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1. Introduction

National economies are now globally connected through international trade in goods and
services. A national economy cannot be effectively explained as an isolated island even in an
approximate sense. The current impact of the Convid-19 is an example of how an exogenous shock
may change global economies simultaneously. This implies that it is necessary to have an
economic theory which treats the world as an integrated whole. Nevertheless, there are only a few
rigorous economic models of global growth built on microeconomic mechanisms. As observed by
Findlay (1984), the pure theory of international trade in the classical literature of economic theory
failed to take any consideration of the connection between economic growth and international
trade. There are some trade models with capital movements (MacDougall, 1960; and Kemp, 1961).
But almost all the early models are limited to static and one-commodity frameworks. A rigorous
dynamic model which takes account of accumulating capital stocks was initially developed by
Oniki and Uzawa (Oniki and Uzawa, 1965; Johnson, 1971; Frenkel and Razin, 1987; Jensen,
1994; Valdés, 1999; and Nishimura and Shimomura, 2002). The growth models with
endogenous physical capital are primarily concerned with the process of world capital
accumulation and distribution. They are applied to study the dynamics of capital accumulation and
various balances of payments accounts (see also, Ethier and Svensson, 1986; Bhagwati, 1991,
and Wong, 1995). An exception is the approach by Zhang (1995, 2008) which integrates
national economic structure into account. This paper generates Zhang’s model on the basis of

neoclassical grow theory.

In recent years some other trade models have been proposed to make systematic treatments
of capital accumulation in the context of international economics. Nevertheless, most of trade
models with endogenous capital are still either limited to two-country or small open economies
(e.g., Wong, 1995; Jensen and Wong, 1998; Obstfeld and Rogoff, 1998; and Naito and Ohdoi,
2011). As far as capital accumulation and trade pattern determination are concerned, our study
follows the Oniki-Uzawa framework (see also, Ikeda and Ono, 1992; Sorger, 2002; and Vellutini,
2003). We analyze trade issues within the framework of a simple international macroeconomic
growth model with perfect capital mobility. Lucas (1988) recognizes the necessity of analyzing
economic geography and economic growth as a connected whole, even though not much

progress in this direction has been made in the literature of economic theories. If one follows
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the well-accepted analytical framework, i.e., the Ramsey growth model, this task is, if not
impossible, not easy. This study applies an alternative approach to household behavior. The
approach enables us to solve spatial problems with space and capital accumulation under free

trade.

As economic geography has not been properly integrated into economic growth theory,
effects of trade are not theoretically modelled in the literature of international growth theory.
This study integrates Alonso’s model, the key model in urban economics, with the neoclassical
international growth theory. Since Alonso (1964) published his important work in 1964, many
urban models with residential structures have been developed. The early literature includes, for
instance, Muth (1969), Mills (1967), Beckmann (1969), Solow (1973), and others. Most of urban
land-use models with microeconomic foundations study economic geography with housing and
residential distribution but neglect production aspects of urban dynamics. On the other hand,
there are many studies of urban growth and dynamics (e.g., Richardson, 1973; Rabenau, 1979;
and Henderson, 1985). Zhang (2008b) integrates neoclassical growth with Alonso’s model. This
study is to synthesize the main ideas in neoclassical urban economics and neoclassical growth
trade theory in a comprehensive framework on the basis of Zhang’s previous works just
referred. As pointed out by Henderson et al. (2001), a proper understanding of spatial
economics is essential for explaining economic growth. This study explains interactions of
global growth, trade, housing markets with residential distribution over space. Indeed, over the
past three decades, economic growth with housing and economic geography has caused a lot of
attention in urban economics and regional science (Henderson and Thisse, 2004; and Capello
and Nijkamp, 2004). Yet, there are not yet proper analytical framework for spatial evolution and
growth with capital accumulation on the basis of microeconomic mechanism. As pointed out
by Baldwin and Martin (2004: 2675-6), “Many of the most popular economic geography
models focus on labor. ... These are unsuited to the study of growth. The key to all sustained
growth is the accumulation of human capital, physical capital and/or knowledge capital — with
the accumulation of knowledge capital, i.e., technological progress having a privileged position.
We thus need a model in which capital exists and its stock is endogenous.” Arnott (1980: 53)
points outs: “In the last decade the static theory of residential urban location and land use has
been extensively developed. The theory has generated many useful insights, but because it

ignores growth and durability of housing and urban infrastructure there are many urban
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phenomena it cannot explain.” The situation is not much improved in the current literature of
urban economics. What Fujita and Thisse (2002: 389) observed about one decade ago is still
valid today: “Clearly, space and time are intrinsically mixed in the process of economic
development. However, the study of their interaction is a formidable task. Because either
agglomeration or growth is a complex phenomenon by itself, one should expect any integrated
analysis to face many conceptual and analytical hurdles. Not surprisingly, therefore, the field is
still in its infancy, and relevant contributions have been few.” This study makes a unique

contribution to the literature of spatial growth theory.

Location-dependent housing is essential for understanding modern economies. Housing is
the largest component of nonhuman wealth for households and housing services are a fundamental
component of the household consumption. For instance, in the United States, real estate investment
account for over 50 % of total private investment and real estate assets represent just under 60%
of the nation’s wealth. Almost 70% of U.S. real estate is residential (see, DiPasquale and Wheaton,
1996). Housing has a set of intrinsic properties, which make it significantly from any other goods.
Operation of housing market is varied in different regions and countries. There is a large literature
on durable housing in spatial context (e.g., Muth, 1973; Anas, 1978, 1982; Hockman and Pines,
1980; Brueckner, 1981; Arnott, 1987; Brueckner and Pereira, 1994; Arnott et al., 1999; Braid,
2001). Nevertheless, as argued by Brito and Pereira (2002), the link between the housing market
and long-term growth has been neglected in the literature. This study also tries to make a
contribution to the issue. We deal with many issues within a comprehensive framework, making
a unique contribution to the literature of trade and economic geography by synthesizing the main
ideas in the four key models in the literature of theoretical economics within a comprehensive
framework. The four models are the Solow growth model, the Oniki-Uzawa trade model, the
Alonso urban model and the Muth housing model. The rest of the paper is organized as follows.
Section 2 defines the basic model. Section 3 shows how we solve the dynamics with economic
geography, examines how some variables change over space, and studies the dynamic properties
of the model when the production function is specified in the Cobb-Douglas form. Section 4 carries
out comparative dynamic analysis to examine the impact of changes in some parameters on the
motion of the global economy. Section 5 concludes the study. The appendix proves the main

results in Section 3.
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2. The Model

