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ABSTRACT. In the present paper, the Bézier variant of Jakimovski-Leviatan-
Piltdnea operators involving Sheffer polynomials is introduced and the degree
of approximation by these operators is investigated with the aid of Ditzian-
Totik modulus of smoothness, Lipschitz type space and for functions with
derivatives of bounded variations.

INTRODUCTION

Approximation theory is a crucial branch of Mathematical analysis. The funda-
mental property of approximation theory is to approximate a function f by another
functions which have better properties than f. In 1950, Szasz [14] introduced a
generalization of Bernstein polynomials on the infinite interval [0,00) and estab-
lished the convergence properties of these operators. Subsequently, Jakimovski-
Leviatan [8] generalised the Szdsz operators as

e~ nw & k
(i) = oy Lomtn
by means of Appell polynomials which are generated by:
g(u)e"™ = Zpk(m)uk, (0.2)
k=0

where g(u) = > po, axu¥, ap # 0 is an analytic function, on the disk |u| < r (r > 1),
under the assumption pg(z) > 0, for z € [0, c0).

2020 Mathematics Subject Classification. 41A25, 41A36, 41A30, 26A15.
Keywords and phrases. Positive linear operators, rate of convergence, modulus of continuity,
total variation, Sheffer polynomials.
&= pnappfma@iitr.ac.in; akumarl@ma.iitr.ac.in-Corresponding author
0000-0003-3029-6896; 0000-0002-0739-9232.

©2020 Ankara University
Communications Faculty of Sciences University of Ankara-Series A1 Mathematics and Statistics

1522



JAKIMOVSKI-LEVIATAN-PALTANEA OPERATORS 1523

In 2008, Paltinea [11] defined a generalisation of the Phillips operators |12] based
on a parameter p > 0, as

Go(fi) ank / 0 (Ofdt+ e f(0), ze0.00),  (0.3)

where Sn,k(x) = efnx% and (I)Z k(t) = F&k:) e~ npt (nt)kpil, which includes Szész
operators for p — oo and Phillips operators for p = 1. For f € C|0, 00), Verma and

Gupta [15] defined the Jakimovski-Leviatan-Paltdnea operator as follows:

ZLM / Q0 (O f()dt+ L o(2)f(0), p>0, (0.4)

where L, ;(z) = %pk(mc) and Q) . (t) = F?k")p)e‘"’)t(npt)’“’_1 and established
an asymptotic formula and rate of convergence for these operators. Goyal and
Agrawal [4] defined the Bézier variant of these operators and established the
degree of approximation using Ditzian-Totik modulus of smoothness, Lipschitz type
space and for functions having a derivative of bounded variation.

Let C(2) = >0 cxz”, (co # 0) and D(z) = > p2, dxz", (d1 # 0) be analytic
functions on the disc |z| < r, » > 1 where ¢; and dj, are real. The Sheffer type
polynomials {pg(z)} are given by the generating functions of the form

)etP ) Zpk V2R 2] < (0.5)

Under the following assumptions:
(i) for t € [0,00), p(t) >0, k=0,1,2,---
(i) C(1) #0 and D'(1) =1,
Ismail [6] defined another generalisation of the Szdsz operators and the Jakimovski-
Leviatan operators [8] using the Sheffer polynomials as

—nzD (1)

T(f;z) = Zpk nz) () (0.6)

and estabilished some approximation properties of these operators. For the special
case D(t) =t and C(t) = 1, we find pp(z) = %T, therefore reduces to Szasz
operators and for the case D(t) = t, the operators T, (f;x) yield the operators
P, (f;x) defined in . Inspired by the work of Verma and Gupta [15], Mursaleen
et al. [9] defined the Jakimovski-Leviatan-Piltdnea operators by means of Sheffer
polynomials, and integral modification of the operators given by , as

