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Abstract

The primary purpose of the present paper is to continue the previous investigations of the author and apply
the technique from the two-body problem of classical electrodynamics to the three-body problem. We derive
equations of motion with radiation terms which are neutral type nonlinear di�erential equations with state-
dependent delays. The derivation approach is analogous to that of the two body-problem, which allows a
uni�ed consideration of the problem for any number of bodies. In the next paper, we prove the existence of
periodic solution of the three-body problem and in such a way the Bohr-Sommerfeld postulate for stationary
states is con�rmed.
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1. Introduction

The main purpose of the present paper is to derive equations of motion describing three charged particles
in the framework of the classical electrodynamics. Our considerations based on the previous author's results
concerning a general formulation of the N -body problem of classical electrodynamics exposed in [1], [2].
The formulation is based on the principle of independent action of the electromagnetic �elds generated by
moving particles. The core of this principle is that each particle is under the in�uence of the rest ones, as
the interaction between them is disregarded. From mathematical point of view this means: for every �xed
particle the Lorentz force (in the right-hand sides of the equations of motion) can be calculated by vector
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summation of the retarded �elds produced by all the other N-1 particles. This leads to a nonlinear system
of 4N equations of motion (cf. [1], [2]):
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(r = 1, 2, 3, 4 ; k = 1, 2, 3, ..., N), where the Einstein summation convention is valid, that is, in our case the
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(cf. [17, 19]). A formulation and investigation of the

two-body problem of classical electrodynamics in series of author's papers are given [19, 13, 14, 3, 4, 5, 6].
The equations of motion for the two-body problem are neutral type nonlinear di�erential equations with
retarded arguments depending on the unknown trajectories (cf. [15, 16]). The same type are the equations
of motion for the three-body problem. Here we follow the line of investigations from [7, 8, 9], where we have
proved the existence of Bohr-Sommerfeld stationary states [20]. It turns out that they are implied by the
classical electrodynamics unlike previous claims that they contradict it (cf. for instance [18]).

The paper consists of six sections and references. Section 1 is an Introduction. In Section 2, a derivation
of the explicit form of the equations of motion for three-body problem is made. Every vector equation
contains in the right-hand side the Lorentz force and a radiation term that shows the self-interaction of every
moving particle. The Lorentz force is a sum of two terms each of which shows the in�uence of the other
two particles on the �rst one. In Section 3, the formalism of the transition to the Euclidean coordinates
is described. In Section 4, we reduce the system of equations of motion in a simpli�ed form using suitable
denotations. In Section 5, a transformation of the radiation terms under the Dirac assumption is made.
Section 6 is a conclusion.

Before we begin our exposition, we note another approach contained in the papers [12, 11].
Here we apply the results from [1] to the particular case of the three-body problem and investigate in

the next papers the He-atom. Namely, the equations of motion (1.1) for 3-body problem become
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Including the radiation terms we obtain
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Let us note the number of equations in (1.2) is 12, while the unknown functions (trajectories) are 12. In
[4, 1] it is proved that every 4-th equation is a consequence of the previous three ones. In a similar way one
can prove that the independent equations in (1.2) are 9 in number. So we have to solve a system containing
9 equations for 9 unknown functions � components of the velocities of the three moving particles.
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2. Derivations of an Explicit Form of the Lorentz Force in Equations of Motion and Introducing

the Radiation Terms

We follow the procedure introduced in [1]. By
(
x
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4 = ict

)
, (k = 1, 2, 3) we denote

the space-time coordinates of the charged particles. As usually Latin indices run from 1 to 4, while Greek
� from 1 to 3. The scalar product in the Minkowski space is ⟨a, b⟩4 = arbr =

∑4
r=1 arbr, while in the

3-dimensional subspace � ⟨a, b⟩ = aαbα =
∑3

α=1 aαbα; c is the vacuum speed of light; mk (k = 1, 2, 3)
are the proper masses of the particles; ek (k = 1, 2, 3) are their charges. The elements of proper times are
dsk (k = 1, 2, 3) and the unit tangent vectors to the world lines are
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In order to compare denotations with originally accepted ones we recall [19]
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The components of the accelerations are
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The isotropic vectors ξ(kn)(k = 1, 2, 3 ; n ̸= k) are obtained as in [1] (cf. also [19]): �x any event on the
world line of the k -th particle and draw the light cone into the past. This cone intersects the world line of
the n-th particle in any other (past) event. Then
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= 0, the retarded functions τkn(t) should satisfy the following functional equations
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The above equations are 3.2 = 6 in number (k = 1, 2, 3 ; n ̸= k).
In what follows we obtain an explicit type of the radiation terms, following [10] (cf. also [7]- [9]).

Let us consider a charge ek(k = 1, 2, 3) describing any curve Lk(k = 1, 2, 3) in the space-time. Let
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k :

λ(k)adv =
(
λ
(k)adv
1 , λ

(k)adv
2 , λ

(k)adv
3 , λ

(k)adv
4

)
=

(
u
(k)
1 (

⌢
t k)

∆(k)adv
,
u
(k)
2 (

⌢
t k)

∆(k)adv
,
u
(k)
3 (

⌢
t k)

∆(k)adv
, ic
∆(k)adv

)
=

(
u⃗(k)(

⌢
t k)

∆(k)adv
, ic
∆(k)adv

)
,

where ∆(k)adv =

√
c2 −

〈
u⃗(k)(

⌢
t k), u⃗(k)(

⌢
t k)
〉
.

Let Aadv
k Ak be the isotropic vector ξ(k)adv =

(
ξ
(k)adv
1 , ξ

(k)adv
2 , ξ

(k)adv
3 , ξ

(k)adv
4

)
, where

ξ(k)advα = x(k)α (
⌢
t k)− x(k)α (t) ; ξ

(k)ret
4 = ic(

⌢
t k −t), t <

⌢
t k .