The model is a combination of the basic features of the four key models, the Solow growth
model, the Oniki-Uzawa model, the Alonso urban model, and the Muth housing model in the
neoclassical growth theory and urban economics. Although it is based on Zhang’s urban model
and trade model (1995, 2008b), the model in this study combines the trade model and urban model
within a comprehensive framework. It is well known that most neoclassical models are extensions
and generalizations of the pioneering works of Solow (1956). In the standard neoclassical growth
model, capital and labor are substitutes for one another with the result that the long-run growth
path of the economy is one of full employment. The Solow model has been extended and
generalized in many studies (e.g., Burmeister and Dobell, 1970, and Zhang, 2008a). The
production side of our model is based on the neoclassical growth approach. Nevertheless, we use
an alternative approach to consumer behavior as explained later on. As far as urban structures are
concerned, we follow the standard residential land-use model. We select industrial good to serve
as numeraire. As we assume that the transportation cost of workers to the city is dependent on the
travel distance, land rent for housing should be spatially different. Moreover, it is assumed that the
countries produce a homogenous tradable commodity (see also lkeda and Ono, 1992). There is
only one (durable) good in the global economy under consideration. Households own assets of the
economy and distribute their incomes to consume and save. Production sectors or firms use capital
and labor. Exchanges take place in perfectly competitive markets. Production sectors sell their
product to households or to other sectors and households sell their labor and assets to production
sectors. Factor markets work well; factors are inelastically supplied and the available factors are
fully utilized at every moment. Saving is undertaken only by households, which implies that all
earnings of firms are distributed in the form of payments to factors of production. We omit the
possibility of hoarding of output in the form of non-productive inventories held by households. All
savings volunteered by households are absorbed by firms. We require savings and investment to
be equal at any point of time. The system consists of multiple countries, indexed by j = 1,...,]J.
Each country has a fixed labor force, N;, (j = 1,...,]). Let K;(t) and IZj(t) stand for respectively
the capital stocks employed and the wealth owned by country j. We also introduce Kj;(t) and

K;,(t) to represent the capital stocks employed by the industrial sector and housing sector. We

denote wage and interest rates by w; (t) and 7;(t), respectively, in the jth country. In the free trade
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system where transaction costs are neglected, the interest rate is identical throughout the world

economy, i.e., r(t) = r;(t).
Behavior of producers

First, we describe behavior of the production sections. We assume that there are two input

factors, physical capital and labor at each point of time t. The production functions, F;(t), are
specified as follows:

aj Bj .
FE@®) =4 K (ON,4 >0+ =10a,p>0j=1-],

in which A; is country j's total productivity. Markets are competitive; labor and capital
earn their marginal products, and firms earn zero profits. The rate of interest, r(t), and wage rates,
w; (t), are determined by markets. Hence, for any individual firm r(t) and w;(t) are given at each
point of time. The production sector chooses the two variables Kj; (t) and N; to maximize its profit.

The marginal conditions are given by:
r(6) + 8 = Ay a k0, wy(0) = A8,k (©), (1)
where &y ; are the depreciation rate of physical capital in country j and k;(t) = Kj;(t)/N;.

Housing production and residential distribution

An individual may reside at only one location. The only spatial characteristic of any
location in a country that directly matters is the distance from the city center. Due to the complexity
of considering both space and time in a general equilibrium framework, at this initial stage we
simplify the structure of economic geography by following the Alonso model. The population
within each country is homogenous and there is no international migration. There are studies with
multiple income classes (e.g., Beckman, 1969; Solow, 1973; Beckmann and Papageorgiou,
1989; Anas, 1990; and Tabuchi and Thisse, 2002). For an equilibrium to exist, the households
within a country must achieve the same utility level regardless of where they locate. All the
markets are perfectly competitive. The system is geographically linear and consists of two parts -
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the central business district (CBD) and the residential area. The isolated state consists of a finite
strip of land extending from the CBD with constant unit width. We assume that all economic
activities are concentrated in the CBD. The households occupy the residential area. We assume
that the CBD is located at the left-side end of the linear territory. As we will get the same
conclusions if we locate the CBD at the center of the linear system, the specified urban
configuration will not affect our discussion. We now describe housing production and behavior of

households. First, we introduce

L; —the fixed (territory) length of country j;

w; — the distance from the CBD to a point in country j's residential area, 0 < w; < L;;
R;(w;, t) and R;,(w;, t) —the land rent and housing rent per household at location w;;

kj(w;, t) and s;(w;, t) — the wealth owned by and the saving made by the household at

location w;, respectively;
¢j(w;, t) — the consumption of the household at location w;;

n;(w;, t) and L;, (w;, t) — the residential density and the lot size of the household at location

We assume that all housing is residential housing. Residential housing assets play a dual
role in the economy. First, residential housing assets are used as a durable consumption good. They
are the source of housing services. Second, residential housing assets are used as a mechanism for
the intertemporal transfer of wealth, which generates both rents and capital gains through housing
appreciation. We limit ourselves to a simple case of housing technology. To explain space-
dependent gradients for residential density and capital-land ratios, we follow Muth’s approach.
We consider a commodity “housing” rather than land in describing dwelling conditions. Housing
is produced with land and non-land inputs. Households have a derived demand for land, dependent

on both preferences for housing and technical characteristics of housing production function. Let
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us denote cjh(wj, t) housing service received by the household at location w;. We specify the

housing service production function as follows:

cin(wj, t) = 4j k; Jh( wj,t) L ﬁjh(“)pt) ajp + Bjn = 1, Bjn 2 0,(2)

where kj,(wj,t) is the input level of capital per household at location w;. All the
characteristics of houses such as the size of a lot and the size of a house can be changed
instantaneously without costs. Hence the capital-land ratio is always perfectly adjusted. Our
approach is mainly based on Anas (1978). Further issues related to the durability of real estates
and its costly conversion and replacements are further discussed by Anas (see also Arnott, 1980;
Arnott et al., 1999; and Glaeser and Gyourko, 2005). See also Lin et al. (2004). The marginal
conditions are given by:

G Rjn ¢ Bjn Rjn ¢y

r+ 6, = ,0<w; <L;.(3)

]
kjh Ljh

According to the definitions of L;, and n;, we have:

n-(w-,t) — i < Lj. (4)
7 Lin(wj, t)

The total capital stock employed by the housing sector is equal to the sum of the capital
stocks for housing over space at any point of time. The relationship between kj, ; (w,-, t) and K, (¢t)

is thus given by:
Lj
0

Household behavior

Each worker may get income from land ownership, wealth ownership and wages. In order
to define incomes, it is necessary to determine land ownership structure. It can be seen that land
properties may be distributed in multiple ways under various institutions. To simplify the model,
we assume the land is equally owned by the population. This implies that the revenue from land is
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equally shared among the population (see also Kanemoto, 1980). The total land revenue Rj (t)is

given by:

. ki
0

The income from land per household 7; (¢) is given by 7 (t) = Rj (t)/N;. Consumers make

decisions on choice of lot size, consumption level of commodity as well as on how much to save.
This study uses the approach to consumers’ behavior proposed by Zhang in the early 1990s
(Zhang, 1993). This approach makes it possible to solve many national, international, urban, and
interregional economic problems, such as growth problems with heterogeneous households, multi-

sectors, and preference changes, which are analytically intractable by the traditional approaches in
economics. Let l_cj(wj,t) stand for per capita wealth (excluding land) owned by the typical

household in at location w;. Each household at w; obtains income:

from the interest payment, rk;, and the wage payment, w;, and the land rent income, 7.
We call y; (wj, t) the current income in the sense that it comes from consumers’ wages and current
earnings from ownership of wealth. The sum of income that consumers are using for consuming,
saving, or travels are not necessarily equal to the current income because consumers can sell wealth
to pay, for instance, the current consumption if the current income is not sufficient for buying food
and touring the country. The total value of the wealth that a consumer at location w; can sell to
purchase goods and to save is equal to p;(t)k; (w;, t), with p;(t) = 1 at any ¢. Here, we assume
that selling and buying wealth can be conducted instantaneously without any transaction cost. The

disposable income is then equal to
9i(w;t) = yj(w;, t) + ki (w;, £). (7)

The disposable income is used for saving and consumption. It should be noted that the
value, k;(wj,t), (i.e., p;(O)k;(w;, t)), in the above equation is a flow variable. Under the

assumption that selling wealth can be conducted instantaneously without any transaction cost, we
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may consider IE]- as the amount of the income that the consumer at w; obtains at time ¢ by selling
all of his wealth. Hence, at time ¢ the consumer has the total amount of income equaling J; to

distribute between consuming and saving. It should also be remarked that in the growth literature,
for instance, in the Solow model, the saving is out of the current income, y;, while in this study the
saving is out of the disposable income which is dependent both on the current income and wealth.
The implications of this approach are similar to the Keynesian consumption function and models
based on the permanent income hypothesis, which are empirically much more valid than the

approaches in the Solow model or the in Ramsey model.

At each point of time, a consumer at location w; distributes the total available budget
among the leisure time, T, (w; ), housing, c;,(w;, t), saving, s;(w;, t), consumption of industrial
goods, cj(a)j, t). Here, we assume that the leisure is only dependent on the residential location as

the work time is fixed and equal for each household, in disregard of residential location. After the
work time is decided, the households decide the time distribution between leisure and travel to
work. As we assume that the travel time from the CBD to the residential location is only related to
the distance and neglect any other effects such on technological change, infrastructure
improvement, and congestion on the travel time form the CBD to the residential area, the leisure

time, which is equal to the fixed total time minus the travel time, is only related to location. Let T,
and I;(w; ) respectively stand for the total available time for travel and leisure and the time spent

on traveling between the residence and CBD. We have:

Tin(w;) = To — Ii(w)).
The budget constraint is given by:
Rin(w;.t) (), t) + ¢j(w;, t) + 55(w;t) = 9;(w;. ). (8)

Equation (8) means that the consumption and saving exhaust the consumers’ disposable

personal income.

Location choice is closely related to the existence and quality of such physical

environmental attributes as open space and noise pollution as well as social environmental quality.
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We assume that utility level, U;(wj, t), of the household at location w; is dependent on Tjh(a)j ),

cjn(w;, t), sj(w), t), and ¢;(w;, t) as follows:

Uj(wj,t) = 6;(wy, t) szj (w),t) C,-EOJ(‘UJ' t) C,T;zoi(wjr t) Slej (w),t),(9)

in which the positive parameters,a;, &y,7¢;, and Ao; are a typical person’s elasticity of
utility with regard to leisure time, industrial goods, housing, and saving at w;. We call g;, &, ;, 10,
and A, ;propensities to use leisure time, to consume goods, to consume housing, and to hold wealth,

respectively.

The desirability of residential location is affected by consumption amenities, such as public
services, accessibilities, local transportation systems, pollution, and human relations. This study
incorporates amenity into the consumer location decision by assuming that amenity is a function
of residential density. This study does not take account of externalities for producers. For
instance, firms often prefer to locate to other firms. An explicit introduction of externalities will
make the spatial structure far more complicated. In the literature of urban economics, various
externalities have been analyzed (see, Henderson, 1974; Upton, 1981; and Abdel-Rahman,
2004). Hence, the distance from the CBD is related to the inconvenience of the distance and the
value of the amenity of the surrounding area. Glaeser et al. (2001: 27) point out: “Most urban
scholars think of cities as offering positive agglomeration benefits in the productive sphere, and as
having negative agglomeration effects (or congestion effects”) on non-work consumption”. Their
empirical study demonstrates that high amenity cities grown faster than low amenity cities and that
the role of urban density in maintaining urban growth is important. This study considers that
residential densities may have positive or negative agglomeration effects. We specify the amenity,

61 ((UJ, t), at wj as follows:
Gj(wj, t) = 91] nf](w], t),@lj > 0.

