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Contact CR-warped product submanifolds in
Sasakian space forms
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Abstract

In this paper we consider Contact CR-warped product submanifolds
and we investigate the status of equality in the inequality which has
been found by I. Hasegawa and I. Mihai in [8].
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1. Preliminaries

Recently, in [8] I. Hasegawa and I. Mihai studied contact CR-warped products in
Sasakian manifolds and obtained inequalities for the squared norm of the second fun-
damental form in terms of the warping function for contact CR-warped products in a
Sasakian space form. Afterwards, I. Mihai and K. Arslan studied warped products which
are CR-submanifolds in Sasakian and Kenmotsu manifolds, respectively, and established
general sharp inequalities for a CR-warped product in Sasakian and Kenmotsu space
forms(see [1, 7]).

In [2], we also studied contact CR-warped product submanifolds in a cosymplectic
manifold and gave a necessary and sufficient condition for a contact CR-warped product
to be contact CR product. In this paper we give a necessary and sufficient condition for
contact CR-warped product to be contact CR-product in a Sasakian space form.

In this section, we will give some notations used throughout this paper. We recall
some necessary facts and formulas from the theory of Sasakian manifolds and their sub-
manifolds.
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A (2m + 1)-dimensional Riemannian manifold (M, g) is said to be an almost contact
metric manifold if it admits an endomorphism ¢ of its tangent bundle T'M, a vector field
¢ and a 1-form 7, satisfying;

(1.1) P°X =X +n(X)E, ¢€=0, n(E) =1, n¢X)=0
and
(1.2) 9(¢X,9Y) = g(X,Y) —n(X)n(Y), n(X)=g(X,§)

for any vector fields X, Y tangent to M. Furthermore, an almost contact metric manifold
is called a Sasakian manifold if ¢ and ¢ satisfy;
(1.3) (Vxo)Y = —g(X,Y)E+n(Y)X and Vx¢=¢X,

where V denotes the Levi-Civita connection on M|[5].

Now, let M be a (2n + 1)-dimensional Sasakian manifold with structure tensors
(¢,€,m,9) and M be an m-dimensional isometrically immersed the submanifold in M.
Moreover, we denote the Levi-Civita connections by V and V, respectively. Then the
Gauss and Weingarten formulas for M in M are, respectively, given by

(1.4) VxY = VxY + h(X,Y)

(1.5) VxV =—-AvX +VxV

for any vector fields X,Y tangent to M and vector V normal to M, where V<1 is the
normal connection on T+ M, h and A denote the second fundamental form and shape
operator of M in M, respectively. The A and h are related by

(1.6) 9(h(X,Y), V) = g(Av X,Y).

We denote the Riemannian curvature tensors of V and the induced connection V by
R and R, respectively. Then the Gauss and Codazzi equations are, respectively, given by

(1.7) (R(X,Y)Z)T = R(X,Y)Z + Anx.2)Y — Anv,n X
and
(1.8) (R(X,Y)2)* = (Vxh)(Y,2) - (Vyh)(X, Z)

for any vector fields X,Y, Z tangent to M, where the covariant derivative of h is defined
by

(1.9) (Vxh)(Y, Z) = Vxh(Y, Z) = h(VxY, Z) — h(Y,Vx Z)

for any vector fields X,Y, Z tangent to M, where (R(X,Y)Z)* and (R(X,Y)Z)T de-
note the normal and tangent components of R(X,Y')Z, respectively, with respect to the
submanifold[8].

For any vector field X tangent to M, we set
(1.10) oX = fX +wX,

where fX and wX are the tangential and normal components of ¢.X, respectively. Then
f is an endomorphism of the TM and w is a normal-bundle valued 1-form of T'M. For
the same reason, any vector field V normal to M, we set

(1.11) ¢V = BV +CV,

where BV and C'V are the tangential and normal components of ¢V, respectively. Then
B is an endomorphism of the normal bundle T+ M to TM and C is a normal-bundle
valued 1-form of T+ M.



