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field Ty and the unit binormal vector field By of the curve ¥), and an f-rectifying curve y in
the Euclidean 3-space E3 is defined as a space curve whose f-position vector Y¢, defined
by ¥¢(s) = [ f(s)dy, always lies in its rectifying plane, where f is a nowhere vanishing
real-valued integrable function in arc-length parameter s of the curve 7. In this paper, we
introduce the notion of f-rectifying curves which are null (lightlike) in the Minkowski
3-space IE? . Our main aim is to characterize and classify such null (lightlike) f-rectifying
curves having spacelike or timelike rectifying plane in the Minkowski 3-Space ]E%

1. Introduction

Let E3 denote the Euclidean 3-space. Let y : I — E> be a unit-speed curve parametrized by arc-length function s with at least
four continuous derivatives. Needless to mention, / denotes a non-trivial interval in R, i.e., a connected set in R containing at
least two points. For the curve yin E, we consider the Frenet apparatus {Ty,Ny, By, &y, Ty}, where T, is the unit tangent vector
field, N is the unit principal normal vector field, By = T}, x Ny is the unit binormal vector field of the curve 7, and Ky : I — R
is a differentiable function with k, > 0, known as the curvature of ¥, and 7, : I — R is a differentiable function, called the
torsion of y. Then the Serret-Frenet formulae for the curve 7y are given by ([1]-[4])

/
1 0 & O T,
B, 0 -7 0 By

The planes spanned by {7;,N,}, {Ny,By} and {Ty,B,} are called the osculating plane, the normal plane and the rectifying
plane of the curve ¥, respectively ([2, 5]).

In the Euclidean 3-space E>, the notion of a rectifying curve was introduced by B.Y. Chen in [5] as a tortuous curve whose
position vector always lies in the rectifying plane of the curve. That is, for a rectifying curve y : I — E3, the position vector
of 7 can be expressed as

Y(s) = A(s)Ty(s) + 1(s)By(s), s €1,
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for two differentiable functions A, it : I — R in arc-length parameter s of y.

Several characterizations and classification of the rectifying curves in E* were studied in [5]-[8]. Meanwhile the notion
of rectifying curves were extended to several sort of Riemannian and pseudo-Riemannian spaces. As for example, many
characterizations and classification of rectifying curves in the Minkowski 3-space IE? were studied in [9]-[11].

In this paper, we study null f-rectifying curves in the Minkowski 3-space ]E? We organize this paper with three sections. In
the first section, we give some basic preliminaries and then introduce the notion of f-rectifying curves which are null (or
lightlike) in IE? Thereafter the second section is devoted to investigate some characterizations of null f-rectifying curves in IE%
In the concluding section, we classify null f-rectifying curves in terms of their f-position vectors in ]Ei’

2. Preliminaries

The Minkowski 3-space ]E? is the Euclidean 3-space E* equipped with the standard flat metric g (called the Lorentzian inner
product) defined by

g(v,w) =viwi +vawr —v3ws

for all tangent vectors v = (vi,vo,v3) and w = (w1, wy,w3) to IE% (see [12, 13]). A tangent vector v to Ef is called a

spacelike vector ifand only if g(v,v) >0 or v=0,
lightlike vector  (null vector) if and only if g(v,v) =0 and v#£0,
timelike vector ifand only if g(v,v) <0 ([12, 13]).

As usual, the norm of a tangent vector v to 3 is denoted and defined by ||v|| = /[g(v,v)]. It is trivial to mention that a tangent
vector v to E7 is called a unit vector if and only if ||v]| = 1, i.e., if and only if |g(v,v)| =1, i.e., if and only if g(v,v) = =£1.
Two tangent vectors v and w to ]Ei’ are said to be orthogonal if and only if g(v,w) = 0. For any two tangent vectors v and w to
IE? the vectorial product of v and w is defined by

ey ey —e3
VXW = vi va vz | = (vawz—vawp)er + (vawp —viws)es + (vawy —viws)es,
wy wa w3

1 ifi=j

"7 such that e X ey = —e3, ey X e3 =e], €3 Xe| =
0 ifi#]

where ¢; = (0;1,0p,0;3) foreach i€ {1,2,3}, &;= {
ez ([12, 13]).