M,,(f2) ZLM /)Q (Odt + Loo@)f(0), p>0,  (0.7)
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where L, ;(z) = %pk(nx) and Q) ,,(t) = (i e~ ™t (npt)kP~1 and established
some convergence properties of these operators with the help of the Korovkin-type
theorem, rate of convergence by using Ditzian-Totik modulus of smoothness and
approximation properties for the functions having derivatives of bounded variation.
Since the Bézier curves have important applications in computer aided graphics
and applied mathematics, Zeng and Piriou [16] initiated the study of a Bézier vari-
ant of Bernstein operators. Zeng [17] introduced the Szasz-Bézier operators and
discussed the rate of convergence of these operators for the functions of bounded
variations. Subsequently several researchers defined the Bézier variants of some
other sequences of positive linear operators and studied their approximation prop-
erties (see, e.g., [1,2,/4L[5]/7,/13]).
Motivated by the above work, we introduce the Bézier variant of the operators de-
fined in . Let A > 0 and Cy[0,00) := {f € C[0,00) : f(t) = O(e*) as t — oo}.
For § > 1 and f € C)]0,00), the Bézier variant of is defined as

M (i) =3 N () / Q" (Wt + NO@)F(0), p>0,  (08)
k=1

—naD(1)

where Nf,ﬁk)(x) = [Jn,k(m)]ﬁ - I:Jn’k+1(x)j|ﬁ, B >1; Lyi(z) = echk(nx) and
Inx(z) = Z;ik L,, ;j(z) with the following properties:
(1) Jpp(x) = Jpg+1(x) = Lpk(x), k=0,1,2,---,
(2) Jno(z) > Jpa(z) > Jpo(x) > - Jynlx), x€]0,00).
In particular,
(i) if 8 = 1, the operators Mﬁjp(f; x) include the operators given by ,
(ii) if 5 = 1 and D(t) = t, the operators M} (f;x) reproduce the operators
defined in [15],
(iii) if C(t) =1, D(t) =t, p=1 and 8 = 1, the operators M} (f;x) reduce to
the well known Phillips operators [12].

The organization of the paper as follows: In Section 1, the Bézier variant of
Jakimovski-Leviatan-Paltdnea operators involving Sheffer polynomials has been in-
troduced. In Section 2, some auxiliary results such as moments, central moments
and lemmas have been presented. In Section 3, the rate of convergence by us-
ing Ditzian-Totik modulus of smoothness and Lipschitz type space have been dis-
cussed. In Section 4, the approximation result for the functions having derivatives
of bounded variation has been discussed.

1. AUXILIARY RESULTS

Lemma 1.1. The r*" order moments M, ,(t";x), for r =0,1,2, are given by the
following identities:

(i) My,(1;2) = 1;

.. c'(1

(i) Mo p(t:z) =z + o
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z 20'(1 1+p)C’ (1)+pC"' (1
(i) Mn,(t%2) = 2% + 7 (1 oyt c(g)) T D”(l)) + 55 (W)-
As a consequence of the above lemma, we obtain

Lemma 1.2. The central moments M, ,((t — x)";z), r = 1,2, are given by the
following equalities:

() My, (t — z;2) = S
(ii) M, ((t—2)*2) = ;(1 +14 D”(l)) + 4 (“*”%W)

In what follows, we denote M, ,((t — x)*z) =&, ,(z).

Remark 1.3. For sufficiently large n and p > 2, one has
1
M, ,((t —2)%2) < W(1++D”(1)). (1.1)
n p

Let Cp[0,00) be the family of all continuous and bounded functions defined on
[0, 00).

Lemma 1.4. For every f € Cgl0,00), we have

Moo (f; ) < (£ (1.2)
Proof. The proof of this lemma is readily follow with the help of Lemma i).
Hence, the details are omitted. ([

Lemma 1.5. For A >0, let f € C\[0,00). Then

M, (f;2)] < BMi (| f; ). (1.3)
Proof. For 0 < u,v <1 and 8 > 1, the following inequality holds
[P —vP| < Blu — . (1.4)