Now, we put τadvk (t) =
⌢
t k − t ⇒

⌢
t k= t+ τadvk (t). Following again [10] we de�ne the radiation term as a half

of the di�erence between both retarded and advanced potentials:

F (k)rad
mn =

1

2

[(
∂A

(k)ret
n

∂x
(k)ret
m

− ∂A
(n)ret
m

∂x
(k)ret
n

)
−

(
∂A

(k)adv
n

∂x
(k)adv
m

− ∂A
(n)adv
m

∂x
(k)adv
n

)]
,

where A
(k)ret
n = − ekλ

(k)ret
n

⟨λ(k)ret,ξ(k)ret⟩
4

and A
(k)adv
n = − ekλ

(k)adv
n

⟨λ(k)adv ,ξ(k)adv⟩
4

. Then the equations of motion become

(r = 1, 2, 3, 4)

m1
dλ

(1)
r

ds1
=

e1
c2

(
F

(12)
rl λ

(1)
l + F

(13)
rl λ

(1)
l +

1

2

[
∂A

(1)ret
l

∂x
(1)ret
r

− ∂A
(1)ret
r

∂x
(1)ret
l

−

(
∂A

(1)adv
l

∂x
(1)adv
r

− ∂A
(1)adv
r

∂x
(1)adv
l

)]
λ
(1)
l

)
,

m2
dλ

(2)
r

ds2
=

e2
c2

(
F

(21)
rl λ

(2)
l + F

(23)
rl λ

(2)
l +

1

2

[
∂A

(2)ret
l

∂x
(2)ret
r

− ∂A
(2)ret
r

∂x
(2)ret
l

−

(
∂A

(2)adv
l

∂x
(2)adv
r

− ∂A
(2)adv
r

∂x
(2)adv
l

)]
λ
(2)
l

)
,

m3
dλ

(3)
r

ds3
=

e3
c2

(
F

(31)
rl λ

(3)
l + F

(32)
rl λ

(3)
l +

1

2

[
∂A

(3)ret
l

∂x
(3)ret
r

− ∂A
(3)ret
r

∂x
(3)ret
l

−

(
∂A

(3)adv
l

∂x
(3)adv
r

− ∂A
(3)adv
r

∂x
(3)adv
l

)]
λ
(3)
l

)
.

The formalism from [7] leads to (k = 1, 2, 3):
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3. Transition to the Euclidean Coordinates Introducing Suitable Denotations
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α (t−τkn)

∆2
kn

+
u
(n)
α (t−τkn)⟨u⃗(n)(t−τkn), ˙⃗u

(n)(t−τkn)⟩
∆4

kn

)
;

dλ
(n)
4

dsn
=

icDkn⟨u⃗(n)(t−τkn), ˙⃗u
(n)(t−τkn)⟩

∆4
kn

;

〈
λ(k), λ(n)

〉
4

=
⟨u⃗(k)(t),u⃗(n)(t−τkn)⟩−c2

∆k∆kn
;〈

λ(k), ξ(kn)
〉
4

=
⟨u⃗(k)(t),ξ⃗(kn)⟩−c2τkn

∆k
;〈

λ(n), ξ(kn)
〉
4

=
⟨u⃗(n)(t−τkn),ξ⃗

(kn)⟩−c2τkn
∆kn

;

〈
ξ(kn), dλ

(n)

dsn

〉
4

= Dkn

(
⟨ξ⃗(kn), ˙⃗u(n)(t−τkn)⟩

∆2
kn

+
⟨ξ⃗(kn),u⃗(n)(t−τkn)⟩−c2τkn

∆4
kn〈

u⃗(n)(t− τkn), ˙⃗u
(n)(t− τkn)

〉)
;〈

λ(k), dλ
(n)

dsn

〉
4

= Dkn
∆k

(
⟨u⃗(k)(t), ˙⃗u(n)(t−τkn)⟩

∆2
kn

+
⟨u⃗(k)(t),u⃗(n)(t−τkn)⟩−c2τkn

∆4
kn〈

u⃗(n)(t− τkn), ˙⃗u
(n)(t− τkn)

〉)
.

For the retarded part of radiation term in a similar way di�erentiating

t− t̆k =
1

c

√√√√ 3∑
γ=1

[
x
(k)
γ (t)− x

(k)
γ (t̆k)

]
2

with respect to t̆k (t = t(t̆k)), we obtain
dt
dt̆k

− 1 =

∑3
γ=1

[
x
(k)
γ (t)−x

(k)
γ (t̆k)

][
u
(k)
γ (t) dt

dt̆k
−u

(k)
γ (t̆k)

]
c

√∑3
γ=1

[
x
(k)
γ (t)−x

(k)
γ (t̆k)

]
2

. Hence

Dret
k ≡ dt

dt̆k
=

c

√〈
ξ⃗(k)ret, ξ⃗(k)ret

〉
−
〈
ξ⃗(k)ret, u⃗(k)ret

〉
c

√〈
ξ⃗(k)ret, ξ⃗(k)ret

〉
−
〈
ξ⃗(k)ret, u⃗(k)

〉 =
cτ retk −

〈
ξ⃗(k)ret, u⃗(k)(t− τ retk )

〉
cτ retk −

〈
ξ⃗(k)ret, u⃗(k)(t)

〉 .

Analogously for advanced term we have

Dadv
k ≡ dt

d
⌢
t k

=

c

√〈
ξ⃗(k)adv, ξ⃗(k)adv

〉
−
〈
ξ⃗(k)adv, u⃗(k)adv

〉
c

√〈
ξ⃗(k)adv, ξ⃗(k)adv

〉
−
〈
ξ⃗(k)adv, u⃗(k)

〉 =
cτadvk −

〈
ξ⃗(k)adv, u⃗(k)(t+ τadvk )

〉
cτadvk −

〈
ξ⃗(k)adv, u⃗(k)(t)

〉 .