Lety:1 — E? be a curve in E? and Y stands for its velocity vector field. The curve v is said to be a spacelike curve, a
lightlike curve (null curve) or a timelike curve in E? if and only if its velocity vector ¥ (¢) is a spacelike vector, a lightlike
vector (null vector) or a timelike vector, respectively, for each 7 € 1. To elaborate, the curve 7y in IE% isa

spacelike curve ifandonly if g(¥'(¢),Y(¢)) >0 or ¥ (r)=0,
lightlike curve  (null curve) if and only if g (Y (r),Y(r))=0 and ¥(r) #0,
timelike curve ifand only if g (¥ (¢),7(¢)) <0

for all r € I (see [12, 13]). Thus, the curve ¥ is said to be a non-null curve in E? if and only if it is either a spacelike curve or a
timelike curve in E3, i.e., if and only if g (Y/(t),7/(t)) # 0 for all # € I. If 7 is a non-null (spacelike or timelike) curve in E3
and we change the parameter ¢ by the function s = s(¢) given by s(¢) = J; || ()| du such that ||/ (s)|| = 1/]g (Y (s), Y (s))| =
1, ie., g(¥(s),Y(s)) = %1 forall s € 1, then the non-null curve ¥ is said to be parametrized by arc-length function s or a unit-
speed non-null curve in E? Again, if v is a null (lightlike) curve in Ef and we change the parameter ¢ by the function s = 5(¢)
given by s(t) = [ \/]|Y"(u)]| du such that g (y'(s),¥"(s)) = 1 for all s € I, then the null curve v is said to be parametrized by
pseudo arc-length function s or a unit-speed null curve in ]E?

Lety: 1 — E? be a unit-speed null or non-null curve in the Minkowski 3-space ]E? parametrized by arc-length function or
pseudo arc-length function s with Frenet apparatus {7y, Ny, By, Ky, Ty}, Where {Ty, Ny, By = T, x Ny} is the dynamic Frenet
frame along the curve yin ]E? and Ky, T, are two differentiable functions in the parameter s called, respectively, the curvature
and the torsion of the curve y in E? Then to write the Serret-Frenet formulae for the curve Y the following mutually distinct
cases come up for consideration:

CaseI: Let y be a spacelike curve with a spacelike principal normal Ny in IE? Then the Serret-Frenet formulae for the curve
Y are given by

Té 0 k O T,
N, = &% 0 7 Ny |,
B, 0 7 O By
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where g(Ty(s ), Ty(s) ) =1, ( (5),Ny(s )) 1, g(By(s)7By(s)) =1, g(T,,(s),Ny(s)) =0, g(T'y(S),By(S)) —o,
( y(s), y(s)): for all s € 1.

Case II: Let y be a spacelike curve with a timelike principal normal Ny in E? Then the Serret-Frenet formulae for the curve
Y are given by

T); 0 k, O T,
B, 0 7 O By

where g(Ty(s),Ty(s)) =1, g(Ny(s),Ny(s)) =1, g(By(s),By(s)) =1, g(Ty(s),Ny(s)) =0, g(Ty(s),By(s)) =0,
g (Ny(s),By(s)) =0forall s € I.

Case III: Let y be a spacelike curve with a null principal normal Ny in IE? Then the Serret-Frenet formulae for the curve y
are given by

Ty 0 Kk O T,
Ny | = 0 7 O Ny |,
B, -k 0 -7 By
where 8(T7/ 7Ty(s)) ( (s), Ny(s )) =0, 8(37/( ), By(s )) =0, 8(T7/( )s Ny(s )) =0, 8(T7/( )s By( )) 0,

g (Ny(s),By(s)) =1 for all sel In this case, &, can take only two values: &, = 0 if y is a straight line and %, = 1 in the
remaining cases.