A plane section 7 in I'(T'M) is called a ¢-section if it is spanned by X and ¢X, where
X is a unit tangent vector orthogonal to £&. The sectional curvature of a ¢-section is
called a ¢-sectional curvature. A Sasakian manifold with constant ¢-sectional curvature
c is said to be a Sasakian space form and is denoted by M(c). The curvature tensor R
of a Sasakian space form M (c) is given by

= c+3 c—1

RX.Y)Z = ——{(YV,2)X —g(X, 2)Y} + ——{n(X)n(2)Y —n(Y)n(Z)X

+ n(Y)g(X, 2)§ —n(X)g(Y, 2)§ + 9(Z, Y )0 X — g(Z, $X)pY

(1.12) - 29(¢X,Y)oZ}

for any vector fields X, Y, Z tangent to M|[6]. For more details, we refer to the references.

2. Contact CR-Warped Product Submanifolds in Sasakian Man-
ifolds

In this section, we will define contact CR-warped product submanifolds in a Sasakian
manifold, have obtained some the inequalities in a Sasakian manifold.

Let My and M2 be two Riemannian manifolds with Riemannian metrics g1 and g2,
respectively, and let f be a positive smooth function on M;. We consider the product
manifold M; x My with its projections 7w : My X My — M; and n : My x Mz — Ms. The
warped product M = M, Xy M is a manifold M; x M, equipped with the Riemannian
metric such that

9(XY) = g1 (m X, m.Y) + (for)?g2(n. X, n.Y),

for any X,Y € I'(T'M), where * stand for differential of map and I'(T'M) denote set
of the differentiable vector fields on M. Thus we have g = g1 ® f?g>. The function f
is called the warping function of the warped product manifold M = M; xy Mj. If we
denote the Levi Civita connection on M by V, then we have the following Proposition
for the warped product manifold|[3].

2.1. Proposition. Let M = M; x; Mz be a warped product manifold. For X,Y €
I(TMy) and Z,V € T'(T'Mz), we have

(1) VxY € I(TMi), that is, M, is totally geodesic submanifold in M,
(2) VxV =VyX = X(In f)V,

(3) norVzV = —g(Z,V)grad(In f), that is, Ms s totally umbilical submanifold in
M,

(4) tanVzV = V/ZV € (T M) is the lift of V,ZV on Ma, where V' denote the
Lewi-Civita connection of ga2[4].

If the warping function f is constant, then the warped product is said to be Riemann-
ian product.

Let M be an m-dimensional Riemannian manifold with Riemannian metric g, and let
{e1, €2, ...,em} be an orthonormal basis for I'(T'M). For a smooth function f on M, the
gradient and Hessian of f are, respectively, defined by

(2.1) X(f) = g(grad(f), X)



and
(2.2) H(X,Y) = X(Y(f)) = (VxY)f = 9(Vxgrad(f),Y)
for any X,Y € I'(T'M). The Laplacian of f is defined by

m

(2.3) Af = {(Vee)f —eile(f)} = =D g(Vesgrad(f), e:).

i=1 i=1
From (2.2) and (2.3), note that the Laplacian is essentially the negative of the trace of
the Hessian.

From the integration theory on manifolds, if M is a compact orientable Riemannian
manifold without boundary, we have

(2.4) AfdV =0,
M

where dV is the volume element of M|[2].

By analogy with submanifolds in a Kenmotsu manifold, different classes of submani-
folds in a Sasakian manifold were considered by many geometers(see, references).

2.2. Definition. Let M be an isometrically immersed submanifold of a Sasakian mani-
fold M.

(1) A submanifold M is tangent to £ is called an invariant submanifold if ¢ preserves any
tangent space of M, that is, ¢(Ta(p)) C T (p), for every p € M.