The function 6;(w;, t) implies that the amenity level at location w; is related to the

residential density at the location.
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For simplicity, we restrict the analysis to the case that all households obtain the same level
of utility at any point of time. The condition of utility equalization is often used in the literature of
urban economics. We assume that people can change their residential location freely without any
transaction costs and time delay. The conditions that households get the same level of utility at any

location at each point of time is represented by:
Uj(wlj' t) = U]((UZJ, t), 0< Wqj, Wyj < L]
Maximizing U; (w;, t) subject to the budget constraint (8) yields:

1 9;(w;,t)

,Silwi, t) = 4; y:(w;, t), (10)
th(wj,t) J( j ) j J( j )

Cj (w]" t) = fj yj ((Uj; t), th(a)j, t) =

in which

1
oj +Moj + Aoj

§i=piSoN =PjNoj i = pjAojypj =

The above equations mean that the housing consumption, consumption of the good and

saving are positively proportional to the available income.

According to the definition of sj(wj, t), the capital accumulation for the household at

location w; is given by:
ki (w5, t) = s5(wy, £) = Ky w;,£),0 < w; < L. (11)

The equation simply states that the change in the wealth is equal to the savings minus the

dissaving.
Balance conditions

As there is no international migration, each country's total population is distributed over

the whole urban area. The population constraints are given by:
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Lj
0

The total consumption of country j, C;(t) is given by:

Lj

The national wealth (excluding land) is equal to the total wealth owned by all the

households:
Lj _ _
0

Let K(t) stand for the capital stocks of the world economy. The total capital stock

employed by the world is equal to the wealth owned by the world:
J J
K©) = ) K© = ) K(0,015)
j=1 j=1

where K;(t) = K;;(t) + Kj;,(¢). The trade balances of the economies are given by:

E;(®) = (R;(0) = K;(6)) r(6). (16)

When E;(t) is positive (negative), we say that country j is in trade surplus (deficit). When
E;(t) is zero, country j's trade is in balance. We have thus built the dynamic growth model with

endogenous spatial distribution of wealth, consumption and population, capital accumulation and
residential location. We now examine dynamic properties of the system.

3. The Dynamics and Equilibrium

Before examining the dynamic properties of the system, we show that the dynamics of J
economies can be expressed by J differential equations with the following J variables, k; and

{K;} = (K, ..., K;). This result is important as we can follow the dynamics of global economic
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geography and growth with some initial conditions. In the rest of the paper, we omit w or/and t in

the expressions, wherever without causing confusion.
Lemma

Assume that the initial distribution of per household's wealth in each country is

homogenous over space. The dynamics of the global economy with J countries is determined by:

ky = A1 (ko {K;}),
K = A;(ky, (R}, j = 2,....],(17)

in which A; are functions of k; and {K]} explicitly defined in Appendix. At any point of

time, all the other variables are determined as unique functions of k; and {K;} by the following

procedure: K; by (A10) — k; = K;/N; — k; by (A8) — K;; = k;N; — r and w; by (A8) — ¥,

by (A5) — 9; = T;/N; — R; by (A3) — 7

by (3).

The condition that households’ wealth within each country is homogeneous over space at

t = 0 is important for us to get explicit expressions of the dynamics.

Although we know how to find solutions of the system, the expressions are too tedious.
For illustration, we will simulate the model. Before simulating the model, we discuss some general
implications of Lemma 1. The lemma implies that once we solve the J differential equations, we
can determine all the other variables, such as the global wealth, global output, trade pattern,
national output levels, national housing product, capital distribution between the two sectors within
each country, the rate of interest, the wage rates, and each household's income from the land
ownership, the income and wealth distribution over space, residential distribution, the total

transportation time spent in the system, the leisure time distribution and the total leisure time in
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the economy, land rent distribution, and housing rent distribution. It should be noted that the total

travel time, T} and the total leisure time, T}-h, of country j are given by:

L .

T = fOLj n(wy) Ii(w;) dw;, T, = fo ]"j(wj) (To - G(wf)) dwj.

As proved in Appendix, if the initial distribution of the wealth in all the countries is
homogenous over space, then the per-capita wealth k;(w;), and disposable income 9;(w;), are

homogenous over space. That is:
kj(wj1,t) = kj(wjz,t), 95 (wj0,t) = 9j(@j2,t), 0 < wjy, wjp < Ly

This implies that all residents receive the same income and own the same amount of wealth
at each point of time. This property comes from the assumption that we omit transportation costs
and the specified landownership structure. If transportation costs are not omitted or/and some other
type of landownership are assumed, the property may not hold. Hence, the omission of
transportation costs greatly simplifies our dynamic analysis. This is the reason we omit
transportation costs and take account of travel time in introducing distance effects in our model.
In fact, the omission of transportation costs may not affect the main results of this model, except
that the gradients of the residential density curve and land rent may be steeper when transportation

costs are taken in account.

From (A18) and (A19) we obtain the residential distribution as follows:

0 < wjy, wjp < Lj,

0j BOJ
nj(wp) _ <Tjh(wjl)>ﬁ e (0) = 9 (0)
nj(w)  \Ti(wp2) ' 1T (w;)de;

where By; = g/ (77 i Bin — 1 j). We see that the residential density is invariant over time.
This property holds under the assumptions that the population fixed, the land is equally shared
among the residents, there are no congestion, no transportation costs, no investment in the
transportation infrastructure, and no technological change in transportation systems. If any of these

assumptions does not hold, then n; (wj) may become time dependent. For instance, if we introduce
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some technological change on the transportation system, then the residential distribution is not

invariant in time.