Case IV: Let y be a timelike curve in IE? Then the Serret-Frenet formulae for the curve y are given by

T, 0 Kk O Ty
N;, = KJ/ 0 Ty Ny 5
B’y 0 -7 O By
where g(T (s) ,Ty s ) ( y(s),Ny(s)) =1, g(By(s),By(s)) =1, g(Ty(s),Ny(s)) =0, g(Ty(s),By(s)) =0,

g (Ny(s),By(s)) =0 fora 11s€1

Case V:  Let y be a null (lightlike) curve in IE? Then the Serret-Frenet formulae for the curve y are given by

T, 0 & 0 T,
B’y 0 -7 O By
where g(Ty 5), Ty(s) ) g(Ny(s),Ny(s)) =1, g(By(s),By(s)) =0, g(Ty(s),Ny(s)) =0, g(Ty(s),By(s)) =1,

g (Ny(s),By(s)) = 0 for all s € I. In this case, Ky can take only two values: &, = 0 if ¥ is a straight null line and &y = 1 in the
remaining cases.

The two-dimensional pseudo-Riemannian sphere of unit radius and centred at the origin in Ef is denoted and defined by
s —{VGE] glvyv) =1},
and the two-dimensional pseudo-hyperbolic space of unit radius and centred at the origin in E? is denoted and defined by
H§(1) := {v€E}: g(v,v) = —1}.
For more elaborations of the above discussion please see [9]-[13].

An arbitrary plane 7 in ]E:f is spacelike, timelike or lightlike if the induced Lorentzian metric g|; is respectively positive
definite, non-degenerate of index 1, or degenerate. A unit-speed null curve y:1 — IE? parametrized by pseudo arc-length
function s is called a rectifying curve in IE? if its position vector always lies in its rectifying plane in E3, i.e., if its position
vector Y in IE% can be expressed as

¥(s) = A$)Ty(s) + H(5)By(s), s €1,

for some differentiable functions A, it : I — R in pseudo arc-length parameter s of . Now, for some non-zero integrable
function f : I — R in pseudo arc-length function s, the f-position vector of the curve ¥ in IE? is denoted by yr and is defined

by
9= [ 1)

for all s € I. Keeping in mind this notion of position vector of a curve in E3, we define a null f-rectifying curve in ]E? as
follows:
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Definition 2.1. (Null f-Rectifying Curve) Let y: 1 — ]E? be a unit-speed null curve in ]E? parametrized by pseudo arc-length
function s with Frenet apparatus {Ty,Ny, By, Ky, Ty}, and let f : I — R be a nowhere vanishing integrable function in pseudo
arc-length parameter s. The curve v is called an f-rectifying curve in ]E? ifits f-position vector Yy = [ f dy always lies in its
rectifying plane in E?, i.e., if its f-position vector Yy = [ fdyin E? can be expressed as

1(5) = [ 1) dy=A(5)T(5) + BEByS). s,

for two differentiable functions A, L : I — R in pseudo arc-length parameter s.

In the next section, we shall see that if the function f vanishes on /, then the ratio Fy for the curve yin IE% is constant, and
Y
hence it becomes a helix in IE? This is why we have taken here the function f as nowhere vanishing integrable function on /.

And if the function f is a non-zero constant on /, then the ratio ;7 for the curve 7 in E% is a non-constant linear function in
Y
pseudo arc-length parameter s, and hence it reduces to a rectifying curve in IE?

3. Characterizations of null f-rectifying curves in the Minkowski 3-space E?

First, we mention (and then prove) a theorem in which we characterize unit-speed null (lightlike) f-rectifying curves in the
Minkowski 3-space ]E? in terms of the norm functions, tangential components and binormal components of their f-position
vectors.

Theorem 3.1. Lety: I — IE? be a unit-speed null f-rectifying curve in E? parametrized by pseudo arc-length function s with
the curvature function Ky = 1 and the torsion function Ty, and let f : I — R be a nowhere vanishing integrable function in
pseudo arc-length parameter s with primitive function F. Then the following statements hold:

1. The norm function p = ||¥y|| is given by

p(s) =/ [2¢F(s)]

forall s € I, where c is a non-zero constant.

2. The tangential component g(Yr,Ty) of the f-position vector Yy of the curve 'y is a non-zero constant.

3. Tke torsion function Ty is non-zero, and the binormal component g(y,By) of the f-position vector Yy of the curve ¥ is
given by

8 (1(5).B() =F(5) = [ f(5)ds

foralls el

Conversely, if f : I — R is a nowhere vanishing integrable function in pseudo arc-length function s with primitive function F,
and ify: 1 — E;’ is a unit-speed null curve in E? and with the curvature function K, = 1 and the torsion function Ty, and any
one of the statements 1, 2 or 3 holds, then Y is an f-rectifying curve in IE?

