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Abstract
It is given a characterization of all solution of the matrix equation ¢ 1Q£f& b) + QM = Qé’ELZ. b) with unknowns cy,c; € C*. Here the
matrix Q;l()a b called an [-generalized Fibonacci Q-matrix, is defined by means of the Fibonacci Q-matrix, where [ is an integer, and a,b € R*.
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1. Introduction and Preliminaries

It is a well known fact that the Fibonacci and generalized Fibonacci numbers have a very common usage in mathematics and applied sciences
(see, for example, [17], [18], and [20]). Also, Fibonacci sequences have amazing applications in coding, encryption, and decryption (see, for
example, [12], [16]). Besides these, Fibonacci numbers arise in the solution of many combinatorial problems, and they are extensively used
in many research areas such as architecture, nature, art, physics and engineering (see, for example, [8] and [17]. In addition, many authors
have been intensively studying these topics [2], [4], [6], [10-12], [14-16], [21-24]. In a word, there are so many works related to these
topics in the literature, for example, [1-24].

In this work, a special problem related to the Fibonacci and generalized Fibonacci numbers is considered. For this reason, it will be sufficient
to remind some concepts and some results without proof to be used in the work.

The Fibonacci sequence is defined by the initial conditions Fy = 0 and F; = 1, and the recurrence relation F,, = F,,_| + F,,_, for n > 2 (see,
for example, [3], [20]).
There is the relation

F_,=(-1)""'F, (1.1)
for all integers n > 1 between the Fibonacci numbers and the Fibonacci numbers with negative subscripts [18]. In addition, the identity
Fonint1 = Fnr1For1 + Fnfn (1.2)

holds for all n,m € Z [20].
On the other hand, the identity

FuFy — FoFy = (71)r(Fa—er7r7Fc—er7r) (1.3)

is well known, where a, b, c and d are integers witha+b =c+d [9].
The sequences, called as generalized Fibonacci sequences, were defined in several ways by different authors. For example, the sequence
defined as

Hy=H, 1+Hy, o for n>3 H =p, Hy=p+gq
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is said to be generalized Fibonacci number sequence, where p, g are any integers [1]. Similarly, Gupta et al. described the generalized
Fibonacci sequence as

Fr=pE1+qF 2

for integers k > 2 together with the initial conditions Fy = a, F| = b, where p, ¢, a, and b are positive integers [21].
By examining a number sequence that provides the Fibonacci recurrence relation but whose initial conditions are any two numbers, it can be
seen that this number sequence is directly related to the Fibonacci numbers: Let {G, } be a sequence such that

G,=G,_1+G,_ o, for n>3
with G| = a and G, = b. The elements of this number sequence, clearly, are
a,b,a+b,a+2b,2a+3b,3a+5b,...

This number sequence is called the generalized Fibonacci sequence. Looking at the coefficients, it is seen that they have an interesting pattern.
The coefficients of a and b are Fibonacci numbers. The elements of this sequence are determined by the formula G, = aF;,,_, + bF,_; for
integers n > 3 [17].

From now on, the elements of generalized Fibonacci sequence defined as based on a and b, that is, the numbers G, = aF,,_, + bF,_1, for the

sake of simplicity, will be denoted by GEZ’

b)
For all integers n, it was established the relation
F F
n n+1 n
= 1.4
Q |: Fy Fu1 :| 14
between the matrix Q = i (1) known as the Fibonacci Q-matrix in the literature and classical Fibonacci sequence {F; } in [3]. For

detailed information about the Fibonacci O-matrix, see, for example, [5].
According to this property, it is clear that, for all integers n,

aF,_1+bF, aF, »+bF, |

n—2 n—1 __
e *{aFn_ﬁbFn_l aFy3+ bFy

with a,b € R*. For the sake of simplicity, throughout the work, we will call this matrix as n-generalized Fibonacci Q-matrix, and denote it
by 0,0

2. Being a Matrix Q(k)a b) of Linear Combination of a Matrix Qg(’ll’ b) and a Matrix Q"

glas

Let’s consider the problem of characterizing the linear combination of the matrices Qif(ll] b) and Q" as a matrix QL’ZLZ b)* where n, m, and k
are integers, ¢, ¢ are unknowns, and a;,b; € R*;i =1,2:

() n_ K
19 (a1 b1) T 227 = L4y 1) 2.

It is clear that this matrix equation leads to the linear equations system

ci(a1Fy2+b1F_1)+ 2By = aF_p + by Fy_y

2.2
ci(arFy3+b1Fy2)+ 2By 1 = aaF_3+brFp_ @22
in the variables c¢; and c¢;. The determinant of the coefficients matrix of the system (2.2) is
arFy_»+b1F,_ F
Pl = (1) (—a1Fpnya + b1 Fng)- 2.3)

aFy 3+b1F 2 Fy

The determinant (2.3) is zero if a; F};,— 12 = b1 F—n+1. Otherwise, it is not zero. If the determinant is not zero, then it is obvious that the
matrix equation (2.1) has the unique solution
(= l)kin(*az Fn—t12+b2Fn—ii1) —a G(FW)Z) +bi GEZ;Z)})

and ¢p = (2.0
—a1Fyn2+b1 Fyynt1 2 —a1Fy—ni2 b1 Fyp1

Cc] =

bIFm—n+l

Now, let a1 Fy,—py2 = b1 Fyp_py1. In this case, it must be m —n # —2. Otherwise, we get the contradiction by = 0. Hence a| = = - is

obtained. Thus, the augmented matrix of the linear equations system (2.2) is obtained as

arFr 2 +brFy g
arFy3+DbyFy

F;n—n+2
by (En—/x+] Fys +Fn—2En—n+2)

