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ABSTRACT

This paper deals with the polynomial interpolation of degree at most n passing
through n+1 distinct points. The coefficients of the polynomial interpolation are
written as a system of the linear equations. The system consisting of the coefficients is
solved by the use of the closed form of the inverse of the Vandermonde matrix. The
coefficients of the interpolation are obtained by using the sum and product symbols.
The algorithm for the coefficients of the polynomial interpolation is developed by
generating formulae. Also, these coefficients for equidistant points are formulated by
forward difference. It is seen that the coefficients of the interpolation of degree at most
n passing through n+1 distinct points can be computed directly by generating special
formulae and can be applied easily to the polynomial interpolation. Numerical
examples are represented.

Key words: Vandermonde matrix; coefficients of the polynomial interpolation,
forward difference.
n+1 FARKLI NOKTADAN GECEN ARADEGER POLINOMUNUN
KATSAYILARININ HESAPLAMASI iCIN FORMULLER

OZET

Bu calisma, n+1 farkli noktadan gecen en fazla n. dereceden bir aradeger polinomu
ile ilgilidir. Aradeger polinomunun Kkatsayilari dogrusal denklem sistemi olarak
yazilmistir. Bu katsayilardan olusan denklem sistemi, Vandermonde matrisinin
tersinin kapali biciminin kullanimi ile ¢dztlmustir. Aradeger polinomunun katsayilari,
toplam ve carpim simgelerini kullanarak elde edilmistir. Gelistirilen formulleri
kullanarak aradeger polinomunun katsayilari icin bir algoritma Uretilmistir. Ayrica,
esit aralikli noktalar icin katsayilar ileri fark ile de formile edilmistir. n+1 farkl
noktadan gecen, en fazla n. dereceden olan aradefer polinomunun Kkatsayilari
gelistirilen formuller ile hesaplanabilecegi ve ara defer hesabina kolaylikla
uygulanabilecedi gorulmustir. Bu gorusi destekleyecek drneklere yer verilmistir.

Anahtar Kelimeler: Vandermonde matrisi; aradeger polinomunun katsayilari; ileri
fark.
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1. INTRODUCTION

The Vandermonde matrix appears in the interpolation problems, especially in
Lagrange interpolation, and plays an important role both in mathematics and applied
sciences. Also, there are many applications of polynomial interpolations in scientific
areas and engineering applications [1, 2]. The polynomial interpolation is investigated
by different forms and algorithms and it is easily solvable either numerically or using
a computer algebra packages. The same polynomial is produced by using these forms
and algorithms [1 — 5].

Let Xy, X,..., X, be n+1 distinct points on the real axis and let f(X) be a real-
valued function defined on the interval [a, b] containing these points. We wish to
construct a polynomial deg{ p,(X)}< n which interpolates y = f(x) at the distinct
points X, X;,..., X, such that p,(x)= f(x) for(x,y,), 0<i<n [1-5]. Then
there exists a unique polynomial

Pr(X) =8y + 3 X+8,X* +-+-+a,X" @)
of degree at most n that passes through (X,y;) 0<i<n distinct points [1 , 3].

The coefficientsa,, i =0,1,2,...,n must satisfy the equations
B+ A% + 3% A% = Y,

B taXx +ax +otax =y,
B taX, +aX, o +ax =y, @)

B +aX, T aX, ok ax =Y,
Writing this (n+1) x (n+1) system as

XO X02 Xon _aO_ _yO_
X x5 ox"al] |y
X, Xo o X |8 =] Yo ()
1 X, X x"[la,] LV
or
Va=y 4
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reveals that the coefficient matrix is a square Vandermonde matrix, where

a=[a, a a - al]", y=lyo v Y. - VT

and
1% X% Xy
2 n
1 x x X
V=1 % X - X
_1 Xrl an e Xnn_

If given n+1 points are distinct, the Vandermonde matrix is nonsingular and
consequently the system (3) has unique solution and thus there is one and only one
solution set of coefficients for polynomial (1) [1, 6, 7].

There is a large amount of literature on the computation of the inverse of the
Vandermonde matrix and its applications [6, 8-10]. The inverse of the Vandermonde
matrix is investigated by using various methods and algorithms. Some of them are
referred in this study. LU factorization of the Vandermonde matrix and the inverse of
the matrix using symmetric functions are investigated, and the applications are given
in [8, 11, 12]. Explicit closed form expression for the inverse matrix and algorithms of
nxn generalized Vandermonde matrix are given by using the elementary symmetric
functions [7]. In [13], the inverse matrix of lower and upper triangular factors of
Vandermonde matrix using symmetric functions is investigated. The Vandermonde
matrix plays great importance of approximation problems such as interpolation and
least squares, and the solutions of Vandermonde systems are analytically obtained by
using the inverse of the Vandermonde matrix [1, 2, 6, 14] and the solution systems of
linear equations with Vandermonde matrices of coefficients are solved by researches
using algorithms [15, 16].