(2) A submanifold M tangent to & is called an anti-invariant submanifold if ¢ maps any
tangent space of M into the normal space, that is, ¢(Tas(p)) C Tiz(p), for every p € M.
(3) A submanifold M tangent to £ is called a contact CR-submanifold if it admits an
invariant distribution whose orthogonal complementary distribution D~ is anti-invariant,
that is, TM = D ® D*, with ¢(D,) C D, and ¢(D;) C Tj;(p), for every p € M.

In this paper, we shall consider warped product manifolds which are in the form
M = M7 xy M, in a Sasakian manifold M such that M is tangent to £, where M7 is an
invariant submanifold tangent to & and M is an anti-invariant submanifold of M. We
simply call such manifolds contact CR-product submanifolds.

3. Contact CR Warped Product Submanifolds in Sasakian Space
Forms

In this section, we will give the main results of this paper. Firstly, we will give the
following two lemmas and a theorem for later use.

3.1. Lemma. Let M = Mr Xy M, be a contact CR-warped product submanifold of a
Sasakian manifold M. Then we have

(3.1) g(h(X,Y),8Y) = [n(X) — ¢X (In f)]g(Y,Y)
and
(3.2) 9(h(¢X,Y),0Y) = |Y|[*X (In f)

for any X e (TMr) and Y € T(TM_).



Proof. Forany X € I'(TMr) and Y € I'(T'M_), by using (1.3), (1.4) and considering
Proposition 2.1(2), we have

g(MX,Y),0Y) = g(VyX,0Y)=—g(¢VyX,Y)
= —9(Vy¢X — (Vy9)X,Y)
= —9(VyoX,Y)+g(- (X Y)§+n(X)Y,Y)

= —¢X(Inf)g(Y,Y) +n(X)g(Y,Y)

and

g(h(¢X,Y),6Y) = g(VyoX,0Y)=g(Vyd)X + ¢Vy X, 0Y)
9(—9(X, V)¢ +n(X)Y,¢Y) — g(Vy X, 6°Y)
—g(Vy X, =Y +7(Y)¢)

= g(VyX,Y) = X(In f)g(Y,Y),

which proves our assertion. O

3.2. Lemma. Let M = Mr Xy M, be a contact CR-warped product submanifold of a
Sasakian manifold M. Then we have

(33) X Y)II* = g(h(¢X,Y), 0h(X,Y)) + n(X) — X In f]*g(Y,Y),
for any X e I'(TMr) and Y € T(T'M_).

Proof. Making use of (1.3), (1.4) and consider Proposition 2.1 and Lemma 3.1 we
have

g(h(¢X,Y), ph(X,Y))

9(Vy¢X — VyoX, ph(X,Y))

9(Vyd)X + ¢Vy X — ¢ X (In f)Y, ph(X,Y))
9(—9(X,Y)§ + n(X)Y, ¢oh(X,Y))

9(pVy X, ¢h(X,Y)) + ¢X (In f)g(h(X,Y), ¢Y)

[ o [

[R(X,Y)|I? + [6X (In f) — n(X)]g(h(X,Y), $Y)
[R(X,Y)[1? + [pX (In f) — n(X)][n(X) — ¢X (In f)]g(Y,Y)

This completes the proof of the Lemma. O

3.3. Theorem. Let M = Mr x; M. be a contact CR-warped product submanifold of a
Sasakian space form M (c). Then we have

2|ln(x, Y)|* {H™(X, X) + H"(¢X, $X) — 26X (In f)n(X)

2(pX (In f))* + 20*(X) + n(Vx X)n(gradln f)
(“52) stox.ox)pay),

+ 4+

(3.4)

for any X e (TMr) andY € T(TM_).