We now examine the residential density over space. As Tj,(wj1)/Tin(wj2) > 1 if wjy <

Wz, if Boj > 0, then nj(wj; ) > n;(w;,). We see that the residential density is lower away from
the CBD. As traveling costs more as the residence is further away from the CBD, it is reasonable
to observe the declination of the residential density as the distance from the CBD increases. Yet,
if B0 < 0, the residential density distribution is inverse to the case of §;, > 0 in the sense that the
further the residential location is away from the CBD, the higher the density is. To see why this
happens, from the definition of 8;, we see that the parameter becomes negative only when u; >
n; Bjn > 0. A positive u; means that as the residential density rises, the local attractiveness as
residential area is increased. From u; > n;B;,, the individual welfare is positively strongly
affected by, for instance, social interactions among local people and the propensity to use land is
low. As people so highly evaluate interacting with each other among locals, the urban residential
density becomes higher further away from the CBD. In this study, we limit our examination to the
case of u; < n;p;, for all countries. In this model, we assume T, (L) > 0. If the amenity is related
only to the social interactions, social interactions impact shapes of the residential distribution. It is
Beckmann (1976) who first proposed an urban residential model with social interactions. In his
approach, the utility of an individual depends on the average distance to all individuals with whom
this person interacts as well as on the amount of land the individual buys on the market. The
residential center is not pre-fixed. According to Beckmann’s approach, it is possible that the
highest density will neither appear at the CBD or at the opposite side of the CBD; instead the
highest density may appear somewhere between. Another way to take account of social
interactions is proposed by Papageorgiou and Smith (1983). They consider a trade-off between
social contacts and land use. The need for social contacts is negatively related to distance and
the need for land is negatively affected by crowding. When the propensity to interact with others
(which corresponds to p in our approach) is large enough, the urban equilibrium configuration

becomes unstable.

We also have:
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Rin(wpn) _ <nj(wj1))ﬁh_

Rip(w2) — \nj(wy2)

The above equation tells that the ratio of housing rents between any two locations is
invariant time, even though Rj,(w;, t) is changeable with time. As n;(wj;) > n;(w;,), the

housing rent declines as the residential area is further away from the CBD. By (10), we have:

gin(@n) _ Rin(@s2)
cn(wiz)  Rp(wjn)

¢j(wj) = ¢j(w;2), sj(wjr) = sj(wp2)-

The property that consumption of industrial goods is invariant in location but changeable
in time comes from that the households of the same country have the same income, the same
propensity to consume goods, and the price of the goods are invariant in space. Consumption of
housing increases as the residential area is further from the CBD. Within each country the total
expenditure on housing by per household Ry, (w;, t) cj(wj, t) is invariant in space but changeable

in time:
Rin(wj1, t)cin(wji, t) = Rip(wjz, t)cj(wya, t).

As the housing rent declines in location, we see that the housing consumption per

household increases as the dwelling site is further away from the CBD.

Not only the population density but also the capital intensity per square miles tend to
increase as we get closer to the city center. Buildings tend to be higher nearer the CBD. From the

results in Appendix it is straightforward to show that the capital-land ratio in any country,

kjn(wj, t)/Lj,(w), t), is given by:

~ Boj
ki (w:, ay; ;i) T, (w;
LJh(wJ t) _ jh(wj, () nj(wj,t) _ % Yj jh ( J)’
jn(w),t) r(t) + 6k
where
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a]han-
L B
0 ’ T v (wj)dwl

0(0]-_ > 0.

We conclude that the capital-land ratio decreases in the distance from the CBD (see Fujita,
1999: Section 3.7).

4. Equilibrium and Dynamics of the Global Economy

As it is difficult to explicitly interpret the analytical results, for illustration we simulate the

model. We specify the travel time as a linear function of w; by v; w;, where 1/v; is the speed of

the travel. The leisure time is thus given by:
where we specify T, = 1. By (Al14) and (A15), we solve:

1-(1—v; L)

ny(w7) = () T, (w7),m (0) =
where we use Tj,(0) = 1. For simulation, we specify values of the parameters as follows:
Ny, =1,N, =3,N; =84, = 14,4, = 0.8,4; = 0.7,4,, = 1.4,4,, = 0.8, 45, = 0.7,
L =5,a, = 03,a, = 0.32,a5 = 0.31,ay;, = 0.3, &t = 0.32, @3, = 0.31, a5, = 0.5,
No1 = 0.2,&01 = 0.2, 191 = 0.75,10; = 0.2,&p, = 0.25, 15, = 0.7,193 = 0.2,&43 = 0.3,

o3 = 0.65,0; = 0.3,1; = —0.1, Ty = 1,v; = 0.05,8;; = 0.05. (18)

Country 1,2and 3’s populations are respectively 1,3 and 8. Country 3 has the largest
population. Country 1's total productivities of the two sectors, A; and A;,, are highest, country
2's second and Country 3's lowest. The countries have the same size of land. We call countries
1,2and 3 respectively as developed, industrializing, and underdeveloped economies (DE, IE, UE).

We specify the values of the parameters, «;, in the Cobb-Douglas productions approximately
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equal to 0.3. The value is often used in empirical studies (e.g., Miles and Scott (2005), Abel et
al., 2007). The depreciation rate of physical capital is specified at 0.05. The DE’s propensity to
save is 0.75, The DE’s is 0.7, and the UE’s is 0.65. The amenity parameter, u, is negative. This
implies that the households prefer to living in an area with low residential distribution. The total
available time is fixed at unit and v = 0.05 means that if the total travel time from the CBD to
another end of the system will use up 25 per cent of the total available time. Following the Lemma

under (18), we calculate the equilibrium values of the location-independent variables as follows:
r=0.171,C =8.79,F =997,K = 23.58,k; = 2.50,k, = 1.24,k; = 0.97,F, = 1.83,

F, = 2.57,F; = 5.56,K;; = 2.50,K,; = 3.73,Ks; = 7.79, f, = 1.84, f, = 0.86,

fs = 0.69,K,;, = 2.66,K,), = 2.61,Ks;, = 4.29,K; = 5.16,K, = 6.33,K; = 12.08,

K, =7.35K, = 6.30,K; = 9.93,C; = 1.96,C, = 2.25,C3 = 4.58,w; = 1.29,

w, = 0.58,w; = 0.48,k, = 7.35,k, = 2.10, k3 = 1.24,¢; = 1.96,c, = 0.75,c3 = 0.57,