Since, N7 (2) = [Jaw(2)]” = [Jnss1(2)]”, for all 5> 1 and

Tng(@) = Lnj(@) <> L jla) =1,
=k =0

in view of the inequality (1.4]), we have

NE @) = | [ag@)]” ~ [Jn,m(x)}ﬂ\ < Bl k(@) = Jnpr1 ()] = BLy i(@).(1.5)
Further,
ME(fi2)] <3 NSO (@) / h Q- ()| f®]dt + NS @)|IFO), p>0. (1.6)
k=1

From (|1.5) and (1.6, we get the desired result. O
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2. MAIN RESULTS

Fort >0,z >0, and 0 < a < 1, the Lipschitz type space [10] is defined as:
x —t|°
Lije(0) = { £ € C10.50) : | £() - (o) < K 2L
(z+1)2
where K is some positive constant.
In the next theorem, we investigate the rate of convergence of the operators
Mf (-;x) for the function f € Lipj (a).
Theorem 2.1. Let f € Lip}(a). Then for each x > 0, we have
BK s
| p(f7 ) f( )| < g(gn,p('ﬁ))2

Proof. In view of Lemma and the fact that, MB ,(1;x) =1, we have

M7, (fi) = J@)] < ML (f (1) = f(=); )]
< BMu, (1) = f(@)];2)
e ()
< igan<|x—t|a ) (2.1)

Now, applying Holder’s inequality by setting p = 2/« and ¢ = 2/(2 — «) and using
Lemma, [[.T]

2—«

(Mool = %52)) (n17%550)) ©

a

IN

M (|2 — %)

(Masltz = 1752)) " = (€0,0)

From (2.1) and (2.2)), we get the required result. O

Let us recall the definitions of the Peetre’s K-functional and the Ditzian-Totik
first order modulus of smoothness. Let ¢(x) = /z and f € Cg[0, 00).

Definition 2.1. (3] The Ditzian- Totik first order modulus of smoothness wg(f;0), 6 >
we(f;6) :== sup

0, is defined by
ho@)\ (. ho)
0<h<s f<er 2 > f( 2 )

Definition 2.2. [3] The Peetre’s K-functional is defined by
Ky(f;68) == nf{[|f — gll + Sllog'|| + 6*[|g'll, 6 >0}, Vg€ Wy,

where Wy :={g : g € AC,c, ||0g'|| < 00, ||d'|| < 0o} and g € ACjo. means that g is
a locally absolutely continuous function in [0, 00).

N)

IN

(2.2)

, Yo+t

ho(z)
2 € [0, 00).
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From (8], it is known that wy(f;9) ~ Ky(f;9), i.e. there exists a constanty > 0,
such that

v wo(f;0) < Ko(f50) < qws(f30). (2.3)

In the next theorem, Ditzian-Totik first order modulus of smoothness is used to
establish a direct approximation theorem.

Theorem 2.2. Let f € Cg[0,00) and ¢(z) = \/z, then for every x € [0,00) we
have

ME(fs) - F(2)] < Cong (f;

where C' is a constant and independent on f and n.

)

Proof. Let z € [0,00) be arbitrary but fixed. For g € Wy, we have the following
representation

Applying the operator Mff ,(f; ) on both sides of the above equation, we obtain

M2 (g;) — g(2) L) t o (u)dui ).

t t
Mgp(/ g/(u)du;x>’ SMf’p(‘/ g/(u)du

In view of Lemma [I.5] we have

My (¢ —2)%2) = M, ((t —2)%2)| < BMy,,((t — )% 2).

I
3

\MJ (g;2) — g()]

: x)(2.4)

Hence, using Lemma [I.2] we get

T 1 1 1 (1 (1
M2 ((t — 2% 2) <5{n (1+p+D"<1)> fo (( +p)0(g()1)+pc ( ))}
(2.5)
To estimate the right hand side of , we split our domain [0, c0) into two parts
A=10,1/n] and B = (1/n, ).
Case-I:
If z € [0,1/n], then from , for sufficiently large n, we have Mf’p((t —x)% 1) ~

