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differential equation. Also, we prove an equivalence between the Cauchy-type problem and
Volterra integral equation(VIE).

1. Introduction
We consider the Cauchy-type problem

uDSPx(t) = (t.x(1)), n—1<a<n0<B<I,
(1.1)

HDL x|,y =xa; (J=1.2.m), y=a+Bn-a).

From the above initial condition and by definition 2.3(in this paper), it is clear that
uDLx(t) = 8" gl Tx (1),

where HDaaf is the Hilfer-Hadamard-type fractional derivative of order o and type B [1,2] Fractional differential equations have numerous
applications in science, physics, chemistry, and engineering [3, 6].
Recently, the theory and applications of fractional derivatives have received considerable attention by researchers. They have studied some
results of the existence and uniqueness of solutions for fractional differential equations on the different finite intervals such as the examples
in [1,21] and references therein.
In this paper, we find a variety of results for the initial values problem (1.1), which are equivalent with (VIE), existence and uniqueness. In

section 2, we present some preliminaries. In section 3, we establish the equivalence of the Cauchy-type problem (1.1) and (VIE). In section
4, we prove the existence and uniqueness results for a solution of the Cauchy-type problem (1.1) in the weighted space.

2. Preliminaries

In this section, we introduce some notations, Lemmas, definitions and weighted spaces, which are important for developing some theories in
this paper. For further explanations, see [5].

Let 0 < a < b < +oo. Assume that Cla,b],AC[a,b],C"[a,b] and C};[a,b] be the spaces of continuous, absolutely continuous, n-times
continuous and continuously differentiable functions on [a, b] respectively. And let L”(a,b) with p > 1 be the space of Lebesgue integrable
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functions on (a,b). Moreover, we recall some of weighted spaces [5] in definition 2.1.
Definition 2.1 [5] Let Q = [a,b] (0 < a < b < +) is a finite interval and 0 < p < 1. We introduce the weighted space C, jo¢[a,b] of
continuous functions ¢ on (a,b]

Cutogla,b] = {@: (a,b] = R: [log(t/a)]* ¢() € Cla,b]}

with the norm

, Coﬁlog[a,b} =Cla,b].

10l = \ fog(e/a)“o0)|

And forn € Nand 8§ :t%, we have

n—1
Chalabl={0:l0lcy, = ¥ 18°0llc+ 18"l b-C yla.b] = Cpiogla.b).
1 i u
k=0

The space C; jo¢[a, b] is the complete metric space defined with the distance as

log(t/a)]* [ () - x2(1)] \

d(x1,x) = — ,b] == max
(x1,%2) = [lx1 =22l e [, 8] T

s

where log(.) =log,(.).
Definition 2.2 [4,5] Let 0 < a < b < +o0. The Hadamard fractional integral of order & € R™ for a function ¢ : (a, +o0) — R is defined as

uiteo) = o [tog et War, >0

Definition 2.3 [4,5] Let 0 < a < b < +o0. The Hadamard fractional derivative of order ¢ applied to the function ¢ : (a,+) — R is defined

as
Do) =8"(ull %)), n—l<a<n, n=[a]+],
where 6" = (1%)", and [o] denotes the integer part of the real number o.

Lemma 2.4 [5] Letn € Ng = {0,1,2,...} and let u;, p € R such that 0 < p; < gy < 1. The following embeddings hold:
Cila,b] — Cj , la,b] — C3, [a,b],

with

lolic;

M2 —
1, <Ksllole, . Ks—min1 (logv/a)) |, az0,
In particular,
Cla,b] — Cu, log la,b] — Cu, log [a,D]

with
Ho—H
[l < (102®/@) " ol . a0

Lemma 2.5 [5]
(a1) FR(ar) > 0,%(B) > 0and 0 < a < b < oo, then

[ng+(log(r/a))ﬁ_]] (x) = %(log(r/g))‘”ﬁfl, x>a,

[ D%, (log(z/a))’ "] (x) = %(log(r/a))“-ﬁ-', x>a.