7, = 1.37,7, = 41,7 = 0.26,

where f; = F;/N;. The share of the capital employed by the housing sector in each country
is lower than the capital stocks employed by the industrial sector. The wage rate and levels of per
capita consumption and wealth in the DE are much higher than the corresponding variables in the
IE, and The wage rate and levels of per capita consumption and wealth in the UE are lowest. It
should be noted that we classify the three economies by their technology and propensities to save,
not by the wage rate, income and wealth. The differences in per capita consumption, wealth and
wage are consequences of the exogenous technological differences and differences in preferences.
We now plot the equilibrium values of the location-dependent variables as in Figure 1. In each
country the residential density declines and the housing consumption increases in the distance from
the CBD to the residential site. Both the housing rent and land rent fall in the distance. The housing

rent curve is steeper than the land rent.
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As reality is seldom in stationary state, it is important to see the motion of the system over

time and space. As we have already provided the procedure to follow the motion of each variable

in the system, it is straightforward to plot the motion with computer. We specify the initial

conditions as follows:

k,(0) = 2.2,K,(0) = 5.2,K5(0) = 9.

The initial state is far away from the equilibrium. The motion of the system is given in

Figure 2. The system approaches its long-term equilibrium over time.

Figure 2 The Motion of the System
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5. Comparative Dynamic Analysis

This section examines effects of changes in some parameters.
5.1. The developed economy improves its technology

First, we are interested in effects of the DE’s technological change on the global economy.
It has been argued that productivity differences explain much of the variation in incomes across
countries, and technology plays a key role in determining productivity (e.g., Krugman and
Venables, 1995; Manasse and Turrini, 2001; Nakajima, 2003; and Agénor, 2004). The pattern

of worldwide technical change is determined largely by international technology diffusion. As
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globalization is deepening, it is important to provide analytical frameworks for analyzing global
economic interactions. For instance, it is important to examine how a developing economy like
India or China may affect different economies as its technology is improved or population is
increased; or how trade patterns may be affected as technologies are further improved or
propensities to save are reduced in developed economies like the US or Japan. We now study what
will happen to the global economy when the technology of the DE’s industrial sector is improved
in the following way: A;: 1.4 = 1.5. We illustrate the change rates as in Figure 3. In the plots, a
variable Ax(t) stand for the change rate of the variable x(t) in percentage due to changes in the
parameter value. We see that the rate of interest initially rises but finally approaches its previous
equilibrium value. Although initially the global output level, consumption and wealth are all
reduced, the variables raise over its past values. We find similar changes in the levels of capital
stocks employed by the two sectors in each country. The DE’s trade balance is deteriorated initially
but improved later on. The trade balances o the other two economies change are improved initially
but deteriorated late on. The DE’s output level is increased, the other two economies’ output levels
are reduced initially but increased late. The consumption level of the DE is reduced initially but
increased later; the consumptions of the other two economies are slightly affected. The wage rate,
per consumption level, and per capita wealth in the DE are finally increased; the wage rates, per
consumption levels, and per capita wealth levels in the other economies are slightly affected. The

land rent, housing rent and level of housing consumption in the DE are increased initially.

403



ZHANG, Wei-Bin, (2020), “Global Growth and National Urban Development with Housing ”, Fiscaoeconomia,
Vol.4(2), 382-421.

I

10 20 30 40

10 A_K 108 A_E _ 18 AFI 10 _
t t
10 £ /10 202 30 34?0 H 388 ) 20 30 40 g - - 10 £/10 20 30 4ot
I %0 H ggg AE, H %@
I 30 i 10 20 30 40
Ak

Aw, - -
10 1 M/A&; 10 10
8 1 -E ﬁ
: : e Ay s ik, BBy
4 A_W AWZ I 10 10 20 30 40 t 10 10 20 30 40
L ! H%é I's 1,10 20 30 40 ! 20
110 I 30

V' 20 30 45

o

AR (w3, t)

Figure 3 The Developed Economy Improves Its Technology
8 AF 10 10
°\J oy e B i i 5
4 0N\ar 1 £%10 20 30 40
25N 6 0 10 20 30 4o I 5
t 10
10 15 I'10

404



ZHANG, Wei-Bin, (2020), “Global Growth and National Urban Development with Housing ”, Fiscaoeconomia,
Vol.4(2), 382-421.

5.2. The developed economy raises its propensity to save

We now study what will happen to the global economy when the DE increases its
propensity to save in the following way: 1y,: 0.75 = 0.8. As shown in Figure 4, the rate of interest
falls over time. As the propensity to save is increased, there is more capital, resulting in the fall of
the rate of interest. The global capital stocks and consumption are reduced initially but increased
later. The rise of the propensity to save leads to a long-term increase in the global consumption. It
is interesting to note that the developed economy which raises its propensity increases its
consumption level in the long term, but the other two economies will consume less than before in
the long term. The DE’s trade balance is slightly improved. The trade balances of the other two
economies change are deteriorated. The ID’s trade balance is deteriorated much more than the UE.
The levels of capital stocks employed by the two sectors in each country are increased in the long
term. Each country’s output and wage rate are all increased in the long term. The per capita wealth
and consumption level in the DE are increased, but the variables in the other two economies are
reduced. Hence, the UE and the IE suffer in terms of per capita consumption and per capita wealth.
In the DE and IE, the housing consumption, the land rent and housing rent fall. In the UE, the

housing consumption, the land rent and housing rent rise.
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A_R3 ((Ug, t)

5.3. The underdeveloped economy has more population

Another important issue is the impact of population increase in developing economies. We
examine this issue by increasing the UE’s population in the following way: N3: 8 = 9. As shown
in Figure 5, the rate of interest falls initially and then rises. The rise of the UE’s population
increases the global capital, output and consumption. Nevertheless, effects on the three economies
vary. The total capital stocks employed by the UE and the capital stocks by the UE’s two sectors
are all increased; but the total capital stocks employed by the IE and DE and the capital stocks by
the two economies’ two sectors are initially increased, but reduced in the long term. The UE’s

consumption and output are increased; but the output levels in the other two economies are

406



ZHANG, Wei-Bin, (2020), “Global Growth and National Urban Development with Housing ”, Fiscaoeconomia,
Vol.4(2), 382-421.

reduced. The wage rates and capital intensities in the three economies are all reduced. The per
capita consumption and wealth levels in the three economies are only slightly affected in the long
term. The households in the UD consume less housing due to the population growth; but the

households in the other two economies consume more housing.