£ % , i.e. there exists some k; > 0, such that

) < BB ((1L+p)C(1) + pC"(1)
MJ((t =) x) < ( o >

n2p
Hence, applying Cauchy-Schwarz inequality in equation (2.4)), we have

ME (g52) — g(a)] < ||g'||M5,p(|t—x|;x)
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1/2
< 19 (M2 (0t - 20)
(k1B [ (1+ p)C'(1) + pC"(1)\ ] /2
¢ (o))
= Mg, (26)

1/2

where A; — {kpﬁ(umwgggpcm)

n

Case-II: If z € (1/n,00], then from 1D we obtain MJ ((t —z)% ) ~ bz <1 +

% + D" (1)) Hence, there exists some constant kg > 0, such that

MY (= 2)%2) < e (1 ’ % * D”(l))'

n
Since
g (u)du| < —du

and for any z,t € (0, oo)7

! ‘/t 1 [t — x| [t — |

——du| = —=du| = 2|(Vt — Vx)| =2 < ,

] =| [ ] =i v =gt <ol
we have
|t — x|

< 2[¢g'll (2.7)

‘/ wdu o)

Now, combining equations ([2.4)) and (2.7)) and using Cauchy-Schwarz inequality, for
any z € (1/n,00), we have

IN

M2 (g5) — 9(a)] 2||¢g’||¢-1<x>Mﬁ,p(|t—x|;x)

IN

1/2
2og' 6~ () (Mﬁ,p«t - x>2;m>)

2)|¢g' ¢~ (x) (kQﬁx (1 #14 D )))1/2

- A, ||¢g/||7 (2.8)

N

IA
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1/2
where Ay = | k28 (1 + 14+ D"(1)
Again, combining equatlons ., 2.6) and . for z € [0, 00) we have
M (i) — g = 212 ﬁwn
< <||¢g ” || '||> where A = max(Ay, Ay).
‘\/E

Hence, using Lemma and above equation, we get

M2 (f52) — F@)| < 1M (gim) — g(&)| + (@) — g(@)] + M2 (f — i)
< 2l -al+a( 2y S
< (I =gl + P2 21g1) o =z

vnooon

Finally, taking the infimum on the right side of the above equation over all g € W,
M (752) - 1) < K 1

and using the relation (2.3)), we get

IME (i) — F(@)] < Al wy (f; \}ﬁ)

Now taking C' = A’~, the proof of the theorem is completed. O

)

3. FUNCTIONS WITH DERIVATIVES OF BOUNDED VARIATION

Let DBV4[0,00), be the class of all functions f defined on [0, 00) with |f(¢)| <
C(1+t?), C > 0 and having a derivative f’ equivalent to a function of bounded
variation on every finite subinterval of [0, 00). Then we observe that for all functions
f € DBV;4[0,00), there holds the following representation

fx) = / " o0t + F(0),

where ¢ is a function of bounded variation on every finite subinterval of (() 00).
In view of the Dirac-delta function, the alternate form of the operator M. ( f;z)
can be written as

MP(fix) = / FS (e, 0)f(0)dt, p>0, (3.1)

where nyp(x,t) = >0 NT(L’BIE (2)@) 1 (t) + N,(fg(x)é(t) and J(t) is a Dirac-delta
function.

To establish the rate of convergence of the operators given by (3.1) for f €
DBV4[0, 00), the following lemma is needed:
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Lemma 3.1. Let x € (0,00) and p > 2. Then for sufficiently large n, we have
(1) @2 (z,21) = [ FP (x,t)dt < 222 (1+;+D”(1)> ez 0<an<u,

(i) 1—@F (z,20) = [T FP (,t)dt gﬁ<1+ +D”())W, T <

To < O0.