The trivariate polynomial interpolation is formulated as a matrix equation and the
coefficients of the trivariate polynomial interpolation are computed directly from the
matrix equation [17]. In addition, the bivariate polynomial interpolation is the special
case of the trivariate polynomial interpolation. Finally, the closed formulae of the
coefficients of the bivariate and univariate polynomial interpolations which are the
special cases of trivariate polynomial interpolation are obtained using the inverse of
the Vandermonde matrix [17].

In this study, the inverse of the matrix V in equation (4) is written by using the sum

and product symbols. All the formulae for the entries of the matrices Land U,
being L and U the triangular matrices in the LU factorization of V can be found
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by replacing values of the elementary symmetric functions in [8]. The coefficients of
the polynomial interpolation of degree n passing through n+1 distinct points in the
equation (1) are obtained from the inverse of V . The formulations of coefficients of
the polynomial (1) are defined as the closed form and the algorithm for the
coefficients of the polynomial interpolation is developed by generating formulae.
Numerical examples are solved with these formulae and the algorithm. Also, these
coefficients of the polynomial interpolation are formulated with making use of

forward difference, when the points X;'s are equally spaced.

2. THE FORMULAE FOR COMPUTING THE COEFFICIENTS OF THE
POLYNOMIAL INTERPOLATION

In this section, the system of the linear equations defined in (3) is considered and the
inverse of the matrix V' in equation (4) can be computed by using LU decomposition.
The inverses of matrices L and U are formulated in an closed form as

i N i
I =% %X -TIx - D[ I,
ip=0 ip=0

0 1 —(x+x) ZZW& (1)“(22 Zxxj
U-st= 0 0 1 —ino (1)nz(zz rixloxu XI”J

ip=1 ip=0 ;=1 in_3=n—
° ° ° ° n_ol
0 0 0 0 =%
i9=0
0 0 0 0 : 1 |
and
i 1 0 0 0 i
1 1 0 0
X; = Xo Xo =X
1 1
(Xl Xy )(Xz Xo) (Xo —X )(Xz X1) (Xo =% )(X1 - Xz) 0
L? =
(D™ (D)™ (D)™
n-1 n-1 0
H (X| Xo ) (Xi - Xl) H (X| X, )
i=1 i=0,i#1 i=0,i%2
& -1" 1" (G
n n n e n-1
H(Xi_xo) (Xi_xl) H(Xi_xz) (Xi_xn)
L i=1 i=0,i#1 i=0,i#2 i=0 |
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where 0 <iy <ij <..<iy<n andi, =i _,+1 r=12..,n.

Using Lt and U2, the following result is obtained.

Corollary1  Let V> =U 'L 1. Then the closed form of the inverse of V is stated

as
V_lz[vo Vi Vn] (%)

where the columns vectors V,,V;,---V, are

n

=1 | (_ 1) i nz_l: z X X,

=l =2
D™ %,
i =1
] (-1)" |
B 0 2 n ]
INDRORE NS
ig#1,ip=0 i,=2 ihn=n
2 3 n

- z Z inoxiz"'xin,l

ig#Lig=0 iz=2 i =n-1
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1 i . (6)

It is seen that the columns of V1 can be expressed as a closed form of the inverse of
the (n+1)x(n+1) Vandermonde matrix in (3). Note that the first elements of

Vg, Vq,-++V, can be written in terms of product symbol, respectively

1 2 n n 0 2 n n
PIDRDRETD L | EFEDIDRIDR S TS IEN § L TR
=1 i,=2 ih=n i= ig#Lig=0 i,=2 i =n i=0,i=1

0 1 n-1 n-1

ZZ inoxﬁ.”xinA:HXi'

i0=0 i,=1 i, =n-1 i=0

Using the equation (6) for n=3, the inverse of the 4 x 4 matrix V for X, X, X;, X3
four distinct points is computed as

V=

XXX, X% X%% X%%
X% —%)X%=%) 06530 —X)K—X) ((=X)KX)-X) (%—X)X—X%)0—X%)
X% X%+ XX, X% X% %X, XX H% X% XX X% +X%
K =2%)06=%)%=%) =X =X)K—X%) (X)X X%)K=%)  (%—%)K—X)0—X)
X% +% X% % XXX XXX

(% —%) (% _lXo)()% %) 05— —1x1)(x3 %) (%) _1)(2)()(3 %) (% %)% —1x3)(x2 —X;)

L (%) —%)06 =)

(6 =%) 06 %) (6 —X)

06 %) %) (6 —%)

(% —%) (¢ —%) 06 =) |

It is seen that the inverse of the Vandermonde matrix for any distinct points can be
easily applied to the equation (6).
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The unique solution of the system (3) is obtained by usinga=V 'y . If Vin (5)
are applied to the equation (4), the following results are obtained.