Further〈
λ(k), λ(k)ret

〉
4
=

〈
u⃗(k)(t), u⃗(k)(t− τ retk

〉
− c2

∆k∆(k)ret
;
〈
λ(k), λ(k)adv

〉
4
=

〈
u⃗(k)(t), u⃗(k)(t+ τadvk

〉
− c2

∆k∆(k)adv
;
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〈
ξ(k)ret, λ(k)

〉
4
=

〈
u⃗(k)(t), ξ⃗(k)ret

〉
− c2τ retk

∆k
;
〈
ξ(k)adv, λ(k)

〉
4
=

〈
u⃗(k)(t), ξ⃗(k)adv

〉
− c2τadvk

∆k
;

〈
ξ(k)ret, λ(k)ret

〉
4
=

〈
u⃗(k)ret(t− τ retk ), ξ⃗(k)ret

〉
− c2τ retk

∆(k)ret
;

〈
ξ(k)adv, λ(k)adv

〉
4
=

〈
u⃗(k)adv(t+ τadvk ), ξ⃗(k)adv

〉
− c2τadvk

∆(k)adv
;

d
dsret

= 1
∆(k)ret

d
dt̆

= 1
∆(k)ret

dt
dt̆k

d
dt =

1
∆(k)ret

Dret
k

d
dt ;

d
dsadv

= 1
∆(k)adv

d
dt̆

= 1
∆(k)adv

dt
dt̆k

d
dt =

1
∆(k)adv

Dadv
k

d
dt ;

dλ
(k)ret
α
dsret

= Dret
k

(
u̇
(k)
α (t−τretk )

∆2
(k)ret

+
u
(k)
α (t−τretk )⟨u⃗(k)(t−τretk ), ˙⃗u(k)(t−τretk )⟩

∆4
(k)ret

)
;

dλ
(k)ret
4
dsret

=
icDret

k ⟨u⃗(k)(t−τretk ), ˙⃗u(k)(t−τretk )⟩
∆4

(k)ret

;

dλ
(k)adv
α
dsadv

= Dadv
k

(
u̇
(k)
α (t+τadvk )

∆2
(k)adv

+
u
(k)
α (t+τadvk )⟨u⃗(k)(t+τadvk ), ˙⃗u(k)(t+τadvk )⟩

∆4
(k)adv

)
;

dλ
(k)adv
4
dsadv

=
icDadv

k ⟨u⃗(k)(t+τadvk ), ˙⃗u(k)(t+τadvk )⟩
∆4

(k)adv

;

〈
ξ(k)ret, dλ

(k)ret

dsret

〉
4

= Dret
k

(
⟨ξ⃗(k)ret, ˙⃗u(k)(t−τretk )⟩

∆2
(k)ret

+
⟨ξ⃗(k)ret,u⃗(k)(t−τretk )⟩−c2τretk

∆4
kn〈

u⃗(k)(t− τ retk ), ˙⃗u(k)(t− τ retk )
〉)

;〈
λ(k), dλ

(k)ret

dsret

〉
4

=
Dret

k
∆k

(
⟨u⃗(k)(t), ˙⃗u(k)(t−τretk )⟩

∆2
(k)ret

+
⟨u⃗(k)(t),u⃗(k)(t−τretk )⟩−c2τretk

∆4
(k)ret〈

u⃗(k)(t), ˙⃗u(k)(t− τ retk )
〉)

;〈
ξ(k)adv, dλ

(k)adv

dsadv

〉
4

= Dadv
k

(
⟨ξ⃗(k)adv , ˙⃗u(k)(t+τadvk )⟩

∆2
(k)adv

+
⟨ξ⃗(k)adv ,u⃗(k)(t+τadvk )⟩−c2τadvk

∆4
(k)adv〈

u⃗(k)(t+ τadvk ), ˙⃗u(k)(t+ τadvk )
〉)

;〈
λ(k), dλ

(k)adv

dsadv

〉
4

=
Dadv

k
∆k

(
⟨u⃗(k)(t), ˙⃗u(k)(t+τadvk )⟩

∆2
(k)adv

+
⟨u⃗(k)(t),u⃗(k)(t+τadvk )⟩−c2τ (k)adv

∆4
(k)adv〈

u⃗(k)(t), ˙⃗u(k)(t+ τadvk )
〉)

;

Hkn =

1 +Dkn


〈
ξ⃗(kn), ˙⃗u(n)

〉
∆2

kn

+

(〈
ξ⃗(kn), u⃗(n)

〉
− c2τkn

)〈
u⃗(n), ˙⃗u(n)

〉
∆4

kn

∆2
kn,

Hret
k =

1 +Dret
k


〈
ξ⃗(k)ret, ˙⃗u(k)ret

〉
∆2

(k)ret

+

(〈
ξ⃗(k)ret, u⃗(k)ret

〉
− c2τ(k)ret

)〈
u⃗(k)ret, ˙⃗u(k)ret

〉
∆4

(k)adv

∆2
(k)ret,

Hadv
k =

1 +Dadv
k


〈
ξ⃗(k)adv, ˙⃗u(k)adv

〉
∆2

(k)adv

+

(〈
ξ⃗(k)adv, u⃗(k)adv

〉
− c2τ(k)adv

)〈
u⃗(k)adv, ˙⃗u(k)adv

〉
∆4

(k)adv

∆2
(k)adv,
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for (k = 1, 2, 3), n ̸= k. Then the equations of motion (2.1) and (2.2) become α = 1, 2, 3; k = 1, 2, 3:

1
∆2

k
u̇
(k)
α + u

(k)
α

∆4
k

〈
u⃗(k), ˙⃗u(k)

〉
=
∑3

n=1,n̸=k
enek
mkc2


(c2−⟨u⃗(k),u⃗(n)⟩)

∆k∆kn
ξ
(kn)
α −u

(n)
α

∆kn

(c2τkn−⟨ξ⃗(kn),u⃗(k)⟩)
∆k(

c2τkn−⟨ξ⃗(kn),u⃗(n)⟩
∆kn

)3 Hkn+

+∆2
kn


(〈

⇀
ξ
(kn)

,u⃗(k)

〉
−c2τkn

)
∆k

Dkn

(
u̇
(n)
α

∆2
kn

+
u
(n)
α ⟨u⃗(n), ˙⃗u(n)⟩

∆4
kn

)
(⟨ξ⃗(kn),u⃗(n)⟩−c2τkn)

2 −

−
ξ
(kn)
α

Dkn
∆k

(
⟨u⃗(k), ˙⃗u(n)⟩

∆2
kn

+
(⟨u⃗(k),u⃗(n)⟩−c2)⟨u⃗(n), ˙⃗u(n)⟩

∆4
kn

)
(⟨ξ⃗(kn),u⃗(n)⟩−c2τkn)