Proof. Let us first assume that y: I — IE{’ be a unit-speed null f-rectifying curve in IE? parametrized by pseudo arc-length
function s with the curvature function ky = 1 and the torsion function 7, where f : I — R is a nowhere vanishing integrable
function in pseudo arc-length parameter s with primitive function F. Then the f-position vector ¥y of the curve y can be
expressed as

¥i(s) = / F(s) dy = A(8)Ty(s) + 1(5)By(s), s€l, 3.1

for two derivable functions A, it : I — R in pseudo arc-length parameter s. Differentiating both the sides of the equation (3.1)
with respect to s and then applying the Serret-Frenet formulae (2.1), we obtain

) Tyls) = 2V ()Ty(s) + (A(s) — () Ty(s)) Ny(s) + ' ()By () (3.2)

for all s € 1. Equating the coefficients of like-terms from both the sides of equation (3.2), we find

A(s)=f(s), A(s)—u(s)Ty(s) =0, p'(s)=0
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which implies

A(s) = [ £(s) ds=F(s).

A(s) 3.3)
Ty(s) = , .
71s) (s)
W (s) = anon-zero constant = ¢ (suppose)

for all s € I. We have the following:

1. Using the equation (3.1) and the relations (3.3), the norm function p = ||y¢|| is given by

p2(s) = |7y 9)|* = |g (17(5), 77 (5)) | = [2¢F (s))]

for all s € I. That is,

p(s) = v/I2cF(s)]

for all s € I, where c is a non-zero constant.
2. Using the equation (3.1) and the relations (3.3), the tangential component g(¥y, Ty) of the f-position vector ¥y of ¥ is
given by

8 (1) ) = u(s) = ¢

for all s € I. Hence, the tangential component g(yy, Ty) of the f-position vector ¥y of the curve ¥ is a non-zero constant.
3. From the relations (3.3) it is evident that 7,(s) # O for all s € /. Using the equation (3.1) and the relations (3.3), the
binormal component g(¥y,By) of the f-position vector ¥y of ¥ is given by

g (77(s),By(s)) = A(s) = F(s)
forall s 1.
Conversely, we assume that f : I — R is a nowhere vanishing integrable function in pseudo arc-length function s with

primitive function F, and we also assume that y: [/ — E? is a unit-speed null (lightlike) curve in ]E? and with the curvature
function ky = 1 and the torsion function 7y, and the statement 1 or 2 holds. For the statement 1, we have

g (17 (8),77(s)) =2¢F(s) (3.4)

for all s € I, where c is a non-zero constant. Differentiating both the sides of the equation (3.4), and using the relations
Y;(s) = f(s)Ty(s) and F'(s) = f(s) for all 5 € I, we obtain

g (1r(5),T(s)) =c (3.5)

for all s € I. This is nothing but the statement 2. So, in either case, we find the equation (3.5). Now, differentiating both the
sides of the equation (3.5) with respect to s, and applying the relations ¥;(s) = f(5)Ty(s), Ty(s) = Ky (s)Ny(s), &y(s) = 1 and
g (Ty(s),Ty(s)) =0 for all s € I, we obtain

1(5) 8 (Ty(s), Ty(s)) + () & (77 (5),Ny(s)) = 0
= g(1(s),Ny(s)) = 0
for all s € I. This asserts us that ¥ is an f-rectifying curve in ]E?

Finally, we assume that the statement 3 holds. Then for all s € I, we have

g (v7(s),By(s)) = F(s). (3.6)

Differentiating both the sides of the equation (3.6) with respect to 5, and in virtue of the relations ¥;(s) = f(5)Ty(s), By(s) =
— Ty (s)Ny(s), Ty(s) # 0, g (Ty(s),By(s)) = 1 and F'(s) = f(s) for all 5 € 1, we obtain

F(5) g (Ty(s), By(s)) — Ty(s)g (77 (s),Ny(s)) = f(s)
- g(v(s),Nys)) = 0

for all s € . This asserts us that ¥ is an f-rectifying curve in IE? O
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In the next theorem, we characterize a unit-speed null f-rectifying curve in the Minkowski 3-space ]E? by virtue of the ratio ?y
Y
of the curvature function Ky and the torsion function 7,.