Corollary 2 Let a for i =0,1,2,.., n be the coefficients of the polynomial (1)

passing through n+1 distinct points. Then the coefficients of the polynomial
interpolation defined in (1) of degree n are

n n n-1
I1x 11x .
ay =" Yot — Y ey
x-%)  J](x-%) (% =X,
i=1 i=0,i#l i=0

Z Z iXIIXIZ 'n-1 . z z. iX'DX'Z X' 1 ; ; i :n)Z(iOXil. XI : ’
31 - =1 ;=2 n| 4=n-1 . + ip#L,ip=0 |2:2n i q=n-1 yl i 4l b= ! ,=N— yn
g (XI_XO) 1. (Xl_xl) g (XI_XH)
()
n-1 n n-1 n n-2 n-1
DIDR LD IR 3 X%,
an,Z — (_1)n—2 |1;1 i,=2 yo + |0=1,|I:=0 i,=2 y1+ + I,(ilo i=1 yn ,
(% %) (% —%) (% =%,
i=1 i=0,i#1 i=0
n n n-1
an—l = (_1) n n = yO + nl07 e yl + + n-1 b= yn
[Tx-%)  [1(x-%) (% =%,
i=1 i=0,i#1l i=0
and
an:(_l)n n 1 Yo+ 1 y1+'“+%yn
[Tx=-%)  JT(x-x) (% = %,)
i=1 i=0,i=1 i=0

Proof Using a=V 'y, itis easily proved from the product the matrix V “and the
vector Y.

Using these formulae, the following algorithm is developed to compute the
coefficients of the polynomial interpolation by Fortran. This algorithm flow chart is
given in Figure 1.
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anlj1 nms{n-nmj+1

né=kanbik,nmj
Start
-
n
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Faisn

|

toplt=ogi 4 1))

kb=nn

True

(xi, yi) : distinct points
a(i) :the coffiecients of polynomial interpolation
n : polynomial of degree

Figure 1 Flow chart of the computer algorithm
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Example 1 Given four distinct points(—1,4),(0,2), (1,2), (2,10) satisfying the
polynomial p,(x) = x> + x> —2x+2. The coefficients of third degree polynomial

interpolation passing through four distinct points are obtained by writing n=3 in (7)
as

X XoXg XoXo X3 Xo X4 Xg X0 %1 Xp
= Yo + Y1+ Yo + %
% (% = %) (X5 = X% ) (X3 = %) 0 (%o = X)(X5 =% )(X5 — %) ! (X = %2 )(% = %) (X3 = X3) z (X0 = X%3) (% = X3)(Xz = X3) :

1:7( X Xo + X X5 + X5 X3 - XoXo + XoXg + XpXg L+ XoXg + XoX3 + X4 X3 L+ XoXg + XoXp + X1 %o VSJ
(4 = %) (X2 = %o)(X5 = Xo) (% = %) (% = %)(% — %) (% = %) (% =X )(Xs = %2) (% = %) (4 = %) (% = %)

_ X1+X2+X3 y+ X0+X2+X3 y+ XO+X1+X3 y+ XO+X1+X2
04 = %) (X = %)X = %) T (% =X) (% —X)0G = %) T (% —X) (X~ %) = %) 0 (X — X)X — X5 )(% — X5)

a, Y3

1 1 1 1
® ”[(xl—xo)(xz 00060 7 0~ 106 )06 %) ™ (6 )05~ )06 =) 77 06 —x) 06 )0 %) ys)
and 8, =2, a, =-2, a,=1 and a; =1 are calculated by using these formulae.

Using the algorithm, the following example given on page 211in [1] is computed and
the same coefficients of the polynomial are found.

Example 2 Consider (- 2,-39), (-1,1), (0,1), (1,3), (2,25) , (3,181) and(4,801)
seven distinct points for the polynomial p;(X) in Example 5.3 [1]. The coefficients

defined in (1) of fifth degree polynomial interpolation passing through seven distinct
points are obtained by using the algorithm.

The coefficients of ps(x) are calculated easily 1,0,2,0,-1,1,0 and this polynomial is
given by
P (X) =1+2x* —x* + x°.

The coefficients of the interpolation obtained above can be defined by forward
difference, when the points Xx's are equally spaced. The following results are
concerned with these formulations of the coefficients.