Proof. (i) Using (B.1)) and Remark [L.3] we have

T _ 2
@gyp(x,xl) = / np (z,t)dt < /0 (;_ mtl> Ffp(x,t)dt
(z—21) M ((t — )% 2) < Bz — 1) > My o ((t — 3)%5 1)

1 1
< Bl Vo) —L
n p (x — x1)?
In the same way, assertion (ii) can be easily proved. O

Theorem 3.2. Let f € DBV32[0,00) and > 2. Then for each x € (0,00) and
sufficiently large n, we have

1/2 1
ME (i)~ f@)] < §+1f@+ﬂwﬁﬁ%ﬂ¢ﬁjl++D%U>
33/ L |
+ ) - |\/ 14 = +D()>
+ 1+ ) 3 A (VAR YA
P poe z— % \/,ﬁ r——= \Jz

n 1+;+U’>ﬂﬂ%%#@%wfmﬂﬁ

{l (@) +C<4+ 1)}’”5(1+ +D"(1 ))
I (2 |\/ux5 1+p+D“())

where VA(f1) denotes the total variation of f. on [c,d] and f. is defined by
fit)=f(a=), 0<t<u,
fa(t) =
f

0, x =t, (3.2)
") — fl(z+), z<t<oo.

Proof. In view of the fact that MB ,(1;x) =1, and the alternate form of the
operators given by (0.8)), for every z € (0,00) we have

M (F)io) = fl@) = M (f(t);2) = MY, (f(2);2) = M}, (£(t) — f(2); 2)
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AME%@wXﬂﬂ—fwﬁﬁ

= /O b Fnﬁ,p(x,t)< /x t f’(u)du)dt. (3.3)

For any f € DBV;[0,00), and using (3.2)), we can write

f'(z+) ; f(z—) [sgn(v - [ﬂﬂ_—ﬂ + fL (), (3.4)

n
where
% (V) = { 01,’ xx;é: "
Combining equations and (3-4), we get
o t / /
MJ(f(t);2) = f(a) = /0 Ff,p(azt)(/x {5m(u) [f’(y) _ [t ; f (w—)}
n [f’(x+) + Bf’(x—)}

1+p
. Llet) 3 fa=) [sgn(u —a)+ ngﬂ
+fi(v) }du) dt
= U+ Wy + U3 4 Uy, (3.5)
where
v = [TEeo [ow]re - TR g
v, = /Ooo F? (x,1) /: {fl(w—'—)lii)f/(x_)]dydt
Uy = /OOO Frﬁp(x,t) /: f(a+) ; f'(z=) {sgn(u —z)+ g;ﬂ dvdt

[e§] t
Uy = / nyp(x,t)/f:’c(l/)dudt.
0 T

We can easily see from the definition of §,(¢) that

U, = /OOO F? (x,1) /; 5. (v) {f’(y) _ S ;f/(x_)}dydt:o (3.6)
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/ /x{f' “ﬂ%f )]dydt
| (;z:+)14;ﬁﬁf (z—-) /0 FP (a1 )/;dydt
:f’(w+)14;/;f'(ﬂf—):/o F? (. )(t — )dt
'f'(ac+>l++ ﬂﬁf’@—): MP (t - ;).

/ npxt/f:H_

+1

N <6+1) 2

—T@) a4 - a),2)

N f(;c+);f($-)/0 F’r?,p(x’t)/x sgn(v — x)dvdt

- (5
- \B+1

f(x+) = fl(x—)

)f’($+) -

2

xT

Fﬁ(

F@2) vs (- o))

oz, 1) (t — m)dt

t)(t — x)dt

— M ((t

n,p —:C),l’)

n,p

f(@+) = f'(z—)

T (z, 1) — t|dt
0

MJ((t—x),x)

Combining equations (3.5))-(3.8]), we have

M, (£(t);2) = f(z)] <

(x+)1—tr%f ’|MB — x5 )|
P e,

{Sgn(z/ —x)+ F dvdt
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+ f’(ﬁ);fl(m_) My ([t = xl,2) + [Wal. (3.9)

Now, applying Lemma [1.5| and the Cauchy-Schwarz inequality, we get

M7, (f(8)ie) = f@)] < oI () + BF (2 =) [ (BM,p(t = 2)%52)) "2

ﬂ+1
" ﬁiﬂf(“) F@=)[(BMy o ((t = )% 2))"/2 + Wy
1/2 ,
< /§+ 1|f’($+) +ﬂf/(x—)\//; (1 + % +D”(1)>
3/2
§+1|f (z+)
! i 1 "
—f (as)l\/n (1 + 5 +D (1)> + Wy (3.10)

We now estimate |¥4|. We may write

[e’s} t
Uy = / F,ﬁp(:c,t)/ fh(v)dvdt = Uy 4 W,
0 x

xT t
U, — /0 P (x.1) / () dvdt
o0 8 t
!
\116:/30 Fn,p(x,t)/x fa(v)dvdt.