—n(X)g(h(X,Y), ¢Y) + g(h(X,Y), h(X,Y)) + ¢X (In f)g(h(X,

Y),¢Y)



Proof. By using (1.8), (1.9) and making use of V being Levi-Civita connection, we
have

9(R(X,¢X)Y,¢Y)

9(Vxh)(6X,Y) = (Voxh)(X,Y),¢Y)

= g(Vxh(¢X,Y) = hi(Vx¢X,Y) = h(pX,VxY),¢Y)
(Voxh(X,Y) = h(Vex X,Y) — h(VexY, X), ¢Y)

[9(h(¢X,Y), $Y)] —Q(VX¢Y h¢X,Y)) = g(h(Vx¢X,Y), 9Y)

hVxY,$X),0Y) — ¢X[g(h(X,Y),¢Y)] + g(Vox¢Y, h(X,Y))

(Vox X, Y), ¢Y) +g(h(V¢XY7X)»¢Y)~

3.2) and Proposition 2.1(2), we obtain

X[X(In f)g(Y,Y)] = g(h(¢X,Y), (Vx¢)Y + ¢VxY)
gV, V) {n(VxdX) — (¢Vx¢X)(In )} — X(In f)g(h(Y, ¢X), ¢Y)
dX[{n(X) = dX(In f)}g(Y,Y)] + g(M(X,Y), (Voxd)Y + ¢VexY)
gV, Y){n(Vex X) — (6Vex X)(In f)} + ¢X(ln Hyg(h(X,Y),$Y)
X(X(In f))g(Y,Y) +2(X (In £))*g(Y,Y) — g(h(¢X,Y), ¢VXY + ¢h(X,Y))
N(Vx¢X)g(Y,Y) + g(Y,Y)(¢Vx¢X)(In f) — (X (In f))*g(Y,Y)
dX[n(X) — X (In flg(Y,Y) — 20X (In f){n(X) — ¢X(In f)}g(Y,Y)
g(h(X,Y),pVexY + oh(¢pX,Y)) +n(Vex X)g(Y,Y)
(¢Vex X)(In f)g(Y,Y) + ¢ X (In f){n(X) — ¢X(In f)}g(Y,Y)
X(X(In f))g(Y,Y) + (X(In f))*g(Y,Y) = X (In f)g(h(¢X,Y), $Y)
g(h(PX,Y), ph(X,Y)) = n(VxdX)g(Y,Y) + (¢Vx o X)(In f)g(Y,Y)
dX[N(X)]g(Y.Y) + ¢X (6X(In £))g(Y,Y) — 26X (In f)n(X)g(Y,Y)
2(¢X (In £))*g(Y,Y) + X (In f)g(h(X,Y), 4Y)
g(M(X,Y), 0h(¢X,Y)) + n(Vex X)g(Y,Y) = (¢Vex X)(In f)g(Y,Y)
X (In fn(X)g(Y,Y) — (X (In f))*g(Y,Y)
X(X(In f)g(Y,Y) = 29(h(¢X,Y), ph(X,Y)) = n(Vx$X)g(Y,Y)
(#VxoX)(In fg(V,Y) — ¢X[n(X)]g(Y.Y) + ¢ X (X (In f))g(Y,Y)
¢X(In f)n(X)g(Y,Y) + (6X(In £))*9(Y,Y)
¢X(In f){n(X) — ¢X(In f)}g(Y,Y) + n(Vex X)g(Y,Y)
(#Vox X)(In f)g(Y,Y).

We know that on a Sasakian manifold

PXIN(X)] = ¢Xg(X,€) = g(VexX,€) + g(X,VsxE)
(3.6) = n(VexX) +g(¢’X, X) = n(Vex X) — g(¢X, 9X),

I
b Q

g

/\f\

g(h
Taking into account (3.1),

9(R(X,¢X)Y,¢Y)

—

L+

+

I e e o

(3.5)

n(Vx¢X)
(3.7)