(az) Let R(or) > 0,n = [R(a)]+ 1 and 0 < a < b < +oo. The equality ( DT, x)(r)
= 0 is valid if and only if

x(t)= Y ex(log(t/a))*~*,

-

where ¢; € R(k=1,2,...,n) are arbitrary constants.
(a3) Let R(a) > 0,R%(B) >0and 0 < u < 1. If 0 < a < b < +oo, then for
(A Cu,log[@b}
Hlg: Hlf+(/’ = ngjﬁq’

holds at any point ¢ € (a,b]. When ¢ € Cl[a, b], then this relation will be valid
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at any point ¢ € (a,b].
Theorem 2.6 [5] Let R(a) > 0,n = [R(a)]+ 1, and 0 < a < b < +oo. Also, let yI;7 %@ be the Hadamard-type fractional integral of order
n— o of the function @. If ¢ € Cy; jog[a,b] (0 < p < 1) and yI;;%¢ € Cg.“ [a,b], then

n 5n k In (x(p))( )
; Io—k+1)

o
(H[a+ HDLH—(P (IOgg)a k'

Lemma 2.7 [5] Let 0 < a < b < +o0,R(ct) > 0,n = [R(ax)]+ 1 and 0 <R(u) < 1
(@) If R(u) > R(ax) > 0, then the fractional integration operator gI%, is
bounded from Cy, og[a, b] into Cy;_ ¢ 1og[a, b]:

I 112 0lIc, aie < k1119
where
7@ P (a))|r(1 - R(w))|
b= ('Og(”/ ")) ROEECEM

In particular, gl is bounded in Cy; 1o¢[a, b].
() If R(u) < R(a), then the fractional integration operator yI% is bounded
from Cyy 1og[a, b] into Cla, b]:

I 5z @llc < kall@llc,m

where

Rt Ti(a)]|T(1 - R(w))|
o= (lstb/) R )

In particular, gl is bounded in Cy; 1o¢[a,b].
Definition 2.8 [2] Letn— 1 < ot < n,0 < < 1, and ¢ € L' (a,b). The Hilfer-Hadamard fractional derivative ;7 D%F of order o and type 8
of ¢ is defined as

(uD*P9)(1) = (1P (3)" u1 ™1 "P o) (1)
= (PO (8) yI" V) (1); Y=o +nB—ap
= (7" yDY9) (1),

where 51 and y D) is the Hadamard fractional integral and derivative defined by definitions 2.2 and 2.3 respectively.
Definition 2.9 [5, 13] Assume that @(x,y) is defined on set (a,b] x G,G C R. The function @(x,y) satisfies Lipschitz condition with respect
to y, if for all x € (a,b] and for all y;,y, € G,

[@(x.y1) — @(x,32)| < Ly =2,
where L > 0 is Lipschitz constant.
Definition 2.10 [1,12] Let 0 < o < 1,0 < 8 < 1. The weighted space Claﬁ,[a,b] is defined by

C{Pla,b) = {9 € C1_yla.b] : DI 9 € C1_yla.b]}y= 0+ B — ap.

Lemma 2.11 [9] Let 0 <a < b < 4o0,a > 0,0 < u < 1 and ¢ € Cyy joga,b]. If & > p, then I, ¢ is continuous on [a,b] and
ulgy pa) = lim yI o(r) =
t—at
Lemma 2.12 [2] Let R(a) > 0,0< B < L,y=a+nf—afn—1<y<n n=[R(a)+1and0<a<b <. If ¢ €L (a,b) and
(HIZ+y(p)(t) € ACj[a, D], then

il (uDEP o) (0) =u 11, (D], 0)(t ; " HI‘}Z <lp)>><a>

t .
log —)Y=/.
(log a)
Lemma 2.13 [13] Let 0 < a < b < +00,0 <t < 1,9 € Cyy jog[a,¢] and ¢ € Cyy 16[c, b]. Then, ¢ € Cyy 1og[a,b] and
u
101yt <105 {101, 0 (102670 ) Tl }-

Theorem 2.14 [5] Let (U,d) be a non-empty complete metric space. Let 0 < @ < 1 and let T: U — U be the map such that, for every
u,v € U, the relation

d(Tu,Tv) < o d(u,v), 0<w<l1

holds. Then, the operator T has a unique fixed point u* € U.
Furthermore, if Tk(k € N) is the sequence of operators defined by

