
equation from a group G into a metric group H . A year later, Hyers [10] was the first mathe-
matician who answered Ulam’s problem if G and H are Banach spaces. Many generalizations
of Hyers’ result have been studied [1, 8, 9, 15]. Inspired by the notion of square-symmetry,
Páles et al. [12] and Kim [11] proved some stability results of the Cauchy functional equa-
tion from square-symmetric groupoids into metric square-symmetric groupoids based on the
control function proposed by Gǎvruţa [9].

We now recall the following conditions given by Kim [11]. A triplet (G,H,ϕ) satisfies

Condition (K1): if the following two conditions hold:
(K1a) H := (H, ∗) is divisible;
(K1b) there exists a real number γ > 0 such that d(u2 ,

v
2 ) ≤ γd(u, v) for all u, v ∈ H and

ϕ̃(x, y) :=
∑∞
k=0 γ

kϕ(2kx, 2ky) <∞ for all x, y ∈ G;
Condition (K2): if the following two conditions hold:
(K2a) G := (G, ◦) is divisible;
(K2b) there exists a real number γ > 0 such that d(2u, 2v) ≤ γd(u, v) for all u, v ∈ H and

ϕ̃(x, y) :=
∑∞
k=1 γ

kϕ
(
x
2k
, y
2k

)
<∞ for all x, y ∈ G.

The following stability result was proved by Kim [11].

Theorem K. If (G,H,ϕ) satisfies either Condition (K1) or Condition (K2), then the Cauchy functional
equation from G into H is ϕ-stable. Moreover, the class C (G,H,ϕ) is ϕ-stable with respect to Φ, where

Φ(x) :=

{
γϕ̃(x, x) if (G,H,ϕ) satisfies Condition (K1);
1
γ ϕ̃(x, x) if (G,H,ϕ) satisfies Condition (K2);

for all x ∈ X .

The authors were informed by the referee that Theorem K with Condition (K1) is related to
the result of Forti [7].

Remark 1.3. According to Theorem K, for each f ∈ C (G,H,ϕ), the function F ∈ C (G,H,0) is
uniquely determined by

F (x) =

{
limk→∞

1
2k
f(2kx) if (G,H,ϕ) satisfies Condition (K1);

limk→∞ 2kf
(
x
2k

)
if (G,H,ϕ) satisfies Condition (K2);

for all x ∈ X .
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A concept of set-valued functions in Banach spaces have been developed in the last decades.
The result concerning the set-valued functional equation (a functional equation whose solu-
tions are set-valued functions) seems to be pioneered by Aumann [3] and Debreu [2]. We recall
the following: Suppose that X := (X, ‖ · ‖) is a real normed space. We define

P(X) := {A : A is a subset of X};
BCC(X) := {A ∈ P(X)\{∅} : A is bounded, closed, and convex}.

For each A,B ∈ BCC(X) and λ ∈ R, we define:
• A⊕B := cl{a+ b : a ∈ A and b ∈ B} (cl := the closure);
• λA := {λa : a ∈ A};
• H(A,B) := max{supa∈A infb∈B ‖a− b‖, supb∈B infa∈A ‖a− b‖};
• diamA := supa,a′∈A ‖a− a′‖.

It is worth mentioning that in the definition of ⊕ the closure is needed because {a + b : a ∈
A and b ∈ B} does not necessarily belong to BCC(X) if A,B ∈ BCC(X) [14, Theorem 2.1].

By using the fixed point alternative method proposed by Diaz and Magolis [6], Park et al.
[13] proved some stability results of the Cauchy functional equations from a real normed space
X into a complete metric commutative semigroup (BCC(Y ),⊕), where Y is a Banach space.

In this paper, we first show that the results of Park et al. [13] for the Cauchy functional
equation from a real normed space X into (BCC(Y ),⊕) (where Y is a Banach space) is a con-
sequence of Theorem K. In addition, inspired by the work of Kim [11], we prove the stability
results of the Jensen functional equations by using a modified Brzdȩk’s fixed point theorem
[16]. We also point out that the stability result of Jensen set-valued functional equations can
be derived from that of the corresponding on certain groupoids. Roughly speaking, we obtain
the stability result of the Cauchy “set-valued” functional equation and that of the Jensen “set-valued”
functional equation from the corresponding results of the “single-valued” version.

2. MAIN RESULTS

2.1. Stability of Cauchy set-valued functional equations via that of Cauchy single-valued
functional equations. We first recall the following properties.