Corollary 3 Ifthe (%,Y;) for 0 <i < n distinct points are equally spaced, then the
coefficients of the interpolation of degree n are formulated as

1 1
2lh? 3K

8 = Yo~ %o + o XA Yy — g XX A0y e (D) XX e ATy
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a = tay,~ 5k [gxojﬁyo ot (;ilﬁlmljﬁyo et (D) [1021 XXX, jA”yo
anz=1_2A“yo—1_l[§>qu“yo+ 1 [inZlMJA”yo (8)
(n—2)!h" (n=Drh"™ " = nh* |\ =i e
a,,= (nTl)!hnlA”‘lyo —#[Z: X, ]A“yo
aT‘:n!lh” Ao

where X, —X; = h for j =0,12,...,n-1, X, =%,+nh and A forward difference
operator.

Proof The result can be proved by using induction on Kk equidistant points .The
result is true for k=1 and k=2from (7). For k=1and k=2, the polynomial

interpolations are p,(X) =a, and p,(X) = a, +a,Xx, respectively. From (7),

_ X Xo =X0+h Xy v MY
ao—Xl_XOYO"'XO_XlY1 h Yo hyl Yo =% h

a—_ 1 N 1 A
Yy = Xl_xoyo XO_lel T

are obtained. Assume that the formulations of the coefficients (8) are true for k, that
is, the polynomial interpolation of degree k —1 passing through k points is found as

P, (X)=b +bx+b,x* +---+b_ X"

where the coefficients by, b, b,,---, b, are defined in (8).

Consider the k+1 equidistant points, and then the interpolation of degree k from
Newton’s forward difference formula is written as

P.(X) =k, +BXx+0b,x* +---+b_ X'+ (X—%)(X—kiﬁgk"‘(X— %1) Ay,

where x, =X, +nh forn=01,2,--- k.

Using the well known equality
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=0 ip=0 i,=1

k k-1 k k
(X=X%)(X= %)+ (X=X ;) = xk—[Zm]Xk‘%[ > Zml]xk‘z +o+ (D) T T %
i i=0

where 0 <i, <i; <..<ig <k and i, =i, +1, r=12,.,k, and rearranging the
terms in the polynomial p, (), the coefficients a,,a,,---,a, are obtained as defined

in (8). Therefore, by mathematical induction, the proof of the result is complete.
Note that the polynomial interpolation for equidistant points can be found by the use
of the equation (8). The following example is given by using the forward difference
table and the equation (8). Using the connection between forward differences and
divided differences,

Ay, =KX, X% 0 X ]

It is seen that the relationship between the coefficients of the polynomial interpolation
and divided differences as
1

=LAy xoxex .
A, % %, %, %, ]

a,

Example 3 Consider (~1,4),(0,2), (1,2), (2,10) four distinct equidistant points for
the polynomial p,(X) in Example 1. The coefficients defined in (8) of third degree

polynomial interpolation passing through four distinct points are obtained by using the
Table 1. The coefficients of p,(X) are calculated as

1 1 1
% = Yo~ %Yo +onxlA2yo —onxlxzﬁyo =2

1 1 1
a :EAyO_W(XO+)(1)A2yO+W(XOX1+X0X2+X1X2)A3yO =2
1 1
az:2!h2Azy(’_sgha(Xo+xl+x2)A3yo=l
_ 1 s,
% =g A Y=t

and p,(x) =2—2x+ x> + x*is obtained.

X Y Ay Ay Ny

-1 4
-2
0 2 2
0 6
1 2 8
8
2 10

Table 1 The forward difference table
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3. CONCLUSIONS

There are many ways to represent this interpolating polynomial (1). Some
representations are more useful for computation than others to find p,(X) . The most
commonly used polynomial interpolations are the Lagrange and Newton’s forms. The
most convenient form of these operations is usually p,(X) defined in (1) when given

n+1 distinct points are large, but to find the values @;’s we must go through the

effort of solving the system of coefficients of the polynomial interpolation satisfying
n+1 distinct points or collecting coefficients of like powers of X from another form
of p,(X) such as Lagrange and Newton’s form. In this study, the system of the linear

equations consisting of coefficients of the polynomial interpolation is solved by use of
the formulation of the inverse of Vandermonde matrix and the solution set of
coefficients is obtained in the closed form. These coefficients for equidistant points are
written by forward difference. It is seen that the coefficients of the polynomial
interpolation of degree at most n can be found directly by generating special
formulae. Also, the values of coefficients can be easily computed by and the algorithm
for the coefficients of the polynomial interpolation. The closed formulations of them
can be applied to the polynomial interpolations passing through n+1 distinct points
and engineering problems.
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