T'=T, Tf=TT"'eN\{1},

then, for any ug € U, the sequence {T¥uq }1=7 converges to the above fixed point u*.
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3. Equivalence of the Cauchy-Type Problem (1.1) and (VIE)

In this section, we are going to prove the equivalence of the Cauchy-type problem (1.1) and (VIE). So, we need the following definition:
Definition 3.1 Letn— 1 <a<n, 0<B <1,y=o+nB —af and 0 < pu < 1. We consider the underlying spaces defined by

el lab] = {0 € Coyioglab]: uDEL 9 € Cuogla,b]}

and
C,Ly,log [a,b] = {@ € Cy_y10gla.b] : DY, @ € Cy_yjoga,b]},

where C,_y 1og[a,b] and Cy jog[a, b] are weighted spaces of continuous functions on (a,b] defined by
Cyrogla.b) ={@: (a,b] = R: (1ogt/a)y(p(t)€C[a,b]}.

In the next theorem, we studied the equivalence between the Cauchy-type problem (1.1) and (VIE) of the second kind

dt

i’ yxali—i-l) log(t/a))y_k—l—ﬁ'/at(log(t/r))a_l(p(nx(r))T, t>a. 3.1

Theorem3.2Letn—1 < a <n,0< B <1,y=a+f(n—a),and assume that ¢ (., x(.)) € Cy jog|a, b], where @ : (a,b] x R — R be a function

forany x € Cyy jog[a,b](n—y<u <n—B(n—a)). IfxecC’

n—7log [a,b], then x satisfies (1.1) if and only if x satisfies the integral equation (3.1).

Proof. First part, we will prove the necessity.
Assume that x € C —ylog [a,b] is a solution of (1.1). We prove that x is a solution of (3.1) as follows:

By the definition 3.1 of C —ylog [a,b], Lemma 2.7 (b) and definition 2.3, we have
HIZJ:yx € Cla,b], HDZ+X =6" HIZ;YX € Cu_ylog [a,b].

Thus, by definition 2.1, we get
uly 'xe Cs y_yla.b].

Now, by applying Theorem 2.6, we obtain

LSl o)) (@)t
ull. yD = ey T (log - )Yk, 1€ (a,b],
e mDY x() = x(t k§:1, Ty —kT 1) (log ) (a,b]
or
ully DY x(1) Z T(y— k+1) ogt)”, t € (a,b], (32)

where x,, comes from the initial condition of (1.1). By our hypothesis ¢(.,x(.)) € Cy 10gla,b] and since x € C,_y 1og[a, ] C Cyy 10g[a, b],
Lemma 2.7, we can see that the integral g1, ¢(.,x(.)) € Cy_q 10gla,b] for u > o and yI, @(.,x(.)) € Cla,b] for u < a. By applying the
operator yI%, to both sides of the problem of Cauchy-type (1.1) and Lemma 2.12 we obtain

ull, a+ HDa+x_ Hlgy HDa+ﬁx— H1a+(HDa+ﬁ )= Hlgy @ (3.3)

From (3.2) and (3.3) we get

x(r) =

I M:

Yy tor ) wE o]0, 1€ (a o

which is the (VIE)(3.1).

Second part, we will prove the sufficiency.

Assume that x € Cn 7log [a,b] satisfies (3.1) which is written as (3.4). Then, HDLx exists and HDLx € Cy—y,logla, b]. Now, by applying

the operator HDa . to both sides of (3.4), we get

n

uDjx(t) = uD}, 1;1 m(logé)y_k-F gy [@(7,x())](1)]-

Xa;

By using Lemma 2.5 (a;) and (a3), and definition 2.3, we obtain
uD} x= uD}, [1e 0]
= 8"(ulyy " nlg o)
_ 6"( Infﬁ(nfa)(p)
_ HDB(" a)(p (3.5)
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From (3.5) and the hypothesis HDZ+x € Cy—y,logla,b], we have

B(n—0)

HDy ¢ € Chylog [a,b].