Theorem 3.2. Let y:1 — Ef be a unit-speed null curve in E? parametrized by pseudo arc-length function s with the
curvature function Ky = 1 and the torsion function t,. Also, let f : I — R be a nowhere vanishing integrable function
in pseudo arc-length parameter s with primitive function F. Then, up to isometries of E? the curve Y is congruent to an

T
f-rectifying curve in IE? if and only if the ratio ?7 satisfies
Y

for all s € I, where c is a non-zero constant.

Proof. Let us first assume that y: I — IE% be a unit-speed null f-rectifying curve in IE? parametrized by pseudo arc-length
function s with the curvature function x;, = 1 and the torsion function 7y, and f : I — R is a nowhere vanishing integrable
function in pseudo arc-length parameter s with primitive function F. Then from the second one of the relations (3.3), we have

for all s € I, where c is a non-zero constant.

Conversely, we assume that y: [ — E% be a unit-speed null curve in E? parametrized s with the curvature function x, = 1
and the torsion function 7y, where f : I — R is a nowhere vanishing integrable function in pseudo arc-length parameter s with

primitive function F such that the ratio ?y is given by
Y

for all s € I, where ¢ is a non-zero constant. Then by applying the Serret-Frenet formulae (2.1), we obtain

d

s (77(5) = F(5) Ty(s) — ¢ By(s)) =0

for all s € I. This proves that, up to isometries of E3, yis an f- rectifying curve in E? O

Remark 3.3. Let y: 1 — E3 be a unit-speed null curve in E3 parametrized by pseudo arc-length function s with curvature
1 D 1P Yy P g
Sfunction k, =1 and the torsion function T,. If the function f vanishes identically on I, then its primitive function F is a

T
constant on 1. Hence, by the previous theorem, the ratio ;Y for the curve yin E? is given by
Y

() == F(s) = a constant

for all s € 1. Consequently, the curve y reduces to becomes a helix in E? ([1]).
Again, if the function f is a non-zero constant on /, then its primitive function F is given by
F(s)=cis+c

. . T . .
for all s € I, where ¢ and c; are constants. Hence, by the previous theorem, the ratio ?y for the curve y in E? is given by
Y

1 1
=—F(s)=- (C1S+62) =as+b
C

c c . Ty . —
for all s € I, where a = —1(7& 0) and b = =2 are constants. Thus, the ratio ;y is a non-constant linear function in pseudo
c c

arc-length parameter s. Consequently, the curve Y reduces to a rectifying curve in IE? ([11]).
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4. Classification of null f-rectifying curves in the Minkowski 3-space IE?
In this section, we determine explicitly all unit-speed null f-rectifying curves in the Minkowski 3-space IEI? in terms of their
f-position vectors. The main theorem reads as follows:

Theorem 4.1. Lety: I — E% be a unit-speed null curve in E% parametrized by pseudo arc-length function s and f : 1 — R
be a nowhere vanishing integrable function in s with primitive function F. Then v is an f-rectifying curve in E% having a
spacelike (or timelike) f-position vector Yy if and only if, up to a parametrization, its f-position vector Yy is given by

7r(t) = /2¢F(0) € y(1)

Sor all possible t, where c is a positive constant, F(0) > 0 and y = y(t) is a unit-speed timelike (respectively spacelike) curve
in the pseudo-sphere S3(1) (respectively the pseudo-hyperbolic space H3(1)).

