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Abstract: In this study, we have given some results which have computed power of the
companion matrix and the algorithms which are based on these results. So we also have

given numerical examples using these algorithms.
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KOMPANYAN MATRISIN KUVVETI UZERINE
Ozet: Bu calismada kompanyan matrisin kuvvetini hesaplayan bazi sonuglar ve bu
sonuglarin tizerine kurulan algoritmalar verildi. Bu algoritmalar1 kullanarak numerik

ornekler de verildi.

Anahtar kelimeler: Kompanyan matris, matris kuvveti

1. INTRODUCTION

It is well known that matrix 4, which is defined as

1 j=i+l
A= (ay)=ay, ay, ... ,ay]; a;= a; i=N, j=11N (1)
0 others

is called the companion matrix (for example, LUTKEPOHL 1996, GOLUB &
ORTEGA 1992, ELAYDI 1999, AKIN & BULGAK 1998). The companion matrix and
the power of companion matrix have been used in the various science fields. For
example, the companion matrix can be used to transform the linear difference
(differential) equations in order of N as

y(n+N)=ayy(ntN-1)+ ... + a; y(n) (2)
to one order system as
x(n+1) = Ax(n), n-integer number, 4 —N xN matrix. 3)
It is well known that the solution of Cauchy problem of

x(n+1) = Ax(n), x(0) = xo
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is x(n) = A" xo (see, ELAYDI 1999, AKIN & BULGAK 1998). Therefore, power of the
companion matrix is important.

2. MAIN RESULTS

. . . . th .
Now, we give a theorem and two corollaries which give n~ power of companion
matrix 4.

Theorem 1. For matrix 4 in (1) and n > 1,

(n-1) . .
A"=(a); a.(”):{ a;xdy i=IDON, j=1
g

D e kel wal = 10N, = 20N

is true, where a,.(/l) = aj;.

Proof. We give proof of the theorem by induction on the 7.

1 . .
e Forn=2 Azz(a@))- a®= a;xajy i=1(DN, j=1 .
’ P ey xaly) +a, i=1)N, j=20)N
The elements of matrix 4> = (alg_z) ),

« ) _ ()_

- PG BN () J T ) S () =149 =44 =4, =
ayy =ay =l ay) =ay =g ayt,y =ay oy = L ayl T an ayp= a ay’y
N € B SR ¢) B ., Q)= . .2 = o € .

as; ..., a;vlw— an; a](Vl)— aay; a}vg— a ayt ai; a](\,g— azay+ az; ... a](vj)— aay + aji;

ol a%&:a}v +ay_,, and other terms are 0”

is obtained. Therefore, A’ matrix is written to be

0 0 1 A 0
0 0 0 1A 0
) M M M M M
= 0 0 A !
a, a, a, A ay
a,ay a,ay+a, asay-+a, A ay +ay

e Let hypothesis of theorem is true for n = m, i.e. let

(m-1) . .
A" = (a.(.”’))' alm = aj > diy i=1(N, j=1 .
v o layxaly ™ +alm i=1DN, j=2()N

e Forn=m+l,
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(m) (m) (m)
a,xa;y a,Xa;y +aj A ayxapy +apy

a xaé"]f,) a, xag']'\',) + aé’f’) A ay x aé’]"v) +a§"]f,ll
M M M

a xal(v';’\,) a, Xaz(vn;v) +a1(\’;;) A ay Xa%\/) +az(\711v)—1

(m) (m)

A" xA =

(m+1) _ a;x az'(](/n) i=1()N, j=1

v a;xafy) +a" i=1()N, j=2()N

. . ) N
can be written. Since a , the matrix 4" !

is obtained as
(m+1) (m+1) (m+1)
ap ap A apy
(m+1) (m+1) (m+1)
Ao gmy g = | 21 a3 A agy

(m+1) (m+1) (m+1)
an ays A ayy

Thus, proof of the theorem is completed for neN (n > 1).

Corollary 1. Under conditions of theorem 1,

n_(,(m)= (ai+1j )=
4 (aij ) ( (n)l)l
ANy

(n-1) . L
. a.xa, i=11N, j=1 )
Proof. Since a}’= / (n—l)lN D) @ ] , we verify that
a;xay - +a,; " i=l1N, j=2()N
-1 -1
Y ai(ln) =4 Xai(:/ )=ai(fll)’

(D) =D i=2(1)N

(n) _ (n-1)
2) a;’ =a;xa;y " +a; i)

is true for i = 1(1)N-1. We give the proof by induction on the n for n>1.

o Forn=2;

1) a =a,xal)=q, xal.N={O Z_ZI(I)N_2=a,.(PH is true.
a 1=N-1
0  others
2) aé?) =a, xaly +al§jlzl =a;xay+a; ; =91 j=i+2 = al_(}r)lj is true.
a, i=N-1

J
Thus,
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A2 =| i+lj /i

)
ay;j

e Let hypothesis of theorem is true for n = m, i.e. let

m-1) W1 (m-1) . .
A™M = (a((n) ): (ai(+1j ))':l . a'('m) _ aj X ;N 1= l(l)N, J= 1 .
) )T ey xay e i< 10N, j=20N

In this case, defined equalities are true for n < m.
e Forn=mtl;

(m+1) _ (m): (mfl): (m)
1) a; =4 XAy =ap Xy =400,

(m) —
j-1

(m-1) _
i+1j-1

alt., j=2(HN

(m+1) _ (m) (m-1)
2) a; =a;xa; +a a;xa;y +a i) o

are found. Therefore,

(m) N-1
Am+1: (ai+lj)'_

-
(m+1)
o)
is obtained. Thus, for n > 1 corollary is true.