9(Vx9X,8) = g(Vxd)X + ¢Vx X, €)
9(=9(X, X)€ +n(X) X, €) = —g(X, X) +7*(X) = —g(¢X, 6X).
Furthermore, considering Proposition 2.1, Mr is totally geodesic in M and grad(ln f) €
I'(TMr), by direct calculations, we obtain
(¢VexX)(Inf) = g(¢Vex X, grad(In f)) = g(Vex X — (Vox¢)X, grad(In f))
= 9(VexoX,grad(In f)) — g(—g(¢X, X)§ + n(X)¢X, grad(In f))
(3.8) = (VexoX)(In f) — n(X)¢X(In f)

\_/\_/



and
(@Vx¢X)(Inf) = g(¢Vx¢X, grad(lnf)) = —g(Vx X, dgrad(ln f))
—9((Vx )X + ¢V x X, pgrad(In £))
9(=9(X, X)€ + n(X) X, ggrad(In f)) — g(¢Vx X, dgrad(In f))
(3.9) —(VxX)(In f) + n(Vx X)n(¢grad(In f)) + n(X)¢X (In f).
So by substituting (3.6), (3.7), (3.8) and (3.9) into (3.5), we get
9(R(X, 6X)Y, ¢Y) X(X(Inf)g(Y,Y) = 29(h(¢X,Y), h(X,Y)) + g(¢X, 9 X)g(Y,Y)
9V, Y){n(X)oX(In f) — (Vx X)(In f) +1n(Vx X)n(grad(In f))}
gV, Y){n(Vex X) — g(6X,¢X)} + ¢ X (X (In £))g(Y,Y)
N(Vex X)g(Y,Y) = (Vox ¢ X)(In f)g(¥,Y) + n(X)éX (In fg(Y,Y)
{X(X(n f)) + ¢X(¢X(In f)) — (Vx X)(In f)
(Vox ¢ X)(In f) + 29(¢X, pX) + n(Vx X)n(grad(In f))
(X)X (In f)}g(Y,Y) — 29(h(¢X,Y), oh(X,Y))
= {H"/(X,X)+ H™(¢X,6X) + 29(¢X, $X) + 2n(X)$X (In )
+ n(VxX)n(grad(In £))}g(Y,Y) = 29(h(¢X,Y), 6h(X,Y)).
Thus, from (3.3), we conclude that

L+

I+

+

g(R(X,6X)Y,¢Y) = {H™(X,X)+H" (¢X,06X)+29(¢X,$X) — 2n(X)pX (In f)
+ 29°(X) +2(¢X(In f))? + n(Vx X)n(grad(In £)) }g(Y, Y)
(3.10) — 2r(X, V)|

On the other hand, by using (1.12), we get

C

(3.11) 9(R(X, XY, ¢Y) = — ( 5 1) 9(¢X,6X)g(V,Y).

By corresponding (3.12) and (3.13), we reach at (3.4). O

Now, Let {eo = &, e1, €2, ..., p, de1, P2, ..., dep, €', 2, ..., e?} be orthonormal basis of
['(TM) such that e,, e1, €2, ..., €y, de1, dpea, ..., de,p, are tangent to I'(T'Mr) and e, 2, ..., e?
are tangent to I'(T'M ). Moreover, we suppose that {cbel, ¢e?, ..., ped, N1, No, ..., Nop}is
an orthonormal basis of T(T'M*) such that {¢pe’, pe?, ..., pe?} are tangent to I'(¢T M)
and {N1, Na, ..., No, } are tangent to I'(v), where v denote the orthogonal distribution of
éD*  in T+ M.

We can give the main theorem in the rest of this paper.

3.4. Theorem. Let M be a compact orientable contact CR-warped product submanifold
of a Sasakian space form M(c). Then M is a contact CR-product if

(3.12) S5 haten )P > (S e,

i=1 j=1

where, hy denote the component of h in T'(v).

Proof. By using (2.3), the Laplacian of In f is given by

q

—Alnf = Y g(Vegrad(nf),e:) + Y g(Voe,grad(In f), ¢e:) + Y (Vesgrad(in f),e’)

i=1 i=1 j=1

+  9(Vegrad(In f), §).