Figure 5 The Underdeveloped Economy Has More Population
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6. Concluding Remarks

This study examined dynamic interactions among economic growth, housing markets,
residential distribution and international trade. As shown by Wheaton (2004), in US cities actual
employment is almost as dispersed as residences. Land should have “mixed” rather than exclusive
use in general. Nevertheless, it is still a very challenging question in economics to explicitly
introduce housing markets into international growth models with microeconomic foundations. The
paper built a multi-country growth model with economic geography and capital accumulation. The
unique feature is to introduce economic geography and housing markets into multi-country growth

model with microeconomic foundations. The model integrates the four well-known key models —
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the Solow growth model, the Oniki-Uzawa trade model, the Alonso urban model, and the Muth
housing model - in growth theory, international growth economics and urban economics within a
comprehensive framework. We showed that the dynamics of the J -country world economy can
be described by J differential equations. Then, we simulated the global economy with three
countries, respectively called developed, industrializing, and developing economy. It was
demonstrated that when the production functions take on the Cobb-Douglas form and the
parameters are properly specified, the world dynamics has a unique equilibrium. We also carried
out comparative dynamic analysis with regard to productivity levels, propensities to save, and the
population of the three economies. The simulation results demonstrate that, for instance, as the
developed economy’s population increases, the per-capita consumption levels, per-capita wealth
and wage rates in the three economies are increased in the long term; but these variables are
reduced as the developing economy’s population rises. It was shown that as the industrializing
economy’s productivity is improved, the developing economy suffers in the sense that the per-
work-time output level, the wage rate, the per-capita wealth, the leisure time, the per consumption

level and the share of the global output of the developing economy are all reduced.

The Solow model is the key model in the neoclassical economic growth theory and the
Oniki-Uzawa growth model is the key model of global economic dynamics with capital
accumulation. The Alonso model and Muth housing model are the key models in the modern urban
economics. The paper has its merit in that it synthesizes the four models in the growth theory, trade
theory and urban economics in a compact framework. Although we claimed to integrate the four
key models in economics, we have limited our study to an extremely simplified spatial structure
of the economic system. Many limitations of this model become apparent in the light of the
sophistication of the literature of growth theory, international economics, and regional science and
urban economics. We may extend our model on the basis of the contemporary literature of
economics. Numerous meaningful extensions of either of these models have already existed (e.g.,
Fujita and Thisse, 2002; Forslid and Ottaviano, 2003; Henderson and Thisse, 2004; and Robert-
Nicound, 2005). We may introduce more realistic representations of housing market dynamics
and transportation systems with congestion. To explain urban configuration, we may take account
of communications among firms as by Borukov and Hochman (1977) and O’Hara (1977). For

instance, we may consider that firms use floor space and interact among themselves and they have
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to bear transaction costs. Within the framework proposed in this study, we can explain, at least in
principle, spatial configuration of the CBD over time. As shown in Fujita and Thisse (2002: Chap.
6) by combining the basic ideas by Beckmann and Borukov and Hochman mentioned above,
various urban forms can be explained due to communication externalities. See also Imai (1982),
Lucas and Rossi-Hansberg (2002), and Berliant et al. (2002) for this direction of research. Another
extension is in the area of housing taxation. Trade economists have recently developed different
trade models in which endogenous growth is generated either by the development of new
varieties of intermediate or final goods or by the improvement of an existing set of goods with
endogenous technologies (e.g., Chari and Hopenhayn, 1991; Martin and Ottaviano, 2001; Brecher
et al., 2002; Nocco, 2005; Lee, 2011; and Hashmi, 2013).

Appendix: Proving Lemma 1 and Determining Equilibrium

First, we define the total disposal income as:

" bi
h® = f 9j(wp t)ny (wy, t)daw.
0

Multiplying all the equations in (10) by n; (a)j, t) and then integrating the resulted equations from

0 to L; with respect to wj, we obtain:

K,

G =¢%,0+8) aj_h =, ¥,5 =41, (A1)

where we use Rj,cjp, = (r + 8 )kjn/aj, from equations (3). From r + &;; = Ajajkj_ﬁj

in (1) and (r + 8x;)Kj;, = ajm;Y; from (Al), we have:
apn; Y, _

_'B]
% = 4o k. (A2)

From (3) and (10), we have R; = B;, nj n; ;. Integrating R; = B, n; n; §; from 0 to L;

with respect to w;, we obtain:

R = B n; ;. (A3)
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From (6) and (7), we have:

Y = A+ 1)K +w; N; + R;. (A4)

Insert (A3) into (A.4)

N 1+1r)K; +w; N
sz( )Kj +w; J (AS)
1—Bjun;

From (A2) and (A5), we solve:

- B 5 ~ Bj
where

ﬁ. — ajh TI]
T A (1= Binmy)

From (A6) and K; = K, + Kj;, we have:

_ B o [
K; = (1417 k” K; + (7 A; Bj + 1)k; Ny, (A7)

where we use K;; = k; N; and w; = A; B; k;”. From (1) we obtain:

1

A]Of] ‘Bj .
,Jj=1,...,],(A8)
+5;

A aq kl_ﬁ1

k; = ‘Pj(k1) = (

where §; = 8y — &y It should be noted that ¢, = k;. From equations (1) and (A8), we

determine the wage rates as functions of k, as follows:

r=@Uk) = Ay ay k" = S, wy = @i (ke) = A1 By ) (er),j = 1,-+,]. (A9)

From (A6) and (A7) it is straightforward to see that K; and K;;, can now be considered as

functions of k, and (K;). Substituting (A7) into (15) yields:

411



ZHANG, Wei-Bin, (2020), “Global Growth and National Urban Development with Housing ”, Fiscaoeconomia,
Vol.4(2), 382-421.

