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Abstract

In this study, relationships between integral invariants of parallel p-
equidistant ruled surfaces which are generated by instantaneous pfaff

vector are examined in 3-dimensional Euclidean space E°.
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Ozet

Bu calismada Oklid uzayinda iki regle yiizeyin striksiyon egrileri boyunca
teget vektorleri paralel ve uygun noktalardaki polar diizlemler arasindaki
uzaklik sabit kabul edilerek elde edilen kapali regle yiizeylere bagli olarak
Darboux vektorii yoniindeki birim vektoriin meydana getirdigi kapal regle
yiizeylerin integral invaryantlar1 arasindaki bagintilar bulunmustur.

Anahtar Kelimeler: Ani pfaff vektor, regle yiizey, integral invaryant.

1. INTRODUCTION

Let ;1 — E® be a differentiable curve with arc-length parameter.
Here,
(1.1) —a'(s), _a’(s) _
u(s)=a'(s), u,(s) I " (9] U;(S)=Uy(s) A U,(s)
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are tangent vector, normal vector and binormal vector ot ¢ at the
points & () , respectively and {u;,U,,U,} is the Frenet frame of & . The
Frenet formulas of o are
(12) u'=ku,, u, =—ku +ku, u =-ku,
where k; k, are the curvature and the torsion tensor of ¢« , respectively.
Let ¢ be a ruled surfaces with the leading curve a = a(S) and the

generator vector x(s). Then ¢ has the following parameter representation:

(1.3) @:IxIR—>E® ¢(s, V) =a(s)+vx(s)

X(s)
2)
—_—
— a
x
o

Figure 1.1: Ruled Surface

If ¥ is the striction curve of ¢(s, V), then

(a'(s),X'(8))
Ix@)[

Moreover the apex angle, pitch and drall of ¢(s, v) are

(14)  y(s)=a(s)- X(s)

_ det(a’, x, X)
X1

@5  A=(d,x), L, =(V.x) P,
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respectively. On the other hand the apex angle, pitch and drall of closed
ruled surfaces generated by Frenet vectors fiel U, (S), U, (s) and u,(s)

are
A, = <j> k,ds |, = <j.> ds P, =0
(2) (a) '
k
1.6 A =0 =0 ip =—=2_ 2]
( ) U2 |2 0 e k12+k22 [ ]
/1”3 = Cﬁ kldS Uy 1
() Pu3 :k_
2

The planes which correspond to the subspaces
sp{u,,u,}, sp{u,,u,} and sp{u,,u,} are called asymptotic plane, polar

plane and central plane [1,4].

Definition
Let ¢(s,V)=cx(s)+VU,(s) and ¢(s,v)=a(s)+VV,(s) be two ruled
surfaces in E* with the generators u, and v, tangent vectors of & and
(;, respectively. If
i) The generator vectors of ¢ and (7) vectors are parallel,

ii) The distance between the polar planes at the corresponding
points is constant, then the pair of ruled surfaces ¢ and & are called the
parallel p-equidistant [4].

If the striction curve of ¢ and g; are the leading curves and the
distance between central planes asymptotic planes and polar planes of ¢

and (7) are |Z||q| and |p| respectively, it is written that
1.7) o= ¥+ pu, +Zu, +qu,

Also the following equations are satisfild
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(1.8) ki = kE and k= , [4]
"ds

Where kl,k1 are natural curvatures and K, k2 are natural torsion of @

and @ | respectively.

Theorem

There are following relation between angle of the pitches, pitches and
dralls of ¢(s,V) and ¢(s,V), which main lines are Frenet vectors, closed

parallel p-equidistant ruled surface couple,

A=A+ § ks

(puy+2u,+quz)

(L9) A, =4, =0
A=d,+  § ks
(Puy+2u,+qug)
(1.10) kil, =k, 1, +k; ds,
(PU1+ZUz+qU3)
P, =P, =0
(1.11) P, =P, % 3]
p _p 48
3 3 ds