Considering V being Levi-Civita connection, Mt is totally geodesic in M, M is totally
umbilical in M, grad(In f) € I'(T'Mr) and Proposition 2.1, we have

—Alnf

Z{H“‘f (eirei) + H™ (gei, pei)}

+ Z}{ef’g(grad(ln 1)) = 9(Veie grad(ln f))} + g(Vegrad(ln f), £)
= zp:{HI"f(ez‘v@i)+H1“f(¢€z‘,¢>6i)}

- Z{ g(e’,e’)g(grad(In f), grad(In 1))} + g(¢grad(In f), &)

= Z{Hl"f(ez-7 ei) + H™ (gei, dei)} + qllgrad(in f)|1%.

Let X =¢; and Y = ¢’ be in (3.4), 1 <i<pand 1< j <gq. By direct calculations, we
have

22 lhen )P = (Do (H" (e en) + H™ (ger, gei)}

i=1 j=1

+ 2> e )P+ (S22l
i=1

= {(~Alnf —gllgrad(n ) +23 (desin ) + (<22 )pha
Thus we get
(344 lnf—fZZIIheu )I1? + gllgrad(in £)| —22¢e11nf - (<

Furthermore, from linear algebra rules, we know that i can be written as

P

h(ei,ej):Zg( (esy e )qbe gi)e +Zg ez,ej),Ng)Ng.

k=1 =1
Also, making use of (3.1), we have

SN hlen o) = 3 D alhlen ), e

=1 j=1 =1 k,j=1

£ Y glhten ). N

i=1 j=1 £=1

S ol N nlen) — beslin £+ 0 hslen, )

=1 j=1 i=1 j=1
(3.14) = qy ()’ +3 > lha(e )|
i=1 i=1 j=1



Finally, substituting (3.14) into (3.13), we get

P q
: +3
—gAInf =237 3 ha(er, ) — (S22)pg + ¢*[lgrad(in f)||.

— £ 2
i=1 j=1
From (2.4) we conclude that
LG c+3 ¢
i (12 2
(315 [ (303 Ihalen ) = (2 )pa+ L lrad(n p)*}av o,
M =1 j=1
that is,
L q2 c+3
h ei,ej 2+— rad(In N4V = Vol(M
/{ZZ_N 2fei )P + L lerad(in 1)) N2y
Here, if

p q
; +3
>3 lihatew )P = (e

i=1 j=1

it implies ||grad(ln f)|| = 0 because ¢.p # 0, that is, the warping function f is constant.
So contact CR-warped product becomes a contact CR-product. O

As a consequence, ¢ < —3 is necessary so that M(c) is the standard sphere S>"**.
The natural isometric embedding

kL o REH cntl
defines an isometric embedding.

i: M(k,0) = S*T x s8¢ — s7" !

in which S?**! is the standard sphere with constant ¢-sectional curvature ¢ and the
(-dimensional sphere S° with constant sectional curvature (613). 1 maps the tangent

bundle TS® into T+ M (k,£) C TS?*"**. Hence M (k,£) is a (2k + £ + 1)-dimensional con-
tact CR-warped product submanifold by the definition.
From the integral formula (3.15) we derive the following corollaries.

3.5. Corollary. Let M be a compact orientable contact CR-warped product submanifold
of a Sasakian space form M(c). Then M is a contact CR-product if and only if

(3.16) SO haten ) = (20

i=1 j=1

Proof. If (3.16) is satisfied, then (3.15) implies that f = constant, that is, M is a
contact CR-product.

Conversely, M is a contact CR-product , from (3.2) we know that A(X,Y") € I'(v), for
any X € I'(TMr) and Y € T'(TM_). So the equality (3.16) is satisfied O

3.6. Corollary. There exist no compact orientable contact CR products in a Sasakian
space form M(c) such that ¢ < —3.
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