Corollary 2. Under conditions of theorem 1, for n > 1, i j=1(1)N, k=1(1)N-I

) _

i+kj i+kj a%_—NH’) n—k>0 >
(m-1) L
) a;xa; =1
is true, where a,.(/l) =a; and for2<m<n, alm :{ J N /

v a;x alt ™+ al_.(l.'fl_l) j=2()N’

WV=al),i=1DN-1, j=1(DN.

Therefore, it is seen that aé”) = a[.(f,;k) = al(\;}_N”), k =1(1)N-i if n-N+i 2 1 and

Proof. In proof of corollary 1, it is known that a

al.(j”)=ai(f,;.k)=a,(,l_)l+U, k=1(1)N-i if n-N+i <1. However, since k = 0 for i = N, the
equality al.(].”)Zai(f,;.k) ZaE\Z.*N *) is valid. Thus, corollary is proved.

Note. Theorem 1, Corollary 1 and Corollary 2 are equivalent each other.
3. ALGORITHM

In this section, we give an algorithm which is based on the results. This algorithm which
gives n™ power of the companion matrix 4.

Input. N-order of matrix 4, ay; = a; (j = 1(1)N ) — numbers, n —required power.
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Step 1. Take alg.l): aj .

(m-1) . .
a.xa, i=11)N, j=1 )

Step 2. For2<m<n, al.(].’”)Z J(m_])lN D) O J is defined.

T ay xaly T v almth i =10)N, j=2(0)N
Step 3. If »—-N>0 go to Step 4.
3.1. Fori=1(1)N-n, calculate alg.")z afll_)lﬂ.j.
3.2. For i = N-n+1(1)N, calculate alg.”)= a;f;].‘N ) and then go to Output 1.
Step 4. Take as alg.”)Za](\Z._N”) and calculate a}(,’fNH) for i, j = 1(1)N and then go to

Output 2.

ORI R
. a, 1 ).
Output 1. Compose the matrix A" = (ai(]-”)) =<( " (,I:l;v)ff)l > and stop.

ay;

Output 2. Compose the matrix A" = (al_-(].")) =<a](\2_N+i)> .

4. ILLUSTRATIVE EXAMPLES
Example 1. We calculate ond power of matrix 4 =[1, -1, 1, 2].
Input. n=2, N=4 and a;=1, a,=-1, a;=1, a3=2.

Step 1. Take ag.l):al.j.

) P
Step 2. a\? = @ % dia J=1
U layxal) +a, j=201)4

Step 3. n-N=2-4=-2<0.

3.1.Fori=1,2;j=1(1)4 calculate a,.(jz)z al.(i)lj.
i=1 j=11)4=a}=4d); (a}))=(0010)
i=2 j=1()4=a=al); (af])=(0001)

3.2.Fori=3,4; j=1(1)4 calculate a,§~2)= aj7? and then go to Output 1.
i=3;j=114=af)=al); (a))=(1-112)

i=4j=14= a)=a ;(a?)=(12 -1.2+112-122+41)=(2 -1 15)

a4j
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0O 0 1 0
O 0 0 0 1
Output 1. AZZ(a,.(/.z)) = (alﬂl )1'2:1 = .
’ a2 1 -1 1 2
4
2 -1 1 5

Example 2. We calculate 5" power of matrix 4 = [1, -1, 2] with algorithm.
Input. n=5,N=3 and a;=1, a,=-1,a3=2.
Step 1. Take alg.l)=ay..

Step2. 2<m <5, a,.(jm) :{ J is defined.

Step 3. Since 5-3=2>0 go to Step 4.

Step 4. Take as alg.”)zagi.”) and calculate ag”) for i, j = 1(1)3 and then go to Output 2.
4.1.Fori=1,j=1(1)3; a$} = a,aly = a,(a;al) +al))=12* -1)=3
ay) =ayasy +ay) = ay(azay) +ay)) +aay) =-12° - +2=-1
ayy = asagy +afy) = ay(asal] +ay)) +ayal) +af) =227 ~1)-2+1=5
42.Fori=2,j=1(1)3; a} =a,ald =5x1=5, a) =a,ad +al) =-1x5+3=-2,
ag) :a3a§§) +a£) =2x5-1=9
43.Fori=3,j=1(1)3; aly =a,aly =9x1=9, a) =a,aly +a!} =-1x9+5=-4,

ag) =a3a§§) +a§§) =2x9-2=16

3 -1 5
Output 2. A’ Z(afjs)) =<a§i.”)> =|5 =2 9 | isobtained.
9 -4 16

Note. The algorithm given in this study can be applied manually or using computer, but
it has been noticed that it is advantageous if computer programming used.

REFERENCES

AKIN O, BULGAK H, 1998. Linear Difference Equations and Stability Theory, Selguk
University, Research Center of Applied Mathematics, Konya (in Turkish).
ELAYDI SN, 1999. An Introduction to Difference Equations, Second Edition, Springer-
Verlag, New York.

GOLUB GH., ORTEGA IM, 1992. Scientific Computing and Differential Equations,
Academic Press, Boston.

LUTKEPOHL H, 1996. Handbook of Matrices, John Wiley & Sons, Chichester.

235