2


+

+
e2k

2mkc2


ξ
(k)ret
α

⟨u⃗(k), u⃗(k)ret⟩−c2

∆k∆(k) ret
−u

(k)ret
α

⟨u⃗(k),ξ⃗(k) ret⟩−c2τretk
∆k∆(k) ret(

⟨u⃗(k)ret, ξ⃗(k) ret⟩−c2τret
k

∆(k) ret

)3 Hret
k +

+∆2
(k) ret

 (⟨ξ⃗(k) ret,u⃗(k)⟩−c2τretk )Dret
k

∆k

(
u̇
(p)ret
α

∆2
(k) ret

+
u
(p)r
α ⟨u⃗(k)ret, ˙⃗u(k)ret⟩

∆4
(k) ret

)
(c2τretk −⟨ξ⃗(k) ret,u⃗(k)ret⟩)

2

−
ξ
(k) ret
α

Dret
k
∆k

(
⟨u⃗(k), ˙⃗u(k)ret⟩

∆2
(k) ret

+
(⟨u⃗(k),u⃗(k)ret⟩−c2)⟨u⃗(k), ˙⃗u(k)ret⟩

∆4
(k) ret

)
(c2τretk −⟨ξ⃗(k) ret,u⃗(k)ret⟩)

2


−

− e2k
2mkc2


ξ
(k) adv
α

⟨u⃗(k), u⃗(k) adv⟩−c2

∆k∆(k) adv
− u

(k)adv
α

∆(k) adv

⟨u⃗(k),ξ⃗(k) adv⟩−c2τadvk
∆k(

⟨u⃗(k)adv, ξ⃗(k) adv⟩−c2τadv
k

∆(k) adv

)3 Hadv
k +

+∆2
(k) adv

 ⟨ξ⃗(p) adv,u⃗(k)⟩−c2τadvk
∆k

Dadv
k

(
u̇
(k)adv
α

∆2
(k) adv

+
u
(k)adv
α ⟨u⃗(k)adv, ˙⃗u(k)adv⟩

∆4
(k) adv

)
(c2τadvk −⟨ξ⃗(k) adv ,u⃗(k)adv⟩)

2 −

ξ
(k) adv
α

Dadv
k
∆k

(
⟨u⃗(k), ˙⃗u(k)adv⟩

∆2
(k) adv

+
(⟨u⃗(k),u⃗(k)adv⟩−c2)⟨u⃗(k), ˙⃗u(k)adv⟩

∆4
(k) adv

)
(c2τadvk −⟨ξ⃗(k) adv ,u⃗(k)adv⟩)

2


 ;

(3.1)

(α = 1, 2, 3)

ic
∆4

k

〈
u⃗(k), ˙⃗u(k)

〉
= eken

mkc2


(c2−⟨u⃗(k),u⃗(n)⟩)

∆k∆kn
icτkn− ic

∆kn

(c2τkn−⟨ξ⃗(kn),u⃗(k)⟩)
∆k(

c2τkn−⟨ξ⃗(kn),u⃗(n)⟩
∆kn

)3 Hkn+

+∆2
kn

 ⟨ξ(kn),u⃗(k)⟩−c2τkn

∆p

icDkn
∆4
pq

⟨u⃗(n), ˙⃗u(n)⟩
(⟨ξ⃗(kn),u⃗(n)⟩−c2τkn)

2 −

−
icτkn

Dkn
∆k

(
⟨u⃗(k), ˙⃗u(n)⟩

∆2
τkn

+
(⟨u⃗(k),u⃗(n)⟩−c2)⟨u⃗(n), ˙⃗u(n)⟩

∆4
kn

)
(⟨ξ⃗(kn),u⃗(n)⟩−c2τkn)

2


+

(3.2)
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+
e2k

2mkc2


icτretk

⟨u⃗(k), u⃗(k)ret⟩−c2

∆k∆(k) ret
− ic

∆(k) ret

⟨u⃗(k),ξ⃗(k) ret⟩−c2τretk
∆k(

⟨u⃗(k)ret, ξ⃗(k) ret⟩−c2τret
k

∆(k) ret

)3 Hret
k +

+∆2
(k) ret


[
⟨ξ⃗(k) ret,u⃗(k)⟩−c2τretk

∆k

icDret
k

〈
⇀
u
(k)ret

, ˙⃗u(k)ret
〉

∆4
(k) ret

(c2τretk −⟨ξ⃗(k) ret,u⃗(k)ret⟩)2

−icτ retk
Dret

k
∆k

⟨u⃗(k), ˙⃗u(k)ret⟩
∆2
(k) ret

+

(
⟨u⃗(k),⇀u

(k)ret
⟩−c2

)
⟨u⃗(k)ret, ˙⃗u(k)ret⟩

∆4
(k) ret


(c2τretk −⟨ξ⃗(k) ret,u⃗(k)ret⟩)2


−

− e2k
2mkc2


icτadvk

⟨u⃗(k), u⃗(k)adv⟩−c2

∆k∆(k) adv
− ic

∆(k) adv

⟨u⃗(k), ξ⃗(k)adv⟩−c2τadvk
∆k(

⟨u⃗(k)adv, ξ⃗(k)adv⟩−c2τadv
k

∆(k) adv

)3 Hadv
k +

+∆2
(k) adv


[
⟨ξ⃗(k) adv,u⃗(k)⟩−c2τadvk

∆k

icDadv
k ⟨u⃗(k)adv, ˙⃗u(k)adv⟩

∆4
(k) adv

(c2τadvk −⟨ξ⃗(k) adv ,u⃗(k)adv⟩)2
−

−
icτadvk

Dadv
k
∆k

(
⟨u⃗(k), ˙⃗u(k)adv⟩

∆2
(k) adv

+
(⟨u⃗(k),u⃗(k)adv⟩−c2)⟨u⃗(k)adv, ˙⃗u(k)adv⟩

∆4
(k) adv

)
(c2τadvk −⟨ξ⃗(k) adv ,u⃗(k)adv⟩)2


 .