Lemma 2.1. LetX be a real normed space. Suppose thatA,B,C,D ∈ BCC(X) and λ, µ ∈ R+. Then,
following assertions are true.
(a) A⊕B ∈ BCC(X) and λA ∈ BCC(X).
(b) λA⊕ λB = λ(A⊕B) and (λ+ µ)A = λA⊕ µA.
(c) H(A⊕ C,B ⊕D) ≤ H(A,B) +H(C,D).
(d) |diamA− diamB| ≤ 2H(A,B).
(e) H(λA, λB) = λH(A,B).
(f) IfX is a Banach space, then (BCC(X),⊕,H) is a complete metric divisible commutative semigroup

(see [5]).

We obtain the following proposition as a consequence of Lemma 2.1(d).

Proposition 2.2. Suppose that X,Y are two real normed spaces and f : X → BCC(Y ) is a function.
Then, the following assertions are true.

(i) If limk→∞ diam f
(
2kx
)
/2k = 0 for all x ∈ X , then F (x) := limk→∞ f(2kx)/2k is single-

valued for all x ∈ X .
(ii) If limk→∞ diam 2kf

(
x/2k

)
= 0 for all x ∈ X , then F (x) := limk→∞ 2kf

(
x/2k

)
is single-

valued .
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By using Lemma 2.1(f), we obtain the main results of Park et al. [13, Theorems 2.2 and 2.3]
as a consequence of Theorem K.

Corollary 2.3. Suppose that X is a real normed space and Y is a real Banach space. If there exists
L ∈ (0, 1) and one of the following conditions is satisfied:

(1) ϕ(x, y) ≤ 2Lϕ
(
x
2 ,

y
2

)
for all x, y ∈ X ;

(2) ϕ(x, y) ≤ L
2ϕ(2x, 2y) for all x, y ∈ X ,

then the Cauchy functional equation is ϕ-stable in the class of set-valued functions C (G,H,ϕ). More-
over, the class C (G,H,ϕ) is ϕ-stable with respect to Φ, where

Φ(x) :=

{
1

2−2Lϕ(x, 0) if (1) holds;
L

2−2Lϕ(x, 0) if (2) holds;

for all x ∈ X . In addition, if f ∈ C (X,BCC(Y ), ϕ) and there exist positive real numbers M and α
such that: diam f(x) ≤M‖x‖α for all x ∈ X , where α ∈ (0, 1) if (1) holds; or α ∈ (1,∞) if (2) holds,
then the set-valued function F given by Remark 1.3 is single-valued.

2.2. Stability of the Jensen functional equations and some results for Jensen “multi-valued”
functional equations. Throughout this subsection, we assume that a square-symmetric groupoid
G := (G, ◦) has an identity eG. We define the following two classes of functions (we remark
that in the second class the divisibility of G is required):

J1(G,H,ϕ) :=

{
f ∈ HG :

d (2f (x ◦ y) , f(2x) ∗ f(2y)) ≤ ϕ(x, y) for all x, y ∈ G and
f(eG) ∗ f(x) = f(x) = f(x) ∗ f(eG) for all x ∈ G

}
,

J2(G,H,ϕ) :=

{
f ∈ HG :

d
(

2f
(x ◦ y

2

)
, f(x) ∗ f(y)

)
≤ ϕ(x, y) for all x, y ∈ G and

f(eG) ∗ f(x) = f(x) = f(x) ∗ f(eG) for all x ∈ G

}
.

We now introduce the stability notion of the Jensen functional equations as follows.

Definition 2.4. The Jensen functional equation of the first (second, resp.) kind fromG intoH is
said to be ϕ-stable if the class J1(G,H,ϕ) (J2(G,H,ϕ), resp.) satisfies the following property:

there exist a function Φ ∈ RG+ such that for every f ∈J1(G,H,ϕ) (f ∈J2(G,H,ϕ),
resp.) there exists a unique function F ∈J1(G,H,0) (F ∈J2(G,H,0), resp.), that
is, 2F (x ◦ y) = F (2x) ∗ F (2y) for all x, y ∈ G (2F (x◦y2 ) = F (x) ∗ F (y) for all
x, y ∈ G, resp.), such that

d(F (x), f(x)) ≤ Φ(x) for all x ∈ G.

In this case, we say that the class J1(G,H,ϕ) (J2(G,H,ϕ), resp.) is ϕ-stable with respect to Φ.

Brzdȩk [4] proved a fixed point theorem for the stability result of the Cauchy functional
equation on a commutative semigroup. Later, Saejung and Senasukh [16] modified Brzdȩk’s
fixed point theorem and also proved some stability results of some functional equations on
restricted domains. The proof of the following fixed point theorem is similar to the one given
by Saejung and Senasukh [16], so it is omitted.