Now, by applying Hlﬂnfa) to both sides of (3.5) we obtain

(a2 yDY x)(0) = (niP® yDE" Yo (e.x(0))(1);

that is,

alP 5 (1 T (1) = (pP " yDP Y (e x(2)) (1),
Since

8" (P o(1,x(1)) = uDP" (,x()) € Cu_yioglasbl,

and ¥ > B(n— a) and by definition 2.1, we have HIZ;B(W&)(,D € Cg,niy[a,b] (also that which is found in the first part of this proof, or by
n—o

Lemma 2.7 (b) with 4 < n— f(n— ), for a continuity of HIZ;ﬁ ( )(p)‘ Then, Theorem 2.6 with definition 2.8 allow us to write

n—k niﬁ (nfa)
1) (Hla+ (P))(a) (logé)ﬁ(nfoc)fk? 3.6)

L(B(k—a))

since 4 < n— B(n— o). Then, it follows by Lemma 2.11 that

uDEPA() = 0(1,x(1) —ki (
=1

i) @) =
Therefore, we can write the relation (3.6) as
DX () = b
HY 4+ x(t) (p(tvx(t))7 ZE(LZ, ]

Finally, we will show that the initial condition of (1.1) also holds. For that, we apply HDZI_j =" HI:;Y( Jj=1,2,...,n) to both sides of
(3.4) and by using Lemma 2.5 (a;) and (a3 ), we obtain

HDIx(t) = x4y + | 8" (2P o(2,x(1)) | (1) 3.7
Now, taking the limit as t — a, in (3.7), we get

uDY I x(t)|,_, = xa,, (j=1,2,...,n).
The proof of this theorem is complete.

Remark 3.3 For 0 < o < 1, Theorem 3.2 is reduced to Theorem 21 (see[9]).

4. Existence and Uniqueness

In this section, we will prove the existence and uniqueness results for a solution of the Cauchy-type problem (1.1) in the weighted space

c*P

nylog [a,b] by using the Banach fixed point theorem. For that, we need the following Lemma.

Lemma 4.1 If u € R(0 < p < 1), then the Hadamard-type fractional integral operator yI2, with oo € C(R(ax) > 0) is bounded from
Cu 1ogla,b] into Cy jogla, b] such that,

r(1—p)
I 1154 0llc, glas) < Mta—p) (log(t/a))*[|@lc, 1opla.b1- 4.1

Proof. By Lemma 2.7, the result of this Lemma follows. Now, we will prove the inequality (4.1). By definition 2.1 of the weighted space
Cu,log [07 b]7 we have

I H11?+(P‘|Cu_lag[a.b] = H(log(t/a))“ Hlanr(P”C[a_’b]
< H‘PHC,ng[a.b] (| g1 (og(t/a) ™ HC,l.mg[a,b]'

Now, by using Lemma 2.5 (a;) (with B replaced by 1 — ut) we obtain

r(1—p)
I 5155 iy glat) < Mta—p) (log(t/a))*[|@lc, sopla.b1-

Hence, the proof of this Lemma is complete.

Theorem 4.2 Letn—1 < a <n,0< B <1,y= o+ B(n—a), and assume that @(.,x(.)) € Cy 1og[a,b], where ¢ : (a,b] x R — R be
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a function for any x € Cy jog[a,b](n— 7 < . < n— B(n— o)) and satisfies the Lipschitz condition given in definition 2.9 with respect to x.

Then, there exists a unique solution x(¢) for the Cauchy-type problem (1.1) in the weighted space ng’i i [a,b].

Proof. First, we will prove the existence of the unique solution x(r) € C,_y,10g[a,b]. According to Theorem 3.2, it is sufficient to prove the
existence of the unique solution x(¢) € Cr—ylog [a,b] to the nonlinear (VIE)(3.1) and that is based on Theorem 2.14 (Banach fixed point
theorem). Since the equation (3.1) makes sense in any interval [a,#;] C [a,b], then we choose | € (a,b] such that the following estimate
holds