Since fcd dy®f (x,t) <1, for each [¢,d] C [0,00) and f(z) = 0, using Lemma
and integration by parts with z; = x — \F’ we have

w5 = ‘ / R () / t f;(V)dvdt’

where

= (/f dy>dt npmt’ xt)dt‘

< / F0) — Fi)92 xt\dt+/ £200) — Fo@I100 1)t
< (1o [ m(n)ﬁdm /:v:%f;)dt

< 57’“::”<1+[1)+D" )/ VD t+%Vf,%(f;)(3.11)
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Substituting ¢ = x — £, we obtain

m

5?(1+2+D”(1>)/I VE(fL) _1 dt

ﬂ“<1+ +D"(1 >/1f Ve (

SB“<1+ +D"(1 )

n

5“(1+ +D'(1 )Z o (f (3.12)

Combining (3.11)) and (3.12), we have
v

< e (1 +-+D"(1 ) Z 2 e (fL) + TV;,ﬁ(f;). (3.13)
From Lemma ii), Ff (z,t) = —dy(1 — @ (2,t)), t >z, hence we may write
2x [eS) t
@] < (/ falv du) (1= @7 (=, ))‘ + /2 (/ f;(v)dv)thf,p(x,t)’
= \117 + \I/g,say.

First estimate Uy,

U, = /h(/f du)dt(l— (m))‘

< | [zl - e+ [ t)(l—@ﬁi,p@,t))dt'
< | [ vw - femala- o, e+ [ If;<t><1—q>2,p<x,t>>dt]
< On (1 Lo )) F@2) — f(2) — 2f @ b)]

p
| Bua ) [F VD L [
o) [ e [

Now, substituting ¢ = x + 7, we have

< On (1 S 4D >) F(20) — f(2) — 2f (a b))

vta/Vn
ﬂ“<1+ +D"(1 )/ VT du+/ Vi
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IN

bu (1 +1ep >) F(20) — f(2) — af (@ b))

5“<1+ +D"(1 )Zv”k +ﬁv”f(fl,). (3.14)

Using Cauchy-Schwarz inequality

Ty = /% (/f du>Fﬁ tm)dt‘
-1 [ 0w - s ) ) B2 (a0t

< /;O(f(t) f@)EP (¢, x)dt'+/;o It — || f (x+)|F) (¢, x)dt
< | [T rorwoa v @] [T R o
x 2x 1/2
+|f’(a:+)|(/ (t — ) F,fjp(t a:)dt)
< C’/ (1+*)E] (t,x)dt| + | f(x txdt’

2z

l % - "
+|f(:c+)|\/ - 1+p+D (1))

Since ¢t > 2z, we have t < 2(t — z), hence

c<4 + ;2) </:(t - x)QF,ﬁp(t,a:)dt) + % (1 + % 4 D”(l)) ()]
+|f’(x+)|\/’“‘ff (1 + % + D”(l))

e )
+|f’(x+)|\/uxﬁ 1+/1)+D”(1)) (3.15)

From and -, we obtain
vl < 21 dh o )){f@x) — (@)~ (@)}

Uy

IA

Bu(1+p+D'/ ) ZVI” () + ==V TR (f)
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+ {mf)'+0<4+1}2)} /”L:ﬁ<1+;+D”(1)>

T

+|f’(a¢+)|\/'uiﬁ (1+;+D”(1)). (3.16)

Combining the estimates (3.10)), (3.13]) and (3.16[), we obtain the desired result. [
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