Theorem 2.5. Suppose that X is a nonempty set and (Y, d) is a complete metric space. Suppose that
T : Y X → Y X and θ : X → X are mappings and there exists α ∈ R+ such that

d((T ξ)(x), (T µ)(x)) ≤ αd(ξ(θ(x)), µ(θ(x))) for all ξ, µ ∈ Y Xand all x ∈ X.
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If there exists a mapping ϕ : X → Y such that

(2.1) ε∗(x) :=

∞∑
k=0

d((T kϕ)(x), (T k+1ϕ)(x)) <∞ for all x ∈ X,

then T has a fixed point ψ ∈ Y X such that

d(ψ(x), ϕ(x)) ≤ ε∗(x) for all x ∈ X.

Moreover, ψ(x) = limk→∞(T kϕ)(x) for all x ∈ X .

As a consequence of our fixed point theorem (Theorem 2.5), we first obtain the following
stability result of the Jensen functional equation of the first kind.

Theorem 2.6. If (G,H,ϕ) satisfies either Condition (K1) or Condition (K2), then the Jensen functional
equation from G into H is ϕ-stable. Moreover, the class J1(G,H,ϕ) is ϕ-stable with respect to Φ,
where

Φ(x) :=

{
γϕ̃(x, eG) if (G,H,ϕ) satisfies Condition (K1);
1
γ ϕ̃(x, eG) if (G,H,ϕ) satisfies Condition (K2);

for all x ∈ X .

Proof. We first suppose that (G,H,ϕ) satisfies Condition (K1). Let f ∈ J1(G,H,ϕ) be given.
Set X := (G,+) and Y := (H, ∗, d). Define mappings T : Y X → Y X and θ : X → X by

(T ξ)(x) :=
1

2
ξ(2x) and θ(x) := 2x

for all ξ ∈ Y X and all x ∈ X . We also let α := γ. For each ξ, µ ∈ Y X and each x ∈ X , we see
that

d((T ξ)(x), (T µ)(x)) ≤ γd (ξ (2x) , µ (2x)) = αd(ξ(θ(x)), µ(θ)(x)).

We show that the following inequality holds for all n ∈ N0;

(2.2) d (2(T nf) (x ◦ y) , (T nf) (2x) ∗ (T nf) (2y)) ≤ γnϕ (2nx, 2ny) for all x, y ∈ X.
The case n = 0 is trivially true. Suppose that (2.2) is valid for some k ∈ N0. Let x, y ∈ X .
Because of Condition (K1), we have

d
(
2(T k+1f) (x ◦ y) , (T k+1f) (2x) ∗ (T k+1f) (2y)

)
= d

(
1

2
(2(T kf)) (2x ◦ 2y) ,

1

2
(T kf) (2(2x)) ∗ 1

2
(T kf) (2(2y))

)
≤ γ(γkϕ(2k(2x), 2k(2y)) = γk+1ϕ(2k+1x, 2k+1y).

This shows that (2.2) is valid for all n ∈ N0 for all x ∈ X .
Let k ∈ N0 and x ∈ X be given. We have

ε∗(x) :=

∞∑
k=0

d
(
(T kf)(x), (T k+1f)(x)

)
≤ γ

∞∑
k=0

γkϕ
(
2kx, eG

)
<∞.

It follows from Theorem 2.5 that T has a fixed point F : X → Y such that

d(F (x), f(x)) ≤ ε∗(x) ≤ γϕ̃(x, eG) for all x ∈ X.
Moreover, F (x) = limk→∞(T kf)(x) = limk→∞

1
2k
f(2kx) for all x ∈ X . The continuity of ∗ and

(2.2) imply that
2F (x ◦ y) = F (2x) ∗ F (2y) for all x, y ∈ X.
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We finally prove the uniqueness part. To prove this, suppose that there exist a function
F̃ ∈J1(G,H,0) and a constant C > 0 such that

d(F̃ (x), f(x)) ≤ Cϕ̃(x, eG) for all x ∈ X.
For each k ∈ N0 and each x ∈ X , we first note that

F (x) =
1

2k
F
(
2kx
)

and F̃ (x) =
1

2k
F̃
(
2kx
)
.

We consider

d(F (x), F̃ (x)) ≤ d
(

1

2k
F
(
2kx
)
,

1

2k
f
(
2kx
))

+ d

(
1

2k
F̃
(
2kx
)
,

1

2k
f
(
2kx
))

≤ γk(γ + C)ϕ̃(2kx, eG) = (γ + C)

∞∑
i=k

γiϕ
(
2ix, eG

)
.