I(y—n+1)

o
m(log(n/u)) <1, 4.2)

w =

where L > 0 is a Lipschitz constant. So, we will prove the existence of the unique solution x(z) € Cr—ylog [a,11] to the equation (3.1) on the
interval (a,t;]. For this we know that the space C,,_y o¢[a,1] is a complete metric space defined with the distance as

d(x1,%2) = [Ix1 = 22ll¢, e [@s11] = max, log(t/a)]" ™7 [x1(r) —x2(1)] |-

The equation (3.1) we be rewritten as the following:

x(t) = (Tx)(0),

where T is the operator defined by
(Tx)(1) = x0(1) + [ mlgy @(7,x(7))] (1) (4.3)

with
- —k
1= X iy oate/a)’™ 44)

Now, we claim that T maps from C,_y jog[a,#1] into C,_y10g[a,#1]. In fact, it is clear from (4.4) that xo(t) € C,—y,10gl@,?1]. And since
0(2,x(t)) € Cy—ylogla,11], then, by Lemma 2.7 and Lemma 4.1 [with u =n —y,b =11 and ¢(.) = @(.,x(.))], the integral in the right-hand
side of (4.1) is relevant to C,_yjog[a,t1]. Thus, (Tx)(t) € Cy—y10g[a,t1].
Next, we will prove that T is the contraction. That is, we will prove that the following estimate holds:

[Tx1 =Txz

<
n— ylog a Tl] -

orfxr =xall, e 0< @ <1 (4.5)

By equations (4.1) and (4.4), and using the Lipschitz condition given in definition 2.9 and applying the estimate (4.1) [with u =n—7y,b =1
and (1) = p(1,x1 (1)) — (1, %2(1))]. we get

||Tx1 —Tx Cu—yjoglat] H ula (1,31 (1)) = ulgy @(1,x2(1)) Coyaoga]
< ||t [0t (0) = o2 e, o
< L ut (@) =) e, o jon)

I(y—n+1)
Taty—ntl) (log(r1/a))* [lx1 =22l mslan]

= ||X1 —X2 HC,,,yJog[a.t]] )

which yields (4.5), 0 < @; < 1. According to (4.2) and by applying the Theorem 2.14 (Banach fixed point theorem), we obtain a unique
solution x* € C,_y 10g[a,1] to (VIE)(3.1) on the interval (a,?].
This solution x* is given from a limit of the convergent sequence (T"x(;)(¢) :

ALHEOHT’”JC**X Hc, rioglat] —

=0,
where x; is any function in C,,_y 0¢[a,1] and
(T"x) (1) = (TT" ') (1)
=xo(0) + [ alf (7, (T"1x5)(2))] (1),

Let us put x(t) = xo(t) with xo(¢), which is defined by (4.4).
If we indicate x,,(¢) := (T’”xo)( ), then it is clear that
()

lim ||x, (4.6)

Mm—s+oo Cy ylog[a tl]

Next, we consider the interval [t;,b]. From the (VIE)(3.1) we have

i e 1og(z/a))yfk+ﬁ/a" (l0g(1/9)* " 9(z.x(2) 2*
+ﬁ/ﬁ(log(t/r))“’lw(‘r,)f(f))d*:

=x01 + ﬁ /l]l(log(t/‘r))o‘_1 (p(’r,x(‘r))d—f, 4.7
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where xq; is defined by

dt

=% g st/ s [ om0 gt () (48)

and is the known function. We note that xo1 € C,_y,10¢[f1,5]. Now, we will prove the existence of the unique solution x(t) € C,_y,10¢[t1,?]
to the equation (3.1) on the interval (¢1,b]. Also, we use Theorem 2.14 (Banach fixed point theorem) for the space Ch—ylog [t1,12], where
1y € (t1,b] (withtp =11 +hy, hy >0, 1, < b) satisfies

I(y—n+1)

m(log(m/rl))“ <1

o :=L

The space G,y 10g [11,12] is a complete metric space defined with the distance as
d(x1,x2) = [|x1 = x2llc, e l11,72] = x| [log(t/a)]" 7 [xi (t) = x2(1)] |.
1,02

Also, we can rewrite equation (4.6) as the following:

x(r) = (Tx)(¢2), 4.9)

where T is the operator given by

(Tx)(r) = xo1 (6) + [ wlf 9(7,2(1))] (1)