One can prove as in [2] equations (3.2) are consequence of (3.1 ). Therefore we consider in the following
only the system (3.1 ).

4. Reducing the System of Equations of Motion in a Suitable Form

We are able to simplify (3.1 ) using denotations:

Akn =
Hkn(c2−⟨u⃗(k),u⃗(n)⟩)
(c2τkn−⟨ξ⃗(kn),u⃗(n)⟩)3

−Dkn
∆2

kn⟨u⃗(k), ˙⃗u(n)⟩+(⟨u⃗(k),u⃗(n)⟩−c2)⟨u⃗(n), ˙⃗u(n)⟩
∆2

kn(⟨ξ⃗(kn),u⃗(n)⟩−c2τkn)
2 ;

Bkn =
Hkn(c2τkn−⟨ξ⃗(kn),u⃗(k)⟩)
(c2τkn−⟨ξ⃗(kn),u⃗(n)⟩)3

− Dkn(⟨ξ⃗(kn),u⃗(k)⟩−c2τkn)⟨u⃗(n), ˙⃗u(n)⟩
∆2

kn(⟨ξ⃗(kn),u⃗(n)⟩−c2τkn)
2 ;

Ckn =
Dkn(⟨ξ⃗(kn),u⃗(k)⟩−c2τkn)

(⟨ξ⃗(kn),u⃗(n)⟩−c2τkn)
2 ;

A(k)ret =
Hret

k (c2−⟨u⃗(k),u⃗(k)ret⟩)
(c2τretk −⟨ξ⃗(k)ret,u⃗(k)ret⟩)3

−Dret
k

∆2
(k)ret⟨u⃗(k), ˙⃗u(k)ret⟩+(⟨u⃗(k),u⃗(k)ret⟩−c2)⟨u⃗(k)ret, ˙⃗u(k)ret⟩

∆2
(k)ret(c2τ

ret
k −⟨ξ⃗(k)ret,u⃗(k)ret⟩)2

;

B(k)ret =
Hret

k (c2τretk −⟨ξ⃗(k)ret,u⃗(k)⟩)
(c2τretk −⟨ξ⃗(k)ret,u⃗(k)ret⟩)3

− Dret
k (⟨ξ⃗(k)ret,u⃗(k)⟩−c2τretk )⟨u⃗(k)ret, ˙⃗u(k)ret⟩

∆2
(k)ret(c2τ

ret
k −⟨ξ⃗(k)ret,u⃗(k)ret⟩)2

;

C(k)ret =
Dret

k (⟨ξ⃗(k)ret,u⃗(k)⟩−c2τretk )

(c2τretk −⟨ξ⃗(k)ret,u⃗(k)ret⟩)2
;
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A(k)adv =
Hadv

k (c2−⟨u⃗(k),u⃗(k)adv⟩)
(c2τadvk −⟨ξ⃗(k)adv ,u⃗(k)adv⟩)3

−Dadv
k

∆2
(k)adv⟨u⃗(k), ˙⃗u(k)adv⟩+(⟨u⃗(k),u⃗(k)adv⟩−c2)⟨u⃗(k)adv , ˙⃗u(k)adv⟩

∆2
(k)adv(c2τ

adv
k −⟨ξ⃗(k)adv ,u⃗(k)adv⟩)2

;

B(k)adv =
Hadv

k (c2τadvk −⟨ξ⃗(k)adv ,u⃗(k)⟩)
(c2τadvk −⟨ξ⃗(k)adv ,u⃗(k)adv⟩)3

− Dadv
k (⟨ξ⃗(k)adv ,u⃗(k)⟩−c2τadvk )⟨u⃗(k)adv , ˙⃗u(k)adv⟩

∆2
(k)adv(c2τ

adv
k −⟨ξ⃗(k)adv ,u⃗(k)adv⟩)2

;

C(k)adv =
Dadv

k (⟨ξ⃗(k)adv ,u⃗(k)⟩−c2τadvk )

(c2τadvk −⟨ξ⃗(k)adv ,u⃗(k)adv⟩)2
, (k = 1, 2, 3).

Then we reach the system

u̇
(1)
α (t) + u

(1)
α (t)
∆2

1

〈
u⃗(1)(t), ˙⃗u(1)(t)

〉
= e1e2∆1

m1c2

(
A12ξ

(12)
α −B12u

(2)
α + C12u̇

(2)
α

)
+

+ e1e3∆1
m1c2

(
A13ξ

(13)
α −B13u

(3)
α + C13u̇

(3)
α

)
+

e21∆1

2m1c2

(
A(1)retξ

(1)ret
α −B(1)retu

(1)
α +

+C(1)retu
(1)ret
α −A(1)advξ

(1)adv
α +B(1)advu

(1)
α − C(1)advu

(1)adv
α

)
;

u̇
(2)
α (t) + u

(2)
α (t)
∆2

2

〈
u⃗(2)(t), ˙⃗u(2)(t)

〉
= e2e1∆2

m2c2

(
A21ξ

(21)
α −B21u

(1)
α + C21u̇

(1)
α

)
+ e2e3∆2

m2c2

(
A23ξ

(23)
α −B23u

(3)
α + C23u̇

(3)
α

)
+

e22∆2

2m2c2

(
A(2)retξ

(2)ret
α −B(2)retu

(2)
α +

+C(2)retu
(2)ret
α −A(2)advξ

(2)adv
α +B(2)advu

(2)
α − C(2)advu

(2)adv
α

)
u̇
(3)
α (t) + u

(3)
α (t)
∆2

3

〈
u⃗(3)(t), ˙⃗u(3)(t)

〉
= e3e1∆3

m3c2

(
A31ξ

(31)
α −B31u

(1)
α + C31u̇

(1)
α

)
+

+ e3e2∆3
m3c2

(
A32ξ

(32)
α −B32u

(2)
α + C32u̇

(2)
α

)
+

e23∆3

2m3c2

(
A(3)retξ

(3)ret
α −B(3)retu

(3)
α +

+C(3)retu
(3)ret
α −−A(3)advξ

(3)adv
α +B(3)advu

(3)
α − C(3)advu

(3)adv
α

)
.