Proof. First, we assume that ¥ is a unit-speed null f-rectifying curve in ]E? having a spacelike f-position vector Yy, where
f : I — R s a nowhere vanishing integrable function in s with primitive function . Then we have

g (1(9),7(s)) >0, g(Ty(s), Ty(s)) =0

for all s € I, and from the proof of the Theorem 3.1, we obtain

p2(s) = |7 9)|* = |& (17(5), 77 (5)) | = 2¢ F (s), 4.1

for all s € I, where we may choose ¢ as an arbitrary positive constant. Now, we define a curve y = y(s) by

_ %)
y(s) = o05) 4.2)

for all s € I. Then we have

g (v (s), % (s))
gW(s),y(s) = ——F——"=1, (4.3)
0.5t = S
for all s € I. Therefore, y = y(s) is a curve in the pseudo-sphere S3(1). Differentiating both the sides of the equation (4.3) with
respect to s, we obtain

g(¥(£),Y'(5)) =0 (4.4)
for all s € I. Now, from the equations (4.1) and (4.2), we find
Yr(s) = y(s) \/2¢cF(s) 4.5)
for all s € I. Differentiating both the sides of the equation (4.5) with respect to s, we get
cf(s)y(s
F6)T(s) =3 (5) /2 F(s) + S22 @6

V2¢F(s)’

for all s € I. From the equations (4.3), (4.4) and (4.6), we obtain

2S
gwwym»=—jag (4.7)

for all s € I. This indicates that y is a timelike curve. From the equation (4.7), we find
' = VeV ().y ()| = f(s)
&)l = Vs GO = 550
for all s € I. Let ¢ be arc-length parameter of the curve y in S%(l) given by

t:AWﬂ@WM

Then we obtain
S fu)
o 2Fu) ™
11 F 1l F(O
) n (S)*E nF(0)
— F(s) = F(0)e*. (4.8)

!
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It is obvious that F(0) > 0. Substituting the result (4.8) in (4.5), we obtain the f-position vector of 7y as follows:

Yr(t) =y(t) /2 F(0) €2 = /2cF(0) €' y(1)
for all possible ¢, where c is a positive constant, F(0) > 0 and y = y(¢) is a unit-speed timelike curve in the pseudo-sphere
S3(1).

Conversely, we assume that 7 is a unit-speed null curve in E% such that for some nowhere vanishing integrable function
f:1 — Rin s with primitive function F the f-position vector ¥y of yis given by

Yr(t) :=+/2¢F(0) e y(t) 4.9)

for all possible 7, where c is a positive constant, F(0) > 0 and y = y(¢) is a unit-speed timelike curve in the pseudo-sphere
S3(1). Since y = y(t) is a unit-speed timelike curve in the pseudo-sphere S3(1), we have g(y/(¢),y'(t)) = —1, g(y(t),y(t)) = 1
and consequently g(y(¢),y'(#)) = O for all 7. Therefore, from the equation (4.9), we have

g (v (1), 7(1)) =2cF(0) (4.10)

for all z. Now, we may reparametrize the curve y by
1
t= 3 (InF(s) —InF(0)),

where s stands for arc-length parameter of y. Then from (4.10), we have

g (v (s),77(s)) =2¢F(s)

for all s € 1. Therefore, the norm function p = ||¢|| is given by

I

P*(s) = )" = [g (v (s), () [ = [2¢ F (s)]

for all s € I, that is,

p(s) = V/I2cF(s)]

for all s € 1, where c is a positive constant. Therefore, by applying Theorem 3.1, we conclude the nature of y as an f-rectifying
curve in 3.

The proof is analogous when v is considered as a unit-speed null f-rectifying curve in IE? having a timelike f-position vector
V- H

5. Conclusion

In this paper, we introduced the notion of null (lightlike) f-rectifying curves in the Minkowski 3-Space ]E? for some nowhere
vanishing integrable function f : I — R in pseudo arc-length parameter s with primitive function F. Then we characterized
such curves in E? In Theorem 3.1, we have shown that for a unit-speed f-rectifying curve 7y in [E3, the norm function of its
f-position vector ¥; is expressed in terms of the primitive function F, the tangential component of its f-position vector ¥y is a
non-zero constant and the binormal component of its f-position vector ¥y is nothing but the primitive function F. Thereafter,
in Theorem 3.2, it is shown that for a unit-speed f-rectifying curve y in E3, the ratio % of the curvature function xy and the
torsion function 7y is a non-zero constant multiple of the primitive function F. Finally, in Theorem 4.1, we classified all such
unit-speed null f-rectifying curves having spacelike or timelike f-position vectors in IE?
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