As in the beginning part of this proof, since xo1 (t) € Cy—y,10gt1, 2] and @(¢,x(t)) € Cy—y10g[t1,12], then, by Lemma 2.7 and Lemma 4.1
[with u =n—7v,b =1, and @(.) = ¢(.,x(.))], the integral in the right-hand side of (4.9) also belongs to Cy,_y 16¢[t1,22]. Thus, (Tx)(t) €

Ch—ylog [11,1].
Furthermore, using the Lipschitz condition given in definition 2.9 and applying the estimate (4.1) [with 4 = n—7Y,b =1, and @(r) =

(1, x1(1)) = @(t,x2(1))], we get
HTX] 7T)C2

Coyiogltita] — | #l @21 (1) — Iy @(t,x2(1))
H HIz(lx+ [|(p(t,x1 (1) — (P([7X2(t))” Coytoglti 2]
L || aifs [l () =2 ] le,, o)

@ lx1 —x2lc, yioglti 2]

Co—ylog|t1,12]

IN

INA

IA

This, together with (4.8), 0 < w, < 1, indicates that T is a contraction. And by applying the Theorem 2.14 (Banach fixed point theorem),
we obtain a unique solution x} € C,_y,i0g[t1,%2] to (VIE)(3.1) on the interval (t1,f,]. Moreover, this solution x} is given from a limit of the
convergent sequence (T"x;)(f) :

=0,

C—yioglt 12]

where x(*)1 is any function in C,_y 10¢[f1,2]. Again, we can put x{, (t) = xo1 (¢) defined by (4.7). Hence,

* _
mlilil(}q”xm ! C—yioglt 12] =0,
where
xm(t) = (T"xp) (1)
1 4 dt
= X t+—/ log(t/7))* o (1,x(1))—.
o0+ g7 | Qo202 o(e.5(2)
Next, if #, # b, we consider the interval [t,,#3] such that 13 =t + hy with hy > 0, t3 < b and
L(y—n+1) o
=L —=———(log(tz /1 <1
a3 1H(OC_H,_H_H)( g(t3/12))

By using the same argument as above, we conclude that there exists a unique solution x3 € C,—y,10g[12,#3] to (VIE)(3.1) on [1p,13]. If 13 # b,
then we continue the previous process until we get a unique solution x(¢) to the (VIE)(3.1) and x(¢) = x; such that x} € C,_y 10g[ti—1,1] for
i=1,2,..,L,wherea=1ty <t <t <..<tr=>band

I'(y—n+1)

m(bg(ﬁ/ﬁ—l))a <L

j =
Thus, by using Lemma 2.13, it yields that there exists a unique solution x(t) € C,_y,10g[¢, b] to the (VIE)(3.1) on the whole interval (a, b].
Therefore, x(¢) € C,—y,10g]a, b] is a unique solution to the Cauchy-type problem (1.1).
Finally, we will show that such unique solution x(¢) € C,—y,10g[a,b] is in the weighted space Cff;’ ula,b]. By definition 3.1, it is sufficient to

prove that HDg_;_ﬁ x € Cyy 1og[a, b]. From the above proof, a solution x() € Cy,_y,10g[a,b] is a limit of the sequence x;,(¢) € Cp—y,10g]a, b] such
that

lim Hx —X
m——oo mn

Coproglad] = 0. (4.10)
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Hence, by using equation (1.1), Lipschitz condition given in definition 2.9 and Lemma 2.4, we have

H Hngfxm(t) - HDg;Lﬁx(t)}’C“_log[uA,b] = H(p(t7x17l([)) - (P(t’x(t))”Cu_log[aﬁb]
L (log(b/a)}* "7 ||xm(r) — x(1)]

IA

Coproglab]’ 4.11)

Clearly, the equations (4.10) and (4.10) yield that

. a,B a,B _
ml_l,TmH oD Xm(t) — aD.} x(t)||cﬂ71(‘g[a,b] =0,

and, hence, ( Hngrﬁ x) € Cyjogla,b]. Thus, the proof of this theorem is complete.

Remark 4.3 For 0 < o < 1, Theorem 4.2 is reduced to Theorem 22 (see[9]).
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