Introduce denotations (k = 1, 2, 3 ; α = 1, 2, 3)for the Lorentz forces

G(12)
α =

e1e2∆1

m1c2

(
A12ξ

(12)
α −B12u

(2)
α + C12u̇

(2)
α

)
; G(13)

α =
e1e3∆1

m1c2

(
A13ξ

(13)
α −B13u

(3)
α + C13u̇

(3)
α

)
;

G(21)
α =

e2e1∆2

m2c2

(
A21ξ

(21)
α −B21u

(1)
α + C21u̇

(1)
α

)
; G(23)

α =
e2e3∆2

m2c2

(
A23ξ

(23)
α −B23u

(3)
α + C23u̇

(3)
α

)
;

G(31)
α =

e3e1∆3

m3c2

(
A31ξ

(31)
α −B31u

(1)
α + C31u̇

(1)
α

)
; G(32)

α =
e3e2∆3

m3c2

(
A32ξ

(32)
α −B32u

(2)
α + C32u̇

(2)
α

)
;

G
(k)rad
α =

e2k∆k

2mkc2

(
A(k)retξ

(k)ret
α −B(k)retu

(k)
α + C(k)retu

(k)ret
α −A(k)advξ

(k)adv
α

+B(k)advu
(k)
α − C(k)advu

(k)adv
α

)
.

We write down the last system in the form

u̇(1)α (t) +
u
(1)
α (t)

∆2
1

〈
u⃗(1)(t), ˙⃗u(1)(t)

〉
= G(12)

α + G(13)
α +G(1)rad

α ;

u̇(2)α (t) +
u
(2)
α (t)

∆2
2

〈
u⃗(2)(t), ˙⃗u(2)(t)

〉
= G(21)

α + G(23)
α +G(2)rad

α ;

u̇(3)α (t) +
u
(3)
α (t)

∆2
3

〈
u⃗(3)(t), ˙⃗u(3)(t)

〉
= G(31)

α + G(32)
α +G(3)rad

α .
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Recall our basic Assumption (C): All velocities satisfy the inequalities
∣∣uα(p)(t)∣∣ ≤ √〈

u(p), u(p)
〉

≤
c̄ < c and then c2−

〈
u(p), u(p)

〉
≥ c2−c̄2 > 0. Therefore, the determinant of the above system is δ = c2/∆2

k > 0

and consequently we can solve the last system with respect to u̇
(k)
α (t), (k = 1, 2, 3; α = 1, 2, 3):

u̇
(1)
1 (t) = U

(1)
1 ≡

c2−
(
u
(1)
1

)2
c2

(
G

(12)
1 +G

(13)
1 +G

(1)rad
1

)
− u

(1)
1 u

(1)
2

c2

(
G

(12)
2 +G

(13)
2 +G

(2)rad
2

)
−u

(1)
1 u

(1)
3

c2

(
G

(12)
3 +G

(13)
3 +G

(3)rad
3

)
;

u̇
(1)
2 (t) = U

(1)
2 ≡ −u

(1)
1 u

(1)
2

c2

(
G

(12)
1 +G

(13)
1 +G

(1)rad
1

)
+

c2−(u
(1)
2 )2

c2

(
G

(12)
2 +G

(13)
2 +G

(2)rad
2

)
−

−u
(1)
2 u

(1)
3

c2

(
G

(12)
3 +G

(13)
3 +G

(3)rad
3

)
;

u̇
(1)
3 (t) = U

(1)
3 ≡ −u

(1)
1 u

(1)
3

c2

(
G

(12)
1 +G

(13)
1 +G

(1)rad
1

)
− u

(1)
2 u

(1)
3

c2

(
G

(12)
2 +G

(13)
2 +G

(2)rad
2

)
+

+
c2−(u

(1)
3 )2

c2

(
G

(12)
3 +G

(13)
3 +G

(3)rad
3

)
;

u̇
(2)
1 (t) = U

(2)
1 ≡

c2−
(
u
(2)
1

)2
c2

(
G

(21)
1 +G

(23)
1 +G

(2)rad
1

)
− u

(2)
1 u

(2)
2

c2

(
G

(21)
2 +G

(23)
2 +G

(2)rad
2

)
−

−u
(2)
1 u

(2)
3

c2

(
G

(21)
3 +G

(23)
3 +G

(2)rad
3

)
;

u̇
(2)
2 (t) = U2

2 ≡ −u
(2)
1 u

(2)
2

c2

(
G

(21)
1 +G

(23)
1 +G

(2)rad
1

)
+

c2−(u
(2)
2 )2

c2

(
G

(21)
2 +G

(23)
2 +G

(2)rad
2

)
−

−u
(2)
2 u

(2)
3

c2

(
G

(21)
3 +G

(23)
3 +G

(2)rad
3

)
;

u̇
(2)
3 (t) = U2

3 ≡ −u
(2)
1 u

(2)
3

c2

(
G

(21)
1 +G

(23)
1 +G

(2)rad
1

)
− u

(2)
2 u

(2)
3

c2

(
G

(21)
2 +G

(23)
2 +G

(2)rad
2

)
+

+
c2−(u

(2)
3 )2

c2

(
G

(21)
3 +G

(23)
3 +G

(2)rad
3

)
;

u̇
(3)
1 (t) = U3

1 ≡
c2−

(
u
(3)
1

)2
c2

(
G

(31)
1 +G

(32)
1 +G

(3)rad
1

)
− u

(3)
1 u

(3)
2

c2

(
G

(31)
2 +G

(32)
2 +G

(3)rad
2

)
−

−u
(3)
1 u

(3)
3

c2

(
G

(31)
3 +G

(32)
3 +G

(3)rad
3

)
;

u̇
(3)
2 (t) = U3

2 ≡ −u
(3)
1 u

(3)
2

c2

(
G

(31)
1 +G

(32)
1 +G

(3)rad
1

)
+

c2−(u
(3)
2 )2

c2

(
G

(31)
2 +G

(32)
2 +G

(3)rad
2

)
−

−u
(3)
2 u

(3)
3

c2

(
G

(31)
3 +G

(32)
3 +G

(3)rad
3

)
;

u̇
(3)
3 (t) = U3

3 ≡ −u
(3)
1 u

(3)
3

c2

(
G

(31)
1 +G

(32)
1 +G

(3)rad
1

)
− u

(3)
2 u

(3)
3

c2

(
G

(31)
2 +G

(32)
2 +G

(3)rad
2

)
+

+
c2−(u

(3)
3 )2

c2

(
G

(31)
3 +G

(32)
3 +G

(3)rad
3

)
, t ≥ 0.