Ky = A(ky, {K;})

J
= -+ na & = (4 8+ i N (
=1

,(A10)

-y
= 1+7r)f kit =1

where {K;} = {K,,...,K;}. Equation (A10) shows that K, can now be considered as

Fo -

functions of k, and {K;}. It is straightforward to check that Ky, 7,w;, ' 1", R

j» Ry, Ty, Kj and Kjp

can treated as functions of J variables, k, and {K;}.

We now show that the residential density distribution is invariant in time. That is,

dn;/dt = 0 for the given technologies, preference and transportation system. By the definition of
9;(w;, t), we have:

Insert this equation into equation (11)

i (wy) = (/11' — 1+ T(kl)) kj(wp) + 4[w;(ky) + 7 (ky, {K;})], 0 < w; < L, (A12)
where we use s;(w;) = 4; 9;(«w;). This is a linear differential equation in k;(w;, t). For
convenience of expression, we rewrite equation (A12) as
ki (w;,t) + hy;(6) kj(w;,t) = hyj(£),0 < w; < Ly, (A13)
where
hyj(®) =1—2; — 4 15(ky (6)), iy (8) = Ai[w; (ke () + 7:(ke (), {K;(D})] 0 < w < L.

Applying the general solution for this type of linear differential equations, we get:

ki(wj,t) = e~ Imi®dr [hoj + f hzj(r)efhlf(f)‘”dr] ,(A14)

where hy; are constants to be determined by initial conditions. Equation (A14) tells that the path
of any household’s wealth over time and space is given as a function of functions of J variables,
k, and {K;} = {K,,..., K;}. From equation (A12), as h,; and hy; are independent of location,
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we see that if the initial distribution of the wealth is not dependent on location (i.e., k(w, 0) =
K (0)/N), hy; is also independent of location. From equation (A14), we conclude that k; (w;, t)
is independent of location, that is

ki(w1) = kj(wj2), 0 < wjy, 0 < L.

In this study, we assume that the initial wealth distribution is independent of location, wj,

We thus have k;(t) = K;(t)/N;.

By this property and equations (A11), we have 9;(w;j;) = 9j(w)2), 0 < wj;, wj; < Lj. As
shown later on, this property greatly simplifies our analysis. This is the technical reason that we
omit transportation costs in this model. If we introduce transportation costs as a function of the
distance to the CBD, then the distance variable w;, will appear in h; ;. It can be seen that the wealth
distribution is dependent on w;. For the analytical tractability, we take account of distance in the
residential location through the time distribution between leisure and travel. We have shown that
the per-capita wealth and disposal income are invariant in space but changeable over time. We

now show that the residential density distribution is invariant in time but changeable over space.

Substituting equations (10) into U;(wj;, t) in (9) and then using U;(0) = U;(w;), we have:

Ry (@) _ (W(‘%‘))”jm" <Tjh(w)>aj/nj (A15)

R;;,(0) n;(0) T (0)

where we use y](O) = )7]((1)]) From R]h(w])cjh(a)]) =1n; 5;]((1)]) and (T' + 6k)k]h =

aththjh, we have:

() = 212 i (a16)

Substituting ¢, = Ajuk;, i BJ’“ into (r + 8 )kj, = aj,cjuR;y, We have:

m r+6
Rin(w;) = i (a—hk> ﬁjh(“’]) yﬁh (A17)
j

Substitute equation (A17) into equation (A15)
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Boj
T (w:
n;(w;) = n;(0) ( ﬁh(:)]))) , (A18)

where B,; = 0;/(n;Bji — 1;)- Integrating equation (A18), we obtain:

Boj
N T (0)

L’ TBO’ (w])dwj

n;(0,t) = .(A19)

As Ty, (a)j) is explicitly defined as a function of location and independent of time, we see
that n; (0, t) is independent of time. By equation (A18), we conclude that n(w, t) is independent
of time but dependent on location. This property is important for us to find differential equations
for k, and {K;}.

Multiplying the two sides of (A12) by n; (wj) and then integrating the resulted equations

from 0 to L;, we obtain:

Ky = A(ky, {R)) = (4 — 1+ A,r (k) Ry + ANy [wy (ky) + 71 (e, {K;))], (A20)
Ky = 2;(ks, {RY) = (4 = 1+ A Cen) ) Ky + 40N [w; (hey) + 75 (ko (K7 })], (421)

where we use

_ Lid(ki(w;t)n(w;t Lj .
Iz](t) =j ] ( ]( d d)t ]( d )) d(A)J =J ka(w],t) n]((l)],t)d(l)],]= 2,...,],
0 0

in which we use 7; = 0. Taking derivatives of (A10) in t, we have:

where we also use (A21). From (A20) and (A21), we solve:

= Ay (1, {K;})
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J
= (/11 -1+ /117”(](1))1_(1 + 4Ny [Wl(kl) + 7_’1(1‘1' {Rj})] - 2 A

oA (6/1
Jak}

a—kl)_l .(A23)

j=2

From (A21) and (A23), we have thus J differential equations which contain J variable, k,

and {K; }. We have thus proved the Lemma.

We now determine how to determine an equilibrium point. At equilibrium from (A20) and
(A21) we have:

(% = 1+ 41 (k) ) B + AN;[wy (hy) + 7 (ks {R)] = 0,5 = 1,...,J. (A24)

From (A3) and (A5), we have:

_ [ +1EK; +w; Nj| By
_[ l v (429)

r.
! 1—=Bjun;

Insert (A25) in (A24)

(A +7)ABjnn; -

Y
1—Biun;

]

— A7 —

]

- _ W .
R=-—"1"" |1 J=1,...,].(A26)

T 1= By

Inserting (A26) and (A7) in (15), we have:

J
Q(ky) = z(ﬁjA,-ﬁj + 1)k -
=1

J -1
1—(1+ k" —I1—,1-—,1-r— = 0.(A27
Z( g )1_.th77j 7 1— B (A27)

J

Equation (27) contains a single variable, k,. Once we solve k,, we can directly calculate
Kj. Then following the Lemma, we determine the values of all the other variables in the global

economy.
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