By letting k →∞, we get F̃ (x) = F (x).
With the similar method, we can prove the result if (G,H,ϕ) satisfies Condition (K2). �

Remark 2.7. According to Theorem 2.6, for each f ∈J1(G,H,ϕ) the function F ∈J1(G,H,0)
is uniquely determined by f as in Remark 1.3.

The following two examples show that the bound Φ(x) in Theorem 2.6 is optimal in some
particular cases.

Example 2.8. Let G := (R+,+) and H := (R,+, d), where d(x, y) := |x− y| for all x, y ∈ H , and
f : G→ H be defined by f(x) :=

√
x for all x ∈ G. We see that

d(2f(x ◦ y), f(2x) ∗ f(2y)) = |2
√
x+ y −

√
2x−

√
2y| := ϕ(x, y) for all x, y ∈ G.

Then f ∈ J1(G,H,ϕ) and (G,H,ϕ) satisfies Condition (K1) with γ = 1
2 . For each x ∈ G, we

also note that

ϕ̃(x, 0) :=

∞∑
k=0

1

2k
ϕ
(
2kx, 0

)
=

∞∑
k=0

2−k/2ϕ(x, 0) = (2 +
√

2)ϕ(x, 0).

Note that F (x) = 0 and Φ(x) = γϕ̃(x, 0) =
√
x = f(x) for all x ∈ G.

Example 2.9. Let G := (R,+), H := (R,+, d) (where d is defined as in Example 2.8), and
f : G→ H be defined by f(x) := x2 for all x ∈ G. We see that

d(2f(x ◦ y), f(2x) ∗ f(2y)) = 2(x− y)2 := ϕ(x, y) for all x, y ∈ G.
Then f ∈ J2(G,H,ϕ) and (G,H,ϕ) satisfies Condition (K2) with γ = 2. For each x ∈ G, we
note that

ϕ̃(x, 0) =

∞∑
k=1

2kϕ
( x

2k
, 0
)

=

∞∑
k=1

2−kϕ(x, 0) = ϕ(x, 0).

Note that F (x) = 0 and Φ(x) = 1
λ ϕ̃(x, 0) = 1

2ϕ(x, 0) = x2 = f(x) for all x ∈ G.

By using Theorem 2.6, we obtain the following stability result given by Park et. al. [13,
Theorems 3.4 and 3.5] as a consequence.

Corollary 2.10. Suppose that X is a real normed space and Y is a real Banach space. If there exists
L ∈ (0, 1) and one of the following conditions is satisfied:
(1) ϕ(x, y) ≤ 2Lϕ

(
x
2 ,

y
2

)
for all x, y ∈ X ;

(2) ϕ(x, y) ≤ L
2ϕ(2x, 2y) for all x, y ∈ X ,
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then the Jensen functional equation is ϕ-stable in the class of set-valued functions J2(X,BCC(Y ), ϕ).
Moreover, the class J2(X,BCC(Y ), ϕ) is ϕ-stable with respect to Φ, where

Φ(x) :=

{
L

1−Lϕ(x, 0) if (1) holds;
1

1−Lϕ(x, 0) if (2) holds;

for all x ∈ X . In addition, if f ∈ J2(X,BCC(Y ), ϕ) and there exist positive real numbers M and α
such that: diam f(x) ≤M‖x‖α for all x ∈ X , where α ∈ (0, 1) if (1) holds; or α ∈ (1,∞) if (2) holds,
then the set-valued function F given by Remark 1.3 is single-valued.

Proof. Let (G, ◦) := (X,+) and (H, ∗, d) := (BCC(Y ),⊕,H). We define ψ : G × G → R+ by
ψ(x, y) := ϕ(2x, 2y) for all x, y ∈ G. It is easy to see that

• if (1) holds, then ψ(2kx, 2ky) ≤ (2L)k+1ϕ(x, y) for all x, y ∈ G and all k ∈ N0;
• if (2) holds, then ψ

(
x
2k
, y
2k

)
≤ (L/2)

k−1
ϕ(x, y) for all x, y ∈ G and all k ∈ N0.

It follows that (G,H,ψ) satisfies Condition (Ki) if (i) holds where i=1, 2. It follows from Theo-
rem 2.6 that the class J2(X,BCC(Y ), ϕ) is ϕ-stable with Φ. �

Final remark: The stability of set-valued functional equations inherited by that of the single-
valued corresponding equations on appropriate structures.
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