(4.1)

5. A Transformation of the Radiation Terms under Dirac Assumption

Here we follow the Dirac assumption τ retk = τadvk = τ , τ is a small parameter. This assumption is

motivated by the fact τ = τ0
√
1− β2,

(
τ0 = re/c ≈ 10−24 sec

)
. Since u

(k)
α (t) are in�nitely smooth functions,
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using the Taylor expansions we recall the reasoning from [7],[14]:

ξ
(k)adv
α = x

(k)
α (t+ τ)− x

(k)
α (t) = τ u

(k)
α (t) + τ2

2! u̇
(k)
α (t) + ... ⇒ ξ

(k)adv
α = τ u

(k)
α (t) +O(τ2)

⇒ ξ
(k)adv
α ≈ τ u

(k)
α (t); ξ

(k)ret
α = x

(k)
α (t)− x

(k)
α (t− τ) ≈ u

(k)
α (t)τ ;

u
(k)
α (t+ τ) = u

(k)
α (t) + τ

1! u̇
(k)
α (t) + τ2

2 ! ü
(k)
α (t) + τ3

3 !

...
u
(k)
α (t) + τ4

4 !

(
u
(k)
α (t)

)IV
+ ...

⇒ u
(k)
α (t+ τ) = u

(k)
α (t) +O(τ);

u
(k)
α (t− τ) = u

(k)
α (t)− τ

1! u̇
(k)
α (t) + τ2

2 ! ü
(k)
α (t)− τ3

3 !

...
u
(k)
α (t) + τ4

4 !

(
u
(k)
α (t)

)IV
− ...

⇒ u
(k)
α (t− τ) = u

(k)
α (t)−O(τ);

u
(k)
α (t)u

(k)
α (t+ τ) =

(
u
(k)
α (t)

)2
+ τ2

1! u̇
(k)
α (t)u

(k)
α (t) + τ2

2 ! ü
(k)
α (t)u

(k)
α (t) + ...

⇒ u
(k)
α (t)u

(k)
α (t+ τ) =

(
u
(k)
α (t)

)2
+O(τ);

u
(k)
α (t)u

(k)
α (t− τ) =

(
u
(k)
α (t)

)2
− τ

1! u̇
(k)
α (t)u

(k)
α (t) + τ2

2 ! ü
(k)
α (t)u

(k)
α (t)− ...

⇒ u
(k)
α (t)u

(k)
α (t− τ) =

(
u
(k)
α (t)

)2
−O(τ);

〈
u⃗(k), u⃗(k)adv

〉
=
〈
u⃗(k), u⃗(k)(t+ τ)

〉
=

3∑
γ=1

u(k)γ (t)u(k)γ (t+ τ) ≈
3∑

γ=1

u(k)γ (t)u(k)γ (t) =
〈
u⃗(k), u⃗(k)

〉
;

〈
u⃗(k), u⃗(k)ret

〉
≈
〈
u⃗(k), u⃗(k)

〉
;
〈
u⃗(k)adv, u⃗(k)adv

〉
≈
〈
u⃗(k), u⃗(k)adv

〉
;
〈
u⃗(k)ret, u⃗(k)ret

〉
≈
〈
u⃗(k), u⃗(k)ret

〉
;

c2τ retk −
〈
ξ⃗(k)ret, u⃗(k)ret

〉
= c2τ − τ

〈
u⃗(k)(t), u⃗(k)(t− τ)

〉
≈ τ

(
c2 −

〈
u⃗(k)(t), u⃗(k)(t)

〉)
;

c2τadvk −
〈
ξ⃗(k)adv, u⃗(k)adv

〉
= c2τ − τ

〈
u⃗(k)(t), u⃗(k)(t+ τ)

〉
≈ τ

(
c2 −

〈
u⃗(k)(t), u⃗(k)(t)

〉)
.

Then

G
(k)rad
α =

e2k∆k

2mkc2

[(
∆2

(k)ret(c
2−⟨u⃗(k),u⃗(k)ret⟩)

(c2τ−⟨ξ⃗(k)ret,u⃗(k)ret⟩)3
+

+
(c2−⟨u⃗(k),u⃗(k)ret⟩)⟨ξ⃗(k)ret, ˙⃗u(k)ret⟩−(c2τ−⟨ξ⃗(k)ret,u⃗(k)ret⟩)⟨u⃗(k), ˙⃗u(k)ret⟩

(c2τ− ⟨ξ⃗(k)ret,u⃗(k)⟩)(c2τ−⟨ξ⃗(k)ret,u⃗(k)ret⟩)2
)
ξ
(k)ret
α −

−
(

∆2
(k)adv(c

2−⟨u⃗(k), u⃗(k)adv⟩)

(c2τ−⟨ξ⃗(k)adv ,u⃗(k)adv⟩)
3 +

(c2−⟨u⃗(k), u⃗(k)adv⟩)⟨ξ⃗(k)adv , ˙⃗u(k)adv⟩−(c2τ−⟨ξ⃗(k)adv ,u⃗(k)adv⟩)⟨u⃗(k), ˙⃗u(k)adv⟩
(c2τ−⟨ξ⃗(k)adv ,u⃗(k)⟩)(c2τ−⟨ξ⃗(k)adv ,u⃗(k)adv⟩)