2. INTEGRAL INVARIANTS OF PARALLEL P-EQUIDISTANT
RULED SURFACES WHICH ARE GENERATED BY
INSTANTANEOUS PFAFF VECTOR

Let W is instantaneos pfaff vector of ¢ curve. If the angle between
w and u,is 8= f(s), from fig. 2.1, it is obtained that
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-
K u,

e

B

-
K u,

Figure 2.1. Pfaff vector

cosﬂzﬁz—kl , sin B

Wl k2 +K2

k2

_ kK
Wl k2 +K2

where |W|= [k’ +kZ >0. If c is the unit vector in the diection of

W, we can write

c= 2 Ky u, + K u, or
[0 N PR DR
(2.1) c=sinf u,+cos S u,

From (1.5) the pitch of the closed surface generated by C is

A. =sin ﬂcﬁ kzds+cosﬂ4> k,ds .
(@) (@)
From here using (1.6), we get
(2.2) A =sinp A, +cos B A,
Also from (1.5) the apex angle of the closed ruled surface is

|, =sin 3 ds or
(@)

(2.3) l.=sing 1,

Moreover the drall of the closed ruled surface is
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det[da , C, dcj
ds ds

2 )

C

@
ds
2.4 p, _ 008 i(sin p, —cos k).
B'% +(sin Bk, —cos pk,)
Theorem 2.1.

Let (/)(s,v) and &(E,v) be parallel p-equidistant closed ruled surfaces.

Then, there are following relationships, between the apex angles, pitches
and dralls of ruled surfaces generated by moving C depending on

{u,,u,,u,}.

A =sinp A, +cosp 4, ,
l.=sing1,,

p_ —Ccos S(sin gk, —cos Sk,)
" B +(sin Bk, —cos Bk, )

Let ;1 — E? be a differentiable curve with arc-lenght parameter

and {V,,V,,V,} be its Frenet frame. If the angle between the instantaneous

pfaff vector W of ¢ and Vv, is Z’ :ﬁ(g), from the fig. (2.2), we have
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e

=1l

>

=

Figure 2.2. Pfaff vector

ngoke K
R TR

Where ||| =/k? +k >0. If ¢ is the unit vector in the direction of W,

we can write
- k K,
c= 2l 2 Vit 2 Vas
JKE+k2 ke
(2.5) c=sinf v, +cos v,

From (1.5), the pitch of the closed ruled surface generated by Cis
A =sin ,Bcﬁ k,ds +cos,Bgr> k,ds
(o) ()

From here using (1.7), we get

. _smﬁQSk ds+cosﬂq.> k.ds +sin g @9 k,ds +cos S <j> k,ds
(7) (puy+2u,+quz) (Pup+2u,+qug)

Assuming that y is the leading curve and using (2.2) in the last equation,

we have
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(26) A=A +sinp Sﬁ k,ds +cos 95 k,ds

(puy+2u,+qus) (puy+2u,+qus)

Thus, we can give the following theorem:

Theorem 2.2.

Let ¢(s,v) and &(g,v) be parallel p-equidistant closed ruled surfaces.

Then, there is following relationship, between the apex angles of closed
ruled surfaces generated by C depending on {ul,uz,u3} and ¢ depending

on {V,,V,,V,}

A=A +sinp 4) k,ds +cosf 95 k,ds

(puy+2u,+qus) (puy+2u,+qus)
Also, from (1.5) the pitch of the ruled surface generated by Cis

|, =sin g ds
(=)

From here using (1.7), we get

IE:sinﬁqﬁstinﬂ cﬁ ds

((puy+zup +qus3)

Assuming that y is the leading curve and using (2.2) in the last equation,
we have

2.7 | =sin gl +sin g <j5 ds

((puy-+2u,+qus)
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Theorem 2.3.

Let go(s,v) and g?)(g,v) be parallel p-equidistant closed ruled surfaces.
Then, there is the following relationship between the pitches closed ruled

surface generated by C depending on {U,,u,,u;} and c depending on

ViV, V)

l. =sin gl +sin g gf) ds.

((puy+2u,+qus)

On the other hand, from (1.5), the drall of the ruled surface generated by c
is
—cos B(sin gk, —cos Bk, ) ds

i (ﬂ' )2 +(sin Sk, —cos Sk, )’ ds

c

By substituting (2.4) in the last equation, we obtain

ds
2.8 pP=p—
@8 R

Lastly, we can give the following theorem:

Theorem 2.4.

Let (p(s,v) and &(g,v) be parallel p-equidistant closed ruled surfaces.

Then, there is the following relationship between the dralls closed ruled

surface generated by C unit depending on {ul,uz,us} and ¢ depending
ds

on iV,V,,Vor 1 P =P —

{ 1172 3} c c dS
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