L Fin-ni2

[ b1(Funi1Fu2tFy 1 Fnni2) F
m
Fn1

To rearrange this matrix considering the equality (1.2) leads to the augmented matrix

24

ALl P arFi_5+brFi_y

Fn_n+2
b1 Fy
=l By ar by 3+byF

L Fn-ni2
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Now, let us first assume that m # 0. Then it is clear that the matrix in (2.4) is row equivalent to the matrix

b R, ar b2 +brFi—
m—1 ~(k—m)
0 0 - Clayby)
in view of the equality (1.3). Hence, if GE _Z;)) # 0, then there is no solution of the system (2.2). Thus, for the equation system to

k
a,
have a solution, it must be GE];;Z?) =ayFy_py_2+byF_,,_1 =0, or equivalently, k — m # 2. Otherwise, we get the contradiction b, = 0.

Consequently, we obtain the general solution as

by (— k—m
(c1,¢2) = (t,f 2Dty ),teR*
Fy_m—2 Fin—nt2

taking (1.3) into account.
Next, if m = 0, then the augmented matrix (2.4) turns into the matrix

b
ﬁin 1 aryFy_3+byF_»

0 0 asz72+b2Fk71

According to this, in case ayF_y +byFi_1 # 0, there is no solution of the matrix equation (2.1). So, let us consider the case ayFj_» +
byF;_1 = 0. In this case, it is obvious that k # 2. Otherwise, the contradiction b, = 0 is obtained. Thus, we get the general solution of the

matrix equation (2.1) as
by(=1)% 1y ) .
c,e0) = t,————" — , teR
( ) ( Fr Fyp

taking (1.3) into account. So, we have proved the following theorem.

Theorem 2.1. Consider the matrix equation

(”) m (k)
19 (a1 b) T 22" = Cy(a ) 2.5)

a,by
where n, m, and k are integers, c1,cy € C* are unknowns, and a;,b; € R* ;i = 1,2. Then, the following statements are true.

(= l)kﬂl(*”z Fouir2tbaFii1)

and
—a1Fy—nr2 b1 Fyupt1

(i) If a1Fp—p+2 # b1Fy_nt1, then the matrix equation (2.5) has a unique solution such that ¢ =
(k—n+2) (k—n+1)
_ ~4Cu1,) T80 1,)
2= A F b Fa

ii) If a\Fyy_pi2 = b1Fyy_pi 1, then the matrix equation (2.5) has no solution for G, , and has finitely many solution such that
(ii) If a1 Fy—ns2 = b1 F hen the matri ion (2.5) h lution for Gl 1"} 0, and h ! I I th

Fym— Finnt2 ( 25 2) o

k—m
(c1,62) = (t, _hCT L), t € R*, provided however that G(Z_Zl) =0.

Example 2.2. The following three cases illustrate Theorem 2.1.

1. Letay =5,by =7,ap =3,by =4,m="7,n= 5,k =4. Since 5F, # TF3 , according to (i) of Theorem 2.1, it is obtained ¢y = —3 and
¢y = 8. Infact, it is obvious that ¢ and c; satisfy the equality

5) @
10,50+ 20" =054

50 31+ 21 13| | 18 11
319|213 o8 | T 7 |
2. Letay =6,b; =9,ap =3,bp =4,m="T7,n=5k=4. Since 6Fy = 9F3 and GE;ii =3F_s5+4F_4 # 0 (in view of (1.1)), there is no
solution of the system (2.1) according to (ii) of Theorem 2.1. In fact, it is obvious that there is no solution of the matrix equation

that is, the equality

5) 7_ @
“1Q(69) 20" = Cy34

63 39 n 21 13| | 18 11
139 24 |72 13 8|7 |11 7|
3. Letay =6,by =9,ap =1,bp =2,m=7,n=5,k=6. Since 6Fy = 9F;3 and GE;;; =F_3+2F_5 =0 (inview of (1.1)), according to

(ii) of Theorem 2.1, the general solution of the system (2.1) is obtained as (cl,cj) = (¢t,1—3¢), t € R*. Infact, it is clearly seen that
the matrix equation

or equivalently, the matrix equation

) _o®
1Q(69) 22" = Gy

63 397, [21 13]_[21 13
1139 24 |72 13 8 |7 |13 8

has the general solution such that (cy,cy) = (1,1 —3t), t € R*.

or equivalently the matrix equation
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NOTE. In case a; = by, ap = by, the matrix equation (2.1) turns into the matrix equation d; Q" + d, 0" = 0. So, it this case, the problem
considered in this work is reduced to the problems handled in [6] and [15]. Therefore, the problem discussed here can be considered as, in a
sense, a generalization of the problems dealt with in [6] and [15]. On the other hand, in case a, = b;, the matrix equation (2.1) turns into the

)

. . (n
matrix ion
atrix equatio eng(ahbl

) +e,0™ = OF. Notice that by using Theorem 2.1, we can have an idea about the solutions of the latter matrix
equation.
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