2

)
ξ
(k)adv
α +

+

(
∆2

(k)adv(c
2τ−⟨u⃗(k),ξ⃗(k)adv⟩)−(c2τ−⟨ξ⃗(k)adv ,u⃗(k)adv⟩)⟨ξ⃗(k)adv , ˙⃗u(k)adv⟩

(c2τ−⟨u⃗(k)adv , ξ⃗(k)adv⟩)
3

)
u
(k)adv
α −

−
(

∆2
(k)ret(c

2τ−⟨ξ⃗(k)ret,u⃗(k)⟩)−(c2τ−⟨ξ⃗(k)ret,u⃗(k)ret⟩)⟨ξ⃗(k)ret, ˙⃗u(k)ret⟩
(c2τ−⟨ξ⃗(k)ret,u⃗(k)ret⟩)3

)
u
(k)ret
α −

− u̇
(k)adv
α

c2τ−⟨ξ⃗(k)adv ,u⃗(k)adv⟩ +
u̇
(k)ret
α

c2τ−⟨ξ⃗(k)ret,u⃗(k)ret⟩

]
=
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=
e2k∆k

2mkc2

[(
∆2

(k)ret(c
2−⟨u⃗(k),u⃗(k)ret⟩)

τ3(c2−⟨u⃗(k),u⃗(k)ret⟩)3
+

(c2−⟨u⃗(k),u⃗(k)ret⟩)τ⟨u⃗(k), ˙⃗u(k)ret⟩−τ(c2−⟨u⃗(k),u⃗(k)ret⟩)⟨u⃗(k), ˙⃗u(k)ret⟩
τ3(c2− ⟨u⃗(k),u⃗(k)⟩) (c2−⟨u⃗(k),u⃗(k)ret⟩)2

)
τ u

(k)
α (t)−

−
(

∆2
(k)a(c

2−⟨u⃗(k),u⃗(k)adv⟩)
τ3(c2−⟨u⃗(k),u⃗(k)adv⟩)3

+
(c2−⟨u⃗(k),u⃗(k)adv⟩)τ⟨u(k),u̇(k)adv⟩−τ(c2−⟨u⃗(k),u⃗(k)adv⟩)⟨u⃗(k), ˙⃗u(k)adv⟩

τ3(c2− ⟨u⃗(k),u⃗(k)⟩) (c2−⟨u⃗(k),u⃗(k)adv⟩)2
)
τ u

(k)
α (t)−

+

(
∆2

(k)adv(c
2τ−τ⟨u⃗(k),u⃗(k)⟩)−(c2τ−τ⟨u⃗(k),u⃗(k)adv⟩) τ⟨u⃗(k), ˙⃗u(k)adv⟩

τ3(c2−⟨u⃗(k)adv , u⃗(k)⟩)
3

)
u
(k)adv
α −

−
(

∆2
(k)ret(c

2τ−τ⟨u⃗(k),u⃗(k)⟩)−(c2τ−τ⟨u⃗(k),u⃗(k)ret⟩) τ⟨u⃗(k), ˙⃗u(k)ret⟩
τ3(c2−⟨u⃗(k),u⃗(k)ret⟩)3

)
u
(k)ret
α −

− u̇
(k)adv
α

c2τ−τ⟨u⃗(k),u⃗(k)adv⟩ +
u̇
(k)ret
α

c2τ−τ⟨u⃗(k),u⃗(k)ret⟩

]
=

=
e2k∆k

2mkc2

( ∆2
(k)ret(

c2 −
〈
u⃗(k), u⃗(k)ret

〉)2 −
∆2

(k)adv(
c2 −

〈
u⃗(k), u⃗(k)adv

〉)2
)

u
(k)
α

τ2
+

∆2
(k)a − τ

〈
u⃗(k), ˙⃗u(k)adv

〉
(
c2 −

〈
u⃗(k), u⃗(k)

〉)2 u
(k)adv
α

τ2
−

−
∆2

(k)ret − τ
〈
u⃗(k), ˙⃗u(k)ret

〉
(
c2 −

〈
u⃗(k), u⃗(k)

〉)2 u
(k)ret
α

τ2
− u̇

(k)adv
α − u̇

(k)ret
α

τ
(
c2 −

〈
u⃗(k), u⃗(k)

〉)] =

≈
e2k∆k

2mkc2

 ∆2
(k)ret −∆2

(k)adv(
c2 −

〈
u⃗(k), u⃗(k)

〉)2 u(k)α

τ2
+

∆2
(k)adv −∆2

(k)ret(
c2 −

〈
u⃗(k), u⃗(k)

〉)2 u(k)α

τ2
−

〈
u⃗(k), ˙⃗u(k)adv

〉
−
〈
u(k), u̇(k)ret

〉
τ
(
c2 −

〈
u⃗(k), u⃗(k)

〉)2 u(k)α −

− u̇
(k)adv
α − u̇

(k)ret
α

τ
(
c2 −

〈
u⃗(k), u⃗(k)

〉)] =

=
e2k∆k

mkc2

(
− u

(k)
α(

c2 −
〈
u⃗(k), u⃗(k)

〉)2
〈
u⃗(k),

˙⃗u(k)(t+ τ)− ˙⃗u(k)(t− τ)

2τ

〉
− 1

c2 −
〈
u⃗(k), u⃗(k)

〉 u̇(k)α (t+ τ)− u̇
(k)
α (t− τ)

2τ

)
.

In explicit form the radiation term becomes

G
(k)rad
α = − e2k∆k

mkc2

(
u
(k)
α (t)

(c2−⟨u⃗(k)(t),u⃗(k)(t)⟩)
2

〈
u⃗(k)(t),

˙⃗u(k)(t+τ)− ˙⃗u(k)(t−τ)
2τ

〉
+

+ u̇
(k)
α (t+τ)−u̇

(k)
α (t−τ)

2τ
1

(c2−⟨u⃗(k)(t),u⃗(k)(t)⟩)

)
or

G(k)rad
α = −

e2k
mkc2∆k

u
(k)
α (t)

∆k
2

3∑
γ=1

uγ
(k)(t)üγ

(k)(t) + üα
(k)(t)

 .

6. Conclusion

We have derived the system (4.1) of equations of motion describing the 3-body electrodynamics problem.
The radiation terms are obtained in Section 4. It turns out to be a nonlinear neutral system with delays

depending on unknown trajectories. The di�culties to investigate such systems we overcome in the next
paper by means of �xed point method. We de�ne an operator whose �xed points are a periodic solution